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PREFACE TO THE SECOND EDITION 


The first edition of the present volume, published 
some years back under the title ‘‘ Lectures on the Theory 
of Plane Curves,"" was designed to meet the syllabus 
prescribed by the University of Calcutta for the Master’s 
Degree, and intended as an introductory course suitable 
for students of higher geometry, scarcely assuming any 
further knowledge of higher analysis on the part of the 
reader than is to be found in most of the ordinary text 
books on Calculus and Plane Analytical Geometry. Since 
then it has been suggested that the book should be so 
revised and enlarged as to include materials which would 
not only be of use to the students for the Master’s course, 
but also encourage independent thinking in students of 
higher studies engaged in research work. In the prepara- 
tion of the second edition, therefore, special care has 
been taken to incorporate recent researches as far as 
possible and to indicate references to original sources as far 
as practicable. In fact, almost all the chapters have 
been re-written and the articles re-numbered, while five 
additional sections—Chapters VII, X, XI, XII, XIII—have 
been inserted and a large number of examples given 
illustrating the subject-matter and serving as exercises for 
students. The volume contains an exposition of the general 
theory of plane algebraic curves in its various aspects 
with applications to conics, cubics, quartics, etc. 

In writing on Higher Geometry, it is always a 
problem to determine what matters to exclude, and in 
dealing with a subject so wide in its scope, which 
attracted so many workers and has been so much 
developed in recent years, specially by the Italian 
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Geometers, it has not been possible to do full justice to all 
the important topics ; im consequence, some have received 
fuller attention, while others of equal or greater impor- 
tance have been little noticed or even omitted altogether. 
It is hoped, however, that the book will afford some scope 
for independent thinking and research, when the student 
enters upon a systematic study of plane curves. 

- In the preparation of the volume, constant recourse 
has been had to the classical works of Salmon, Clebsch, 
Cayley, Cremona, the works of Basset, Teixeira, Scott, 
Wieleitner, Loria and the papers of Zeuthen, Brill 
and Ndéther, Castelnuovo and others, published in the 
various -Journals and Periodicals. Prof. Pascal's Reper- 
torium der hoheren Geometrie was of great use in supply- 
ing a number of important references. Since the publication 
of the first edition, Prof. Hilton has published his ‘‘ Plane 
Algebraic Curves,” which has also been studied with 
much advantage. My obligations to these authors, 
greater than I can confess, are gratefully acknowledged, 
and it is impossible to record in detail my obligation to the 
great inspiring work of Salmon—Higher Plane Curves. 
I had no access to the recent work of Enriques—Leziont 
sulla teoria geometrica delle equazioni e delle funzioni 
algebriche, 2 Vols.—so higħly spoken of, and it is likely 
that the present volume could have been made much 
more suggestive, had I had the opportunity of consulting 
this book. 

In concluding this preface, I must take the opportunity 
of recording my indebtedness to Prof. J. L. Coolidge 
of Harvard for his very valuable suggestions for the 
improvement of the work, and to Mr. A. C. Bose, Control- 
ler of Examinations in the University of Calcutta, for his 

—— kindness in giving valuable hints and suggestions. 

My best thanks are also due to my former pupil 

Mr. L. Murthi, M.A., who made a number of important 
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suggestions and pointed out several printing and other 
errors in the preparation of the edition. 


With a keen sense of sorrow and gratitude, I record my 
indebtedness to the late lamented Sir Asutosh Mookerjee, 
former Vice-Chancellor and President of the Post-graduate 
Councils in the University of Calcutta, whose untimely 
death has been deeply felt by all Indian workers in the 
field of Mathematics, pure or applied. It was at his 
suggestion that I was induced, difficult as the task was, 
to revise the original lecture notes for the Press, and it 
was he who helped and encouraged me to bring out a 
second and revised edition, but it is a matter of profound 
regret that he was not spared to see its completion. As 
an humble token of gratitude, this volume is dedicated 
to his revered memory. 


UNIVERSITY OF CALCUTTA, 


March, 1925. 





PREFACE TO THE THIRD EDITION 


The chief object of reprinting the preface to the second 
edition is to recall the expression of my feelings of sorrow 
when I was deprived of the inspiring encouragement of 
the great Sir Asutosh — in the preparation of 
that edition. 

The present edition is practically a reprint from its 
former edition, with slight modifications, mostly verbal, 
which seemed desirable in order to make the" work more 
useful to those for whom it is intended. I take this oppor- 
tunity of recording my grateful appreciation of a number 
of suggestions by Prof. T. R. MHolcroft and others, 
although, I confess, it was not possible, within the limit- 
ed scope of the work, to incorporate all of them, but 
appropriate references are given for profitable use by 
more inquisitive and advanced scholars. 

In concluding this preface, I must convey my best 
thanks to the Authorities of the Calcutta University Press 
-for the extreme care and promptness with which they 
finished printing of the work, and specially to Mr. 
Kalipada Das who rendered valuable assistance in reading 


the final proofs. 


UNIVERSITY OF CALCUTTA, 
5. M. G. 


October, 1931, 
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CHAPTER I 


INTRODUCTION 


1. Co-ordinates: 


Homogeneous co-ordinates are most conveniently used 
in studying projective properties of plane curves. An 
intimate knowledge of the use of these co-ordinates, 
however, will be assumed on the part of the learner, 
though some of the most important results are quoted for 
ready reference. 

There are two kinds of homogeneous co-ordinates most 
commonly in use:(1) Trilinear Co-ordinates; (2) Areal 
Co-ordinates. The trilinear co-ordinates of a point are 
generally denoted by a, 8, y and its areal co-ordinates by 
a, Y, 2. The formule * of transformation for the two 
systems are— 


——$ =f, ———=y, — =z — LED) 


where A is the area of the triangle of reference and a, b, c 
its sides. The identical relation satisfied by the trilinear 
co-ordinates of a point is— 


aa + bB + cy =24. ——0 


* Scott, Modern Analytical Geometry, § 16. 
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and consequently, the same relation in the ‘Areal system 
becomes— 


rty+2=1 — 6 


2. The Special Line at Infinity: 


The equation of the line at infinity in the two systems 
respectively is 
aa +bB+-cy=0 aint (4) 


and r+y+2z=0 suc (5) 


It is to be noticed that these equations contradict the 
fundamental identical relations (2) and (5). This paradox 
can be explained by the fact that the relations (2) and (8) 
are deduced on the supposition that a, 6, y (or a, Y, #) are 
all finite; but the relations do not hold when any of the 
variables happens to be infinite. The line represented by 
(4) or (5) is entirely at infinity, and every point on this 
line is at infinity. For, to determine the trilinear co- 
ordinates of a point on the line, we have to solve the two 
equations— 


aat+bB+ecy=24 
E 0. 
i.e., to determine the values of a, 8, y which satisfy— 
0.a+0.8+0.y=24 oan 40) 


Equation (6) requires that one at least of the quantities 
a, B, y should be infinite, and consequently from the first 
of the two equations, one other becomes infinite. Thus, it 
is seen that two of the co-ordinates of a point on the line 
are infinite, and therefore the point is at infinity. Con- 
versely, every point at infinity lies on this line. 


From these considerations it follows that the co- 
ordinates of a point in a plane are in general connected by 


~ ww) wf 
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a linear relation aa+b8+cy=constant, which, in fact, 
reduces to the inequality aa +b8+cy=0; but there are 
special points in the plane, whose co-ordinates satisfy the 
relation aa+b8B+ey=0. These exceptional points all lie 
at an infinite distance on a certain special line lying 
entirely at infinity. 


3. Cartesian as a special System of Homogeneous 
Co-ordinates: 


If the two Cartesian axes and the line at infinity are 
taken as the sides of the fundamental triangle, the formule * 
of transformation from the homogeneous to the Cartesian 
system may be written as — 


a=any multiple of z, @=any multiple of y, 
y=any convenient constant. 


Thus, if in any equation in the homogeneous system, we 
substitute a=z, 8=y, y=1, the equation is transformed 
into one in the Cartesian system. Conversely, in passing 
from the Cartesian to the homogeneous system, such 
powers of æ are introduced in the different terms as will 
make the equation homogeneous. The line at infinity in 
this case is 


2=0, t.e., 0. +0. y+e=0., 


Note.—In analytical investigations, a certain equation 
is made homogeneous by introducing proper powers of 2 
in the different terms, and finally for expressing the result 
in the original system, z is put equal to unity. 


® Scott, loc, cit., § 30. 
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4. Tangential * or Line Co-ordinates: 


Just as geometrical figures are regarded as loci of 
points, they may also be regarded as generated by the 
motion of a straight line, instead of points. In this case 
we may suppose that the straight line is the primary 
element, the point is to be considered as secondary, being 
obtained as the intersection of lines. The two conceptions 
may be simultaneously developed. An infinite number of 
points are supposed to lie on a straight line, and an 
infinite number of lines may be made to pass through a 
point. Thus it appears that there is a correspondence 
between the two theories,—the point-theory, in which 
points are taken as primary elements, and the line-theory, 
in which lines are taken as primary elements, and this we 
shall indicate to some extent presently. 

In the line system, the position of a line is determined 
in reference to three fixed fundamental points. The ratios 
of the distances of the three fixed points from the line, 
measured in a fixed direction, are sufficient to determine 
the position of the line uniquely, Thus the co-ordinates 
of a line may be defined as proportional to given multiples 
of the distances, measured in given directions, of the three 
fundamental points from the line. For simplicity , these 
distances are measured in a direction perpendicular to the 
line. Thus if p, q, rbe the lengths of the perpendiculars 
drawn from the three fundamental points on to the line, 
then the co-ordinates (£, 4, t) of the line are proportional 
to p:qir ; 
i.e., Ecm ee a a y, 

5. Relation between the Co-ordinates of a Line and 
those of a Point on it: 


Let (Za, Yi 24), (£o Yor #2) (x5, Ys, 33) 


* For a fuller treatment of the subject, the reader in referred to 
Dr. Booth’s ** A Treatise on some New Geometrical Methods,'' Vol, I. 


"ad Pe eRe y, l DESIT 
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be the co-ordinates of the three fundamental points and 
let the equation of a line be 


lz+my+nz=0. 


Then the lengths of the perpendiculars drawn from the 
three points on to the line are respectively proportional * to 


lay +my,+nz,, lto + myo +tnzo and lrg + MY3 + nząz. 
Therefore, the co-ordinates of the line are given by— 
E: n: =la; + my, +nz,: lea + Myo tna :ltg + Mys +n. 


i.e. kê=lr; tmy; tna, kn=lrg+ Mya + nzo, 
kL=lr,+my,t+nzs. 
If we eliminate l, m, n, k between these equations and 


the equation of the line, we obtain the equation of the line 
in the form— 


In this equation the co-efficients of £, m, ¢ are linear 
functions of z, Y, æ. If these co-efficients are denoted by 
a, B, y, the equation may be written as— 


a +B + Cy=0 fe Sak sy 
Now, the linear functions e, 8, y determine a point 


whose co-ordinates are proportional toa, 8, y. Therefore, 


* Salmon's Conic Sections, § 61. 
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all lines whose co-ordinates £, 7, ¢ are connected by the 
relation (1) pass through a point whose co-ordinates are 
a, 8, y; and conversely, all points whose co-ordinates 
satisfy the relation (1) lie on a line whose co-ordinates are 
£,7,¢. The same fact is expressed by saying that the 
point (a, B, y) and the line (E, », Ù) are united in position, 
if the relation (1) is satisfied. 


6. Tangential Equation: 


The idea that a curve may be regarded as the envelope 
of a moving line is due to De Beaune (1601-1652). A 
systematic treatment of envelopes was given in 1692 by 
Leibnitz. The advantage of developing the two concep- 
tions side by side was first pointed out by Brianchon 
(1806). It was Möbius who in his Barycentric Calculus 
introduced a system of line co-ordinates. Applications of 
these co-ordinates to metrical properties were given by 
Chasles and Salmon. 

The point (a, 8, y) may be regarded as the envelope of 
all lines whose co-ordinates satisfy the above relation and 
the equation a +78 +ty=0 represents in line co-ordinates 
a point whose trilinear co-ordinates are a, 8, y; and in 
general, any homogeneous equation in line co-ordinates 
€, 4, & represents the envelope of all lines whose point 
equation is fa+78+Cy=0 and whose co-ordinates satisfy 
the given equation. This relation is called the ‘‘tangential 
equation’’ of the envelope. ‘Thus the tangential equation 
of a curve is the relation between £, 7, (, which expresses 
the condition that the line £4+78+Cy=0 touches the 
curve; * i.e-, f(x, y, #)=O being the point equation of a 
curve, the condition that the line a+ n+ Cz=0 touches 
it gives a relation of the form ¢(€, 7, ()=90, which is called 
the line or tangential equation of the curve. 


* Salmon, loc. oit., §§ 151 and 285. 
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7. The Circular Points at Infinity : 

Just as the co-ordinates of a point satisfy an identical 
relation, the co-ordinates of a line also satisfy an identieal 
relation. In fact, the co-ordinates of a line satisfy the 
relation— 

£7 +7 + C2—2nf cos A—20E cos B—2£y cos C=4A%, 
where A is the area of the fundamental triangle, whose 
angles are denoted by A, B, C. 


Let p, q, r be the perpendiculars on to the line (É, n, 0) 
drawn from the vertices of the fundamental triangle. Now 
the perpendicular,(6) drawn from any point (f, g, h) on to 
the line (£, n, t) is given by— 


a¥ = (Ef +g +th)/k, 
where 


le = y £7 +97 + C= —2nf cos A—2CE cos B—2£y cos C. 


-. The perpendicular drawn from the vertex 
A(2A/a,0,0) on the line £, n, € is given by— 


p=2a£f/ak; i.e., apk=2a€. 
Similarly, 


bqk=2An and crk=2A. 
Hence we obtain 
a*p* +b?q?-+c?r?—2beqr cos A—2carp cos B 
—2abpq cos C=4A.2 dae: CE) 


which gives a relation between p, q, r. If (£, 9, Ù) be the 
actual co-ordinates of the line, we haye 


€: 9 : C=ap:: bq i: or, 


* Ferrer’s Trilinear Co-ordinates, p. 20. 
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.. The relation (1) becomes— 
Etny? +(2—2nt cos A—2UE cos B—2£n cos C=4A? (2) 
f.e., the co-ordinates (Ê, 7, ¢) of the line satisfy the 
inequality 
E? +2 +t — 2n} cos A—2CE cos B—2£y cos C#0. 


But certainly there exists at least one line whose co-ordi- 
— nates are not subject to this inequality, namely, the line 
at infinity 
aa + bB+cy=0, for which £: yn : =a: b: o. 
4 Let us consider the lines whose co-ordinates satisfy the 
* condition— 


£2 +24 2—2nt cos A— 2t cos B—2£n cos C*=0 (3) 


This is an equation of the second degree and consequently 
all these lines constitute a system of the second class. 
The expression on the left breaks up into two linear fac- 
tors and the envelope is therefore a pair of points.t In 
fact, the equation reduces to— 


(€e*B + ne —*4 —t) (€e—*B + yoà —{) =0, 
and consequently, the envelope is a pair of points whose 
equations are— 
ge +ye—iA —}=0 and ẹe—B pyet t=O 4) 


i] ——— The special lines under consideration pass through one a 
PATR Eus of these two fixed points. The factors bei ng 
k ei 





* — 
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CIRCULAR POINTS AT INFINITY ya's 


imaginary, the points they represent are conjugate 
imaginary points. The line joining them is real, whose co- 
ordinates are obtained by solving the equations (4). 

Thus, 


— 0 — 
— ç— ⸗ñññ Ő — —— —— 
> 








EaR a Daly SEN Ee er et 
oo sin A sin B anc” $: 7: Smazb:c. 
The line is therefore the line at infinity aa+b@+cy 
=0. The two imaginary points (usually denoted by I and 
J) are at infinity. All lines drawn through them are imagi- 


-mary. Through any real point P there pass two of these 


lines PI and PJ. They are called ‘‘isotropic’’ lines or 
circular lines and their Cartesian equations are 


z+yv—lL+c=0 
The co-ordinates of these two points are— 
(eP one -—1) and (e ee eh) ane (5) 


The co-ordinates may also be taken as— 
(ee? —. g tA ), (e—'C — cA) 
aA eo) (—1, 6 © , eB). 

It is proved in treatises on conic sections that all 
circles pass through the two circular points at infinity, 
and it is on this account that they have been so called. 
These points are then found as the intersections of the 
line at infinity with any circle—the circumcircle of the 
fundamental triangle, for example, i.e., they are given by 
the equations :— 

By sin A+yasin B+af sin C=O 
a sin A+ sin B+y sin C=0 

Solving these two equations for a, 8, y, we obtain the 

co-ordinates of the two circular points I and J. 


2 
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When the fundamental triangle is equilateral, a=b=c 
and A=B=C=60°, and the co-ordinates of I and J 
become (1, w, w?) and (1, w?, œ), where wis one of the 
imaginary cube roots of unity. 


8. Isotropic Lines: 


In Cartesian system the line-equation of the circular 
points at infinity is £*+72=0. For, the isotropic lines 


through any point are r+y./—1+c=0; and consequent- 
ly, any line z + ny +(z=0 will pass through one of these 
points, if é? +7?2=0, which is the tangential or line-equa- 
tion required. 

This equation implies that every line drawn through 
one of these points is perpendicular to itself, for this is 
the condition that the line z+ ny +ța=0 is perpendicular 
to itself. The same equation further implies that the 
length of the perpendicular drawn from any point on any 
of the circular lines is always infinite.* The equivalent 
condition in trilinear co-ordinates is accordingly obtained 
by equating to nothing the denominator in the expression 
for the length of a perpendicular (§ 7). 


9. Properties of the Circular Points {| at Infinity: 

The two special points at infinity play an important 
part in the theory of curves. 

(1) Thetwo pointsin which any two perpendicular 
lines meet the line at infinity form a harmonic range with 
the circular points [and J. This practically amounts to 
saying that two perpendicular lines form with the isotropic 
lines through their intersection a harmonic pencil. We 
are thus led to the following definition:—Lines harmonic 


* Salmon, Conics, § 34 
t These were discovered by Poncelet, Traité des propriétés projective 


des figures (Paris, 1822). Prof. Cayley has discussed at some length 
their properties in the ‘* Sixth Memoir upon Quantica," 
+ Salmon, Conics, 5 356. 


s | 
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with respect to the isotropic lines through their intersection 
are said to be perpendicular. 


(2) Curves may be differentiated in respect of their 
relations to the two circular points. These being conju- 
gate imaginary points, a real curve which passes through 
the one passes through the other also. Curves passing 
through these points possess special properties and are 
called circular curves. 


(3) The points I and J have important functions in 
determining the foci of a curve, which we shall have occa- 
sion to discuss in a subsequent chapter. 


10. The Line at Infinity : 


The notion of elements lying at an infinite distance is 
due to Desargues, who considered that parallel straight 
lines meet at an infinitely distant point and parallel planes 
pass through the same straightline at an infinite distance. 
The same idea was developed by Poncelet, who discovered 
the two circular points at infinity. The points which are 
supposed to constitute the line at infinity are not of the 
same nature as those in the finite part of the plane. The 
exact nature of this line cannot be ascertained. It is not a 
line in the ordinary sense and is, in fact, fictitious, invent- 
ed simply to secure the generality of the statement that 
any two straight lines in a plane always intersect. Itb is a 
line in the sense that it corresponds to a finite line in 
homographic transformations. It meets every other line 
in one and only one point. It lies at infinity only in the 
sense that it contains no finite point. The statement that 
it lies at infinity indicates its character and not its posi- 
tion. It has no direction and cannot be graphically repre- 
sented. 


r 
4 
J Lg 
a ee a 
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11. Theory of Projection: 


The principles of projection are well explained in 
treatises on conic sections.* The modern theory of pro 
jective geometry is only a development of the principles 
enunciated by Desargues who was the first to make use of 
conical projection. Poncelet, by his wonderful discovery 
of the circular points at infinity built up a logical system of 
geometry of conics; but it was Pliicker who extended this 
conception and defined the foci of curves by their isotropic 
properties. 

Let p and p' be two fixed planes and O a fixed point 
outside both of them. If A is a point in p and OA meets p’ 
in A’, then A’ is called the projection of A on p’, O is call- 
ed the vertex of projection. 

If A traces out alocus C in the plane p, and O be 
joined to all points on C by means of straight lines, the 
joining lines will generate a cone, and the plane p’ inter- 
sects this cone in a curve C’, which is called the projec- 
tion of C on p’, and p’ is called the plane of projection. 
The line of intersection of p and p’ is called the azis of 
projection. 

Thus the projection of a right line is another right line. 
If a right line intersects a curve in n points, then its pro- 


jection will cut the projection of the curve in n corres- 


ponding points. Hence the projection of @ curve of the 
nth degree is another curve of the same degree. A tan- 
gent to a curve projects into a tangent to the projection of 
the curve, and every singularity on the curve projects 
into the same singularity on the projected curve. The 
projection of a range of four points (or lines) is a range of 
four points (or lines), having the same cross-ratio. Pole 
and polar relations and conjugate properties of lines and 
points remain unaltered by projection. 


* Salmon's Conics, Chap. XVII. 


— — 
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If through the vertex O a plane is drawn parallel to p, 
cutting the plane p' in a line s’, then s’ is the projection 
on p’ of the line atinfinity of p. Similarly, if the plane, 
drawn parallel to p', intersects P ina line s, 8 is the pro- 
jection of the line at infinity of p'. sand s are called 
vanishing lines ofthe planes p and p' respectively. Thus 
we see that any line in p can be projected into the line at 
infinity on p’, while the line at infinity on p’ can be 
projected into any linein p. Tt follows therefore that the 
Properties of curves having singularities in the finite part 
of the plane can be deduced from those of curves having 
the corresponding singularities at infinity, and vice versa. 
Thus, all properties of a curve, which do not involve 
magnitudes of lines or angles, can be generalised by projec- 
tion, while metrical properties cannot be generalised except 
in very special cases. Any two points in a plane can be 
projected into the two circular points, and vice versa: but 
this can be effected by an imaginary projection. We 
postpone further discussion of the theory and its 
application, which we shall have occasion to illustrate 
as we proceed. 


12. Analytical Aspect of Projection: 


Let O be the vertex, and AB the axis, of projection. 
The plane C o 
through the | 
vertex O paral- 
lel to p' meets 
P in the vanish- 
ing line CD. 
Let the plane 
through O per- mean T ee 6B ae 
pendicular to the axis AB meet AB and CD in A and C 
respectively. Take any point V as origin on AB. In the 
plane p, take VB and any perpendicular line as axes of s 
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and y ; and in the plane p' take VB and any perpendicular 
line as axes of x’ and y". 


Let (x, y) and (x', y') be the co-ordinates of P and P’ 
referred to these axes respectively. Let CP meet AB in 
M’. 

Then OC is parallel to P’M’. But, OC is perpendi- 
cular to AB, and hence P/M’ is perpendicular to AB. 
Draw PM perpendicular to AB, and let OC=a, AC=b 











and AV=c. 
Then, 
PM’ PM’ MM’ 
Oc PC MA 
= Vi a —2 _ az! —cy! | 
= re whence, r= - — —0 
Similarly, 
PM- SMP P i 
AC M'O M/P'+OC 
d y a y' a by’ $ 
E mae ——— T (2) 


If the origin is taken at A, c=0, and the formula a) and Lg 
(2) become— —— 








k aÀ az! by! 
a) i * z= r ’ y= 2Y" m: ak -rra ni i 
E TIR oa y y +a yta ` ME 









F al ‘These formule are useful in representing ‘he, prosene 
of proj jection by analytical lara caper oe The « On- 
stants: a, b.c ‘define the positio age the aje 


















ee anc ie quently, v ner n a, b — ee — a the ver- 
| and a e eal ; but if n 
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imaginary point, and projection cannot-be effected geometri- 
cally, but still the analytical process is perfectly valid. 


Ez. 1. Prove that any conic can be projected into a circle and at 
the same time any given line to infinity. 

Ex. 2. Prove that any conic touching the vanishing line projects 
into a parabola. 

Bz. 3. A system of conics having double contact with each other 
can be projected into a syatem of concentric circles. 

Ex. 4. The conics 22°+3y*=1 and +*=2y are projected into 
circles. Find the necessary equations of transformation. 

Er. 5. Find a transformation by which the conics y* =—4z—3 and 
2*—y*—42+3=0 may be projected into circles. 


13. Figures in perspective: 

A figure is said to be in perspective with another figure 
when the lines joining the corresponding points of the 
two figures pass through a common point O. This point 
is called the centre of perspective. 

Thus a figure when projected on to æ plane or surface 
is in perspective with its projection, the vertex of projec- 
tion being the centre of perspective. It should be noticed, 
however, that projection and figures in perspective 
are not the same. In projection we have reference to the 
plane of projection, etc., whereas in perspective the 
thought of the planes on which the corresponding figures 
lie is absent, and the only necessary condition is that the 
lines joining corresponding points should be concurrent. 
It follows therefore that a figure and its projection are in 
perspective, while two figures in perspective are not 
necessarily the projection, one of the other, 

In § 11, suppose that p’ turns about its line of inter- 
section 7? with p, till it coincides with p. Then the two 
figures, Which were originally projections of one another, 
are now in the same plane, while the lines joining corres- 
ponding points still pass through a fixed point, and the 
corresponding lines of the two figures intersect on the 
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fixed line l. These two figures are then said to be in 
plane perspective, and the line l is called the asis of 
perspective. 

Siang figures may be regarded as plane projection of each 
other. 


14. Analytical Treatment of Plane perspective: * 


Let O be the centre and the line AB the axis of per- 
spective and its parallel line 
TK be the vanishing line. 
Let any line through O meet 
TK in T and let TP meet the 
axisin B. Through B draw 
BK parallel to OT, meeting 
OP in P’. Then P’ is the 
projection of P. The line OT 
may be any line through O, 
and the same point P’ will be 
obtained in any case. 

Take O as origin, OT as the axis of z, axz+by=c as 
the axis AB, aw+by=c' as the vanishing line TK. Let 
(x, y) be the co-ordinates of P and (z’, y’) those of P. 
Let X, Y be the current co-ordinates, 

Then, TP is the line— 


` c! l G! * 
a(x- e )=yY o — (1) 





- 
ta l 
4 


k{ aX + bY¥—c )+y (x-<)-y z—<)=0 53 
D 4 a - = a oT ol aoa T. sa Te ‘7 
Ae i 
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and OP is the line — X = ¥ (3) 


Hence, equations (2) and (3) will give by their intersec- 
tion the co-ordinates of P’. 


Thus, 
= axz+ by —c! aoe az + by —c! 
=> ; . 
d —— =e ee 
= * az’ + by’! —e+c! y az’ + by'—c +c! (4) 


If the axis AB is to pass through O, then c=0, and the 
equations of transformation become— 


— a! — y’ (5 
aa! + byl +c! ' 1 az! + by! +0! "3 


Er.1. Apply to the curve 32* + y* =4 the transformation in which 
the line 2z + 3y =1 goes off to infinity. 
Ezr. 2. Find the transformation which will place the figures 


z*+2y*=—1l and 2y?+2z=—1 
in perspective positions. 
Ez. 3. Apply the above transformation to the curve 


9: 
y 


a,b ,¢ Lo, 
T z 


15. Theory of Inversion: 


If on a radius vector OP, drawn from a fixed origin O 
to a point P, a point FP’ is taken such that the rectangle 
OP.OP’ is constant=*k?, then the point P’ is called the 
“ inverse '' of P with respect to a circle with centre O and 
radius k. It is convenient sometimes to speak of P and 
P’ as inverses of each other with respect to the point O 
and the process is called ‘* inversion.”’ 


3 
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If P traces out a locus C, P’ also traces a corresponding 
locus C’, which is the inverse of © with respect to the 
point O, O is called the origin, and k the „radius, of 
inversion. 


The polar equation of the inverse is obtained by put- 
ting k?/r for r in the equation of the original curve. 


If O is taken as the origin of a Cartesian system of 


co-ordinates and (xz, y) the co-ordinates of P, then the 
co-ordinates (2, y') of the inverse point P’ are given by— 


— k?z 
x2 +y? 


Hence, if f(z, y)=0 is the equation of a curve, the 
equation of the inverse curve is— 


f k?z k?y ) 
w2+y2 z?+y? 


Thus, the inverse of the straight line le+my+n=0 is 
+ n(x? +y?) + k?(læ+my)=0, 
which is evidently a circle through the origin, but the — 


- inverse of the circle 
° 


z? +y? +2gz+2fy +e=0 
ole? +y?) taktga tikt =O Fpl eae 

— $ L 

Which isa — | — 
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Hence we see that the inverse of a straight line is a 
circle, but if the origin lies on the line, it is its own inverse; 
while the inverse of a circle is a circle, but when the 
origin lies on the circle, the inverse reduces to a right line. 

It follows therefore that the inverse of a system of 
parallel lines is a system of circles having the same 
tangent at the origin. 

If the line passes through one circular point, its 
inverse is aline through the other circular point. If P 
and P’, Q and Q’ are inverse points on two inverse 
curves, we have OP.OP’=0Q.0Q’', so that PP’Q'Q are 
concyclic, and consequently Z OPQ= ZOQ’/P’. If now P 
becomes consecutive to Q, and P’ to Q', PQ and P'Q' 
become tangents at P and P’ on the inverse curves res- 
pectively, and they make supplementary angles with the 
radius OPP’. 

From this it may be shewn that two curves cut at 
the same angle as their inverses. 

If the point P describes a curve in space, not neces- 
sarily a plane curve, then P’ is said to be the inverse of 
P with respect to a ephere with O as centre. 

We shall have occasion in a subsequent Chapter to 
discuss more fully the general theory of inversion. 

EFz.1. Acircle is inverted into a line. Prove that this line is the 
radical axis of the circle and the circie of inversion. 
Ex. 2. A syatem of intersecting coaxal circles can be inverted 
into concurrent straight lines. 
Ex, 3. What isthe inverse of the pair of isotropic lines given by 
(a—a)* +(y—b)*=0 
with respect to the origin? 


Ex. 4. The angle between acircle and its inverse is bisected by 
the circle of inversion. 


16. Reciprocation: 


Suppose a fixed conic C is given. If we find the pole 
P of any tangent p to a given curve S with regard to C, 
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then the locus of P will be a curve s, which is called the 
polar curve of S with regard to C, and C is called the 
auxiliary conic; P is said to correspond to p, consequently 
every point of s corresponds to some tangent to 5. 

Now if p, p’ are two tangents to S, their corresponding 
points P, P’ are points on s, and the point of intersection 
of p, p' is the pole of the line PP’. Now, when p, p’ are 
consecutive tangents to S, their intersection is a point of 
S, P and P’ become consecutive points on s, and the line 
PP’ becomes a tangent to s. Hence, if any tangent to 5 
corresponds to a point on s, the point of contact of that 
tangent to 5 will correspond to the tangent at the point 
on 8. 

Thus the relation between the curves 5 and sis reci- 
procal, i.e., the curve S may be generated from s in pre- 
cisely the same manner that s is generated from 5. 
Hence the curves are called reciprocal polars, and the 
process is called ‘‘ reciprocation.” 

Analytical and other aspects of the theory will be 
discussed in a separate chapter. 


Ex. 1. The polar reciprocal of a circle with regard to another is a 


conic having the origin for focus. 
Ex. 2. A system of non-intersecting coaxal circles can be recipro- 


cated into confocal conics. 
Ex. 3. Conjugate points of one conic reciprocate into conjugate 
lines of the reciprocal, and a self-conjugate triangle reciprocates into 


a self-conjugate triangle. 
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CHAPTER II 
PLANE ALGEBRAIC CURVES 


Sec. I1.—GENERAL PROPERTIES. 


17. Notion of Algebraic Curves: 

If on the plane of the paper we draw a line of any 
form, it is called a ‘‘ curve.’ It is theoretically possible 
always to represent this curve, described according to 
certain laws, by means of a definite analytical equation 
in any system of co-ordinates, or at least, by means of a 
Fourier Series. We propose to investigate the properties 
of a curve represented by means of an equation F(z, y)=0 
in Cartesian co-ordinates, and in doing so, we shall have 
first to study the nature of the function F(z, y). 

In former days, functions were divided into two sepa- 
rate classes—(1) algebraic, snd (2) transcendental, and 
the curves represented by them were accordingly divided 
into two classes — algebraic curves *’ and ‘‘ transcen- 
dental curves.’" This classification was chiefly based on 
the use of Cartesian co-ordinates and therefore does not 
hold when other systems are used. But this is of little 
importance compared with the great advantage we derive 
in studying the properties of algebraic curves in the light 
of the modern theory of functions. For functions both of 
whose ranges are real numbers, a graphical representation 
was devised by Descartes. The older Mathematicians 
held that a function simply meanta single formula, at 
first usually a power of the variable, but afterwards it 
was regarded as defined by any analytical expression, and 
was extended by Euler ¢ to include the case in which the 
function is given implicitly as a formal relation between 


® Descartes, Geometrie (Leyden, 1637). 
+ Memoires de l'Acad des Sc., T. 4 and 5. 


(21) Gs 2, 4.42 
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the two variables. The arbitrary nature of a function 
given by a graph was recognised by Fourier. In the 
modern theory of functions, it is held that a regular 
function can be completely defined by means of a graph 
drawn in the finite and continuous domain of the indepen- 
dent variable. This simply depends upon geometrical 
intuition. Acurve thus drawn is indistinguishable by 
perception from a sufficiently great number of discrete 
points. Buta graph can only be regarded as an approxi- 
mate representation of a function, and all that is really 
given by the graph consists of more or less arithmetically 
approximate values of the ordinates at those points of the 
z-axis at which we are able to measure them. 

In order that a curve mav be drawn really to define 
a function, certain laws must be formulated, by means of 
which the values of the ordinates can be formally deter- 
mined at all points of the z-axis. These considerations 
led to the classification of functions in the modern theory, 
according as they possess various special properties. 
namely, continuity, differentiability, integrability, etc., 
throughout the domain of the independent variable, or at 
or near special points in that domain. The modern 
theory of functions says that the equation F(z, y)=0 
cannot in general represent a curve; it can do so, if y can 
be expressed as a regular function fis) of z, i.e., if f(x) is 
a continuous, finite and unlimitedly differentiable function 
expansible in Taylor's series. It is only by the combina- 
tion of these conditions that y= f(x) can represent a curve. 


18. Representation of Functions: 
Each algebraic function is put in the following rational 
and integral form :— 
F(z, y) =23a, xry. 
r= (0s = 0 
All other functions which cannot be put into this form are 
called *' transcendental "’ functions. A class of functions 
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of the form y=« ~" is called by Leibnitz ‘' interscenden- 
tal *" functions. These functions involve variables with 
exponents not commensurable with any rational number, 

Parametric representation of functions is often very 
useful in the form 2=—¢(t), y=wv/(t), from which the impli- 
cit form of the function is obtained by eliminating the 
variable t. 

19. From what has been said above it follows that 
under certain conditions F(z, y)=0 is the equation of an 
algebraic curve, while the curve itself is the geometric 
representation of the function F(z, y). Thus, in general, 
a curve of the nth orderis defined as the geometric re- 
presentation of a function which is of the nth degree in 
the variables. Different special names have been devised 
to denote curves of different orders; for instance, a curve 
of the third order is called a ‘‘ cubic,’’ of the fourth 
order a ‘‘ quartic,’’ and in general, one of the nth order 
is called an m-ic. 

If the quantic F(z, y) is irreducible, i.e., if it cannot 
be broken into two or more rational and integral factors of 
lower dimensions, the curve is called a ** proper or non- 
degenerate curve ™ of the nth order. But if F(z, y) 
breaks up into two or more rational and integral factors 
of lower orders, the curve is called an ‘‘ improper “ or 
‘‘ degenerate "’ curve. Thus, two right lines together 
form a degenerate conic; a conic and a line, or three right 
lines constitute a degenerate cubic; two conics constitute 
a ‘‘ degenerate quartic, *’ and so on. 

20. The most general equation of the nth degree in 
two variables may be written as :— 


a 
+br+ cy 


+ da? + ery + fy? 
+gz* +hz?y + ixzy* + jy” 


+-pa" +qa"—ly+......¢rey"~'+ay*=0 ... (1) 
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The above equation will sometimes be written in the 
symbolic form 


Wg TU, FUgtUgt... FUto +UuU,=—O0 ... (2) 
where u, is a constant and u, is a binary quantic (r-ic) in 
x and y. 

The equation (2) may be made homogeneous by intro- 
ducing a third variable z, and the general equation of 
a curve of order nin homogeneous co-ordinates may be 
written as: 

Une" + ue) + use" 3 +... +ups"@" +...+u,=0 ... (8) 


From these equations it is seen that the number of 
terms in u,_, is 7, and that in u, is obviously one more 
than inu,_,, and is therefore equal tor+1. Thus the 
total number of terms in each of these equations is equal 
to 1+2+3+...... +n+(n+1), i.e., 4(n+1)(m+ 2). 

The number of independent constants in each of these 
equations is equal to one less than the number of terms it 
contains, for the generality of the equation remains 
unchanged, and consequently it represents the same curve, 
if we divide the whole expression by a constant. Thus, 
dividing the equation by u,, and substituting new con- 
stants for the ratios of old ones tou,, the number of 
constants is reduced by one. Hence the general equation 
of the nth degree contains only {4(n+1)(n+2)—1} or 
ln(n +) independent constants and can therefore be 
made to satisfy the same number of conditions, and no 
more. 

24. Number of Points determining a Curve: 

Since the general equation contains $(n+3) indepen- 
dent constants, the same number of conditions are 
required to determine the co-eflicients uniquely. Hence 
n(n +3) conditions are required to determine a curve of 
order n; for instance, the curve may be made to pass 
through n(n +3) given points. Thus, a curve of order n 
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is uniquely determined, if n(n + 8) points on it are given. 
The co-ordinates of each of the given points satisfy the 
equation giving a linear relation between the constants. 
We obtain in this way altogether n(n +3) equations to 
determine the same number of unknown quantities, i. ¢., 
the co-efficients. There is only one set of solutions, and 
the equation is uniquely determined, and consequently 
the curve also. Hence it follows that 

Through }n(n +3) given points, only one curve of the 
nth degree can be described. 

Thus a conic is determined by five points, a cubic by 
nine points, a quartic by fourteen points, and so on. 


22. Proper and degenerate Curves: 


We have seen that n(n +3) points will determine a 
curve of order n uniquely; but they do not in all cases 
determine a proper or non-degenerate curve. For instance, 
five points determine a conic, but if three of them lie on 
ú right line, the conic determined by them consists of two 
right lines. Nine points determine a cubic, but if three 
of them lie on a right line, the cubic consists of this line 
and a conic through the remaining six points. Thus we 
see that the 4n(n+3) given points do not always deter- 
mine a non-degenerate curve of the nth degree. 

The necessary and sufficient condition that they can 
determine a non-degenerate curve uniquely is that the 
points must all be ‘‘independent,"’ i. e., no group of them 
should lie on a curve of order lower than they can usually 
determine. This follows from the fact that the linear rela- 
tions which determine the co-efficients must all be 
independent, and their number must be exactly n(n +3), 
neither more nor less. For, if two or more of the co- 
efficients are connected by other relations, the co-efficients 
are not independent, but they satisfy identical relations. 
In this case some of the points lie on one or more other 


4 





26 CHAPTER IT 


curves of lower orders and the curve of the nth order is 
not a non-degenerate curve, but consists of two or more 
curves of lower orders. If the number of these linear 
relations be less than 4n(n+3), which is the case when 
one or more of them can be deduced from the others by 
algebraic operations, the co-efficients cannot be uniquely 
determined and the equation contains one or more in- 
determinate co-efficients. In this case an infinite number 
of curves can be described through the points. 

Thus we see that in general An(n +3) arbitrary given 


points determine a ‘‘non-degenerate curve,’’ and that 
uniquely. 


23. Intersections of Curves: 


Two curves of orders m and n respectively intersect in 

general in mn points. 
Let 
V ,=a+ ba+cy+dxr?+... as Qe ke) 

and V,, =a! + b!z+cly + d'r? +... aO 9 
be the equations of two curves of orders m and n res- 
pectively. 

Then, at the common points of intersection of the two 
curves both the equations (1) and (2) must be simulta- 
neously satisfied. Hence if we eliminate either of the 
variables z or y between them, the resulting equation will 
be satisfied by the values of the other variable at the 
common points of intersection. Thus, if y be eliminated 
between (1) and (2), the resulting equation in 2—the eli- 
minant—will be of degree mn and will determine the 
absciss# of the points of intersection of the two curves. 

The resulting equation will have either all its roots 
real, or if there are imaginary roots, they will occur in 
pairs. Therefore, if there are 2k imaginary roots, the 
‘number of real intersections will be mn—2k, where kis 

zero or a positive integer. 


wg! ` 
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Thus a straight line intersects a curve of the nth degree 
in » points, and when n is odd, one of these must be real, 
It is to be noted, however, that every line cannot meet an 
n-ic in » real points. 

~ A conic intersects an n-ic in 2» points, of which all 
may be imaginary, or an even number real, A cubic 
intersects it in 3n points, and so on. 

24. Although two curves of orders m and n respec- 
tively intersect in mn points, but yet mn points taken arbi- 
trarily on a curve of order » will not be the intersections 
of two such curves. In fact, a certain number of these 
points being given, the rest will be determined. 

We shall now consider how many of these mn points 
can be arbitrarily chosen on the n-ic, in order that the 
remaining points may thereby be completely determined. 
There are three cases to be considered :— 

Case I. If m<n, let P=O bea curve of order nm. Then 
4m(m + 8) points taken on P=0 will completely determine 
a curve W=0, of order m, which will intersect © not only 
in these Am(m+3) assumed points but also in 
mn—jm(m-+3) other points. 

Case II. If m>n, we may consider a degenerate 
curve Vap. W =0, of order m, consisting of © and another 
curve W, of order m—n. Then the 4(m —n+1) (m—n+2) 
co-efficients of VW’ are at our disposal and can therefore be 
so chosen that an equal number of co-efficients in WV 
vanish. wy will then involve only 

4m(m+3)—4 (m—n+1)(m—n+ 2) =mn— 4 (n—1)(n—2) 
constants, and therefore the same number of points will 
determine the curve W=0. Thisis also true if W be a 
proper curve. 

Hence, if mn—4(n—1) (n—2) points are given on the 
curve $, another curve W of degree m drawn through them 
will intersect ® in 4(n—1) (n—2) other fixed points. 

Thus, 4m(m-+-3) of the mn points of intersection can 
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be chosen arbitrarily, when m<n, so that mn — dm (m +83) 
points are thereby determined. 

If mn, mn—4(n—1)(n—2) points can be assumed 
arbitrarily, and then the remaining 4(m—1)(n—2) points. 
are determined. For m=n—1l1 or m=n—2, the two 
numbers mn—4m(m+3) and 4(n—1) (n—2) are the same. 

Hence we can say that, when m=n, or m=n—1 or 
n—2, mn—4(n—1) (n—2) points can be chosen arbitrarily 
and the remaining }(n—1)(n—2) points are thereby deter- 
mined.* 

25. lfm=n, the above theorem becomes—If the n? 
points of intersection of two curves of the nth degree, 
n2—4(n—1)(n—2), i.e., 4n(n+3)—1 are given, the 
remaining 4(m—1)(n—2) are also determined, 

Or, in other words, 

All curves of the nth degree which pass through 4n(n4+3) —1 
points pass also through 4(n—1)(m—2) other fixed points. 

This theorem can be proved independently as follows :— 

Let Þ=0 and W=0 be any two particular curves of the 
nth degree passing through 4n(n+3)—1 given points. 
Then the general equation of a curve of the same degree 
through these points is 6+kW”v—0, where kis any arbitrary 
parameter. The equation is evidently satisfied by ®=0 
and W=0 for all values of k, and consequently the curve 
passes through all the n? intersections of % and WV, what- 
ever be the value of k. Hence this curve passes not only 
through the 4n(n+38)—1 given points, but also through 
the remaining n*—4n(n+3)+1 or 4(mn—1) (n—2) points 
of intersection of P and W, 

In fact, through the intersections of ® and Y, an in- 
finity of curves of the nth degree can be described, and 

* The theorem also holds if the curve of the nth degree breaks up 
into two curves of the kth and n-kth degrees respectively, when the 
curve of the mth degree does not pass through all the intersections of 
the two curves—see Zeuthen—Sur la determination d'une courbe 
algebraique par des points donee’s —Math. Ann. Bd. 31 (1888). 
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any particular member will be determined by the condition 
that it passes through any other point. But if this last- 
mentioned point is one of the common points of © and Y, 
the value of k is indeterminate. It may be observed, 
however, that if n>8, the above theorem isjnot always true. 


Ex. 1. Straight lines are drawn through each of n collinear points 
on an mn-ic, Shew that these lines meet the n-ic sgain in points on 
an (n—1)-ic. 

Ex. 2. The tangents at four collinear points of a quartic meet the 


curve again in eight points on s conic. 
Er.3. All quartic curves drawn through 3 given points will pass 


through three other fixed points. 
Does this hold when the quartics are degenerate, each consisting of 


four right lines? 


Note: This is the so-called Paradoz of Cramer. Euler 
had already noticed that two curves of the nth degree 
intersect in more points than are sufficient to determine 
any of them.* Cramer f{ fully discussed this paradox but 
could assign no reason for this. The first notion of 
systems of curves was given by Lamé, and then Pliicker 
in a note to ‘‘ Entwicklungen *' (Vol. 1, p. 228) gave the 
above theorem. The algebraic aspect of the question was 
discussed in the works of Jacobi (Journal of Math., Vol. 
XV, 1841) and Pliicker (Ibid, Vol. XVI, 1842).1 


26. If m=n, the theorem of § 24 may also be stated 
in the following form :—AU curves of the mth degree 
which pass through nm—4A(n—1)(n—2) points on a curve 
of order n (m=>n), pass also through 4A(n—1)(n—2) other 
fized points on this curve. 


* Euler—A Memoir in the Berlin Transactions for 1748—‘' On an 
apparent contradiction in the Theory of Curves."’ 
+ Oramer—Introduction á l'Analyse des lignes courbes alatbtiones 


(1750). 
t Plicker’s Algebraitechen Curven, Einleitung; and also a Memoir 


by Prof. Cayley—Cambridge Math. Journal, Vol. ITI, p. 211. 
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Let @=0 be the given curve of the nth degree 
* f=0 be a curve of order m—n, determined by 
2(m.—n)(m —n + 3) assumed points. Now consider the 
Curve Ve/.b=0. This curve passes through 


nm —3(n—1)(n —2)+4(m—n)(m—n +8), or 4m(m+8)—-1 


points and therefore, by the preceding theorem, it passes 
through 4(m—1)(m—2) other fixed points. Of these latter 
Points some will lie on %=0 and some on f=0; and as 
many, will lie on @®as will make the total number of 
points to nm, and as many will lie on f as will make the 
total number to m(m—n). Thus 4(n—1)(n —2) of these 
4(m —1)(m—2) fixed points must lie on the curve P=0. 


Esz. 1. Every quartic curve drawn through eleven fixed points on s 
cubic passes through another fixed point on the cubic. 

This follows from the present theorem by putting m=4, n=3. We 
can prove this directly as follows :— 


Every quartic curve through these eleven points and two other 
assumed points passes through three other fixed poiuts. Now the 
given cubic and the line determined by the two assumed points make 
upa quartic through these thirteen points. ‘Therefore, this system 
mast pass through three other fixed points, of which only one can lie . 
on the cubic, for otherwise a quartic through the points would meet 
the cubic in more than 12 points. 

Ez. 2. A sextic * intersects a curve ¥ of the eighth order in 48 
points. Bat in order to determine Y=0, 44 pointa are required. Of 
these points if 38 are given, the remaining 10 are determined. A system 

of curves ¥ through these 38 points on + will pass through 10 other 
fixed points on the same. 


27. We have seen that if a curve of order m passes 
through nm—3(n—1)(n—2) points on a curve of order n, 
it passes also through 4(n—1)(n—2) other fixed points 
on the same. Hence it follows that, of the 4m(m + 38) 
points required to determine a curve of order m, 

if more than nm—4(n—1)(n—2) lie on a curve of order 
n (m=n), the curve cannot be a proper curve, mae 
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suppose one more of the points lies on the curve of the nth 
degree; in that case the curve of the mth degree would 
meet the curve of the nth degree not only in nm— 
(n —1)(n —2)+1 points, but also in 4(n—1)(n—2) otber 
points, thus making the total number to nm + 1, which is im- 
possible. If, however, the additional point be one of the 
(mn —1)(n—2) fixed points, the curve cannot be uniquely 
determined; for the number of independent points is then 


nm — 4(n—1)(n—2) + {4m(m + 8) —nm + 4(n —1)(n—2)—1}, 
1.6; 4m(m +3) —1. 
Hence we obtain the theorem— 


Of the points determining a proper curve of the mth 
degree, the greatest number which can lie on a lower curve 
of order n is nm—4(n—1)(n—2). 


28. Chasles’ Theorem :* 


If a curve of the third order pass through eight of the 
points of intersection of two curves of the third order, it 
passes through the ninth point of intersection. 


This in fact is a particular case of the more general 
theorem, given in § 25. Chasles has given the following 
proof :— 

Let U=0 and V=0O bē any two curves of the third 
order drawn through eight given points. The general 
equation of a curve of the third order through these eight 
points is of the form U=kV, where k is indeterminate. 
If this curve passes through a ninth point (z', y’), we 
must have U'’=kV’, where U’ and V’ are the values of U 
and V when 2’ andy’ are substituted for z and y in them. 
Then the equation of the cubic becomes UV'—U’V=0, 
But this equation is satisfied by all the nine points of 
intersection of the two curves U and F, and therefore this 


* — = ® Chasles—Memoires de Brureles, Vol. XI, p. 149. 
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curve passes not only through the eight of these points of 
intersection, but also through the ninth. 

Chasles has used this theorem to demonstrate Pascal’s 
theorem on Hexagon, namely,—the three intersections of 
the opposite sides of any hexagon inscribed in a conic 
section are in one right line. 

Consider a hexagon inscribed in a conic section. The 
aggregate of three alternate sides may be regarded as 
forming a curve of the third order, and that of the 
remaining sides a second curve of the same order. These 
two intersect in nine points, namely, the six angular points 
of the hexagon and the three points which are the 
intersections of the pairs of opposite sides. Now the conic 
section and the line joining two of these intersections 
constitute a curve of the third order passing through eight 
of those nine points. Therefore this passes also through 
the ninth point by the present theorem, z.e., the line 
passes through the remaining point, since the third 
intersection cannot lie on the conic. 

29. ‘The following important theorem* was given by 
M. Gergonne :— 

If of the n? points of intersection of two curves of order 
n, nm lie on a curve of order m(m<n), the remaining n(n —m) 
will lie on a curve of order n—m. 

Let U=O and V=0 be any two curves of the nth 
degree intersecting in n? points, and let P=O be s curve of 
the mth degree through nm of these points. Select acurve 
W=0, of order n—m, determined by }(n—m)(n—m-+3) 
of the remaining points, and consider the curve 
f=. T=0 of the nth degree which passes through— 


nm +4(n—m)(n—m + 8) or {4n(n + 8) -—1+4(m—1)(m—2)} 


of the points of intersection of U=O and V=0. But this 
number is not less than 4n(m+3)—1. Therefore the curve 


* Annales, Vol. XVII, p. 220. 4 
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f passes through all the n? intersections of U and V by § 25, 
But f consists of an m-ic P, which already passes through 
mn of these n? points, and cannot therefore pass through 
any more, Consequently, the other curve W of order (n— m) 
passes through the remaining n? — mn, or, n(n— m) points. 

[t will be observed that f passes through the remaining 


4(n — 1)(n — 2) —4(m —1)(m—2) 
intersections of U and V. But these latter points cannot 
lie on ®, which already meets the system of the nth degree 
curves in nm points. Hence they lie on VW=0, which 
therefore passes through— 
4(m— m)(n—m +38) + 4(n —1)(n— 2) —4(m—1)(m—2), 
i.c., n(nm—m) points. 


Ex. 1. If of the nine intersections of two cubica, six lie on a conic, 
the remaining three are collinear. (Put n=3, m=32,) 

Fer.2. Ifof the sixteen intersections of two quartic curves, eight 
lie on a conic, the remaining eight lie on another conic. (n=4, m=2.) 

Ex.3. Any quartic through the intersections of a conic anda 
quartic meets the quartic again in eight pointa on a conic. (n=4, m=2.) 

Er. 4. Any quartic through the intersections of a cubic and a 
quartic meets the quartic again in four collinear points. (n=4, m =3.) 

Ez, 5, If a polygon of 2n sides be inscribed in a conic, the n(n —2) 
points, where each odd side intersects the non-adjacent even sides, 
will lie on a curve of the (n—2)th degree. 

This is a particular case of the present theorem, when m=2, and 
U and V are degenerate curves, each consisting of n right lines. 

The product of all the odd sides may be regarded as one system of 
the nth degree, and the product of the even sides another. These two 
systems intersect in n* points, namely, the 2n vertices of the polygon 
and the remaining n(n—2) points, which are the intersections of tha n 
odd sides with the (n—2) non-adjacent even sides of each, since each 
odd side has two adjacent even sides. Now, the 2n vertices lie on a 
conic, and therefore by the present theorem, the remaining n(n—2) 
points lie on a curve of the (n—2)th degree. 


Pascal’s theorem on hexagon is a particular case of 
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30. Cayley’s Theorem: Prof. Cayley has given the 
following general theorem,* of which the theorem of 
3 26 is a particular case :— 


If a curve of the rth order (r not less than m orn, not 
greater than m+n—83) pass through 


mn —4(m+n—r—1)(m+n—r—2Q) 
of the points of intersection of two curves of the mth and 
nth orders respectively, it passes through the remaining 
(m +n—r—1)(m+n—r—2) points of intersection. 

Let U=0 and V=O be any two curves of orders m and 
n respectively. 

Select a group of 4(r—m)(r—m+8) arbitrary points on 
V and describe a curve ‘P=O0 of order (r—m) through 
them. 

Again, select a group of 4(r—n)(r—n +8) points on U 
and describe a curve W=0 of order r—n through them. 

Now consider the two curves of order r, namely, 


f=@2.U=0 and /f=V.V=0. 


The curve f passes through }(r—m)(r—m+8) points 
on F, 4(r—n)(r—n+3) points on U, and all the inter- 
sections of U and F, i.e., through 


{4(r—m)(r—m+3) +mn+4(r—n)(r—n +3)}, 
or {4r(r+3)—1}+4(m+n—r—1)(m+n—r—2Q) points. 


Similarly, the curve f’ passes through the same 
{hrir + 3) —1} +40n +n—r—1)(m+n—r—2) points. 


Hence, if we select a group of 
mn —43(m+n—r—1)(m+n—r—2) 


points of intersection of U and V, then the curves f 


« Cayley—Collected Papers, Vol. I, No. 6, p. 25. 
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and f will pass through 4r(r+8)—1 points. Therefore, 
every curve of the rth degree which passes through 
these 4r(r +3)—1 points will pass through all the intersec- 
tions of f and /’, and consequently through all the mn 
intersections of U and V. But 
mn —4(m +n—r—1)(m+n—r—2) 

of these mn intersections lie on the curve. Therefore it 
passes through the remaining 4(m+n—r—1)(m+n—r-—2) 
intersections. 

Note: It will be observed that r cannot be less than 
m or n; it can at the most be equal to the greater 
of m and nn. In order that the curve ® may be distinct 
from and does not include as part of itself, the curve V, 
r— must be less than n, i.e., r must be less than m+n. 
If r=m-+n—1 or m+n—2, the theorem is meaningless. 
Hence, r must notbe greater than m +n —8. See Bacharach, 
Math. Annalen, Vol. XXVI (1886), pp. 275-299. 


If m=n=r, we obtain the theorem of § 25. 


Ezr. 1. All quartics which pass through eleven points of intersection 
of a cubic and @ quartic also pass through the remaining intersection. 


[Put r=m=—4 and n=3.] 


Be. 2. If of the twelve intersections of a cubic and a quartic, six lie 
on a conic, the other six will also lie on another conic and the four 
points in which the two conics meet the quartic again are collinear. 

Consider the quartic consisting of the given conic and another 
determined by five of the remaining six points of intersection. This 
quartic therefore passes through eleven of the points of intersection of 
the given cubic and the quartic. Therefore it passes through the 
remaining intersection, which must lie on the second conic, since 
the given conie meets the cubic already in six points. Hence the 
remaining six points lie on a conic, 

Again, suppose that the firat conic intersects the quartic in the 
two points A and B, and let the line AB meet the quartic in two 
other points Cand D. Now consider the quartic consisting of the 
cubic and the line AB. This intersects the given quartic in 16 points, 
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But the quartic consisting of the two conics passes through fourteen 
of these points. Therefore it must pass through the remaining two 
points C and D. Consequently, C and D lie on the second conic. 
Hence the conics intersect the quartic in four collinear pointa. 


This follows from the present theorem, as a particular case, by 
putting m=4, n=3, and r=4. 


Ex.3. A curve of the fifth degree which passes through fifteen of 


the intersections of two quartics passes salso through the remaining 
intersection. 


This follows from the present theorem by putting r=5, m=n=4. 


Ex. 4. The tangents at the six intersections of a conic and e cubic 
meet the cubic again in six points on a conic. 


Ex. 5. Show that u quartic drawn through the intersections of 
two cubics meets either cubic again in three collinear points. 


Examples 3 and 4 of § 29 can be deduced from the present theorem. 


Sec. I].—TuHeory or RESIDUATION. 


31. We have seen (§ 26,) that if of the mn intersec- 
tions of two curves of the mth and nth degrees (m>n), 


mn —4(n —1)(n —2) 


are given, the remaining 4(mn—1)(n—2) are determined. 
Hence we see that the two groups of points are not 
independent, but together form the complete intersection 
of two curves of orders m and n respectively. These 
considerations lead to the development of a theory of groups 
of points on a curve, the principles of which are contained 
in a paper by Noether.* The principles of the theory 
are illustrated in the following theorem : 


If a group of n(l+m) points on a curve C,, of order 
n forms the complete intersection of C, with a curve 
Cim Of order ([+m), and nl of these points form the 
complete intersection of C, with a curve C; of order l, 


* Noether—" Ueber einen Satz aus der Theorie der Algebraischen 
Fanctionen”—Math,. Ann. Bd. 6, 1872, and “ Zum Beweise des Satzes, 
etc.,"" Math. Ann. Bd. 40, 1892, p. 14" . 
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then the remaining nm points form the complete intersec- 
tion of C„ with a curve C,, of order m., 

The theorem of § 29 is only a particular form of this 
theorem, when /+m=n. 

The truth of the present theorem has led to the deve- 
lopment of a theory of sets of points on curves known as 
the theory of residuation,* which is at times useful in 
discussing intersections of curves. The following defini- 
tions are useful : 


(1) The curve C, is called the basis-curve. 

(2) Two groups of points are said to be residual of each 
other, when they together form the complete in- 
tersections of any curve with the basis-curve. 

(3) Any two groups of points on a basis-curve which 
have the same residual group are said to be co- 
residual to each other. 

(4) If a group is the complete intersection of a curve 
with the basis-curve, it is said to have a sero 
residual. 


32. In the light of these definitions the above theo- 
rem may be stated in the following form :— 


| If a group of n(l+m) points on a curve of order n haa 
* a zero residual and nl of these points have also a zero resi- 
dual, then the remaining nm points have a zero residual. 


PEN Consider the curve C, tmm, bmn Ca +C’,,C, =0, 
; l+ mn, which is of order (l+ m) and passes through the 
intersections of C; and C,. This equation is satisfied for 
all points where C,=0 and C’,,C;=0. Now the curves 
Csm and C, intersect in n(l+ m) points, of which In lie on 
the curve C;. Therefore the remaining nm points lie on 
the curve O'm of order m. 


* Sylvester—Coll. Works, Vol. IIT, pp. 317 and 352. 
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lf l+m=n, then we have simply to put— 
Cli. m—n =C’, =a constant. 


The proof can be equally applied to the case when 
t+m<n. We have to put C’,,,_,=C-,=0, and Gris 
becomes simply C’,,C,. In this case the curve Cys, CAN- 
not be a non-degenerate curve, but consists of two curves 
C; and C’,,, of orders l and m respectively. 

If we denote the two groups of nl and nm points by 
[L] and [M] respectively and express the fact that a group 
[P] has a zero residual by the symbolic equation [P]=0, 
the above theorem may be stated as follows :— 

If [4+M]=0 and [L]=0, then also [M]=0. 

This leads us to the supposition that the residual 
equations obey the general laws of addition and subtrac- 
tion. In fact, the above theorem says that of the three 
equations [L+ M]=0, [L]=0, [M]=0, any one can be 
deduced from the other two. These lead to the following 
theorems on addition and subtraction in the residual 
theory. 


33. Addition Theorem: 
If [L]=0 and [M]=0, then [L+M]=0. 


This, in the language of geometry, may be stated as :— 


If two curves C; and Cm, of orders | and m respectively 
intersect a curve C, of order n in the groups of points ni 
and nm, then a curve ©,,,, of order /+m can be drawn to 


intersect C,, in these ni +nm points. 
Let the groups of nl and nm points be denoted by [L] 
and [M] respectively. We have to consider the three 


cases, according as 1+mZn. 
Case I. When l+m>n, l+m-n is a positive 
quantity. a2 a") ee | 
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Consider the equation C,,,,=C’,,,-,C, +C,C,,=0, 
which represents a curve of order | +m. 

This equation is satisfied when C,=0 and C, =O, and 
therefore the curve passes through the n! intersections of 
C, and C,. Similarly, the equation is satisfied when 
C,,=0, and C,,=0, and therefore the curve passes through 
the nm points of intersection of C,, and C,. Hence the 
curve C,,,, passes through all the points of the two groups 
[L] and [M], and since the number of points in the two 
groups is n(/+m), the points of the group [L+M] are 
the complete intersections of C,.,, with C,,. 


Hence we must have [L+M]=0. 


Case II. Ifl+m=n, 1+m—n=0 and C’,.,,-_, is to 
be put equal to a constant, and the same argument holds. 


Case III. If + m<n, 1+m—n is a negative quantity. 

In this case the curve C;,,, cannot be a proper curve of 

degree l+m. For, C;.,, intersects C, in I(l+m) points, 

and therefore this must be greater than or equal to the 

number of points in [L], i.e., [(1+m)>nl, which is im- 

KI possible. Thus, C;.,, cannot be a proper curve. In fact, 

we have to take C;,,,=C,.C,,, which therefore passes 
* through all the points of the groups [L] and [M]. 


4 ~ [(L+M]=0. 

* 

34. Subtraction Theorem: l 

If [L+M]=0 and [L]=0, then [M]=0. 


Let C, be the basis-curve and let C,,,, and C, inter- 
sect the basis-curve C, in the groups of points [L+M] 
and [L] respectively. 


Let /+m>n ; and consider the equation— 


CramtC,.C’, m-n =O, 
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| This represents a curve of order 1+m. The equation 
is Satisfied when C, ,,,=0 and C, =O, and therefore denotes 
a curve passing through the group of points [L+M], in 
which C, intersects C,.,,. For different forms of C’ po = 
this equation represents different curves of order 1+m 
through the same group [L+M]. Now C,.C’, may be 
regarded as a system of the (l+ m)th degree through the 
same points. But C, intersects C, in nl points, and 
therefore the remaining mn points must lie on C’,,, which 
is of degree m, and consequently the mn points [M] are 
the complete intersections of C’,, with Cu, 


<. [M]=0. 
35. Multiplication Theorem: 
If [L]=0, then [kL]=0, where kis a positive integer. 


Let C,, be the basis-curve, and let C,, a curve of order 
l, cut C,, in the zero residual group of points [L], namely, 


[L,, Lg, --. La; j=0. 

Consider another curve C’, contiguous to C,. This 

cuts C, in a group of points 
[L> La L's, «es Dar 

which is also a zero residual, 

Hence, by the addition theorem, we have— 

[Li Ly, Leg, V. L’,; }=0, 
or [L; +L; Lo + D'a Line + D'n | = 0. 
But since C; and C’; are contiguous curves, the points 
(Gi: L'i), (Le, Lg), ete. 


are contiguous in pairs, 50 that ultimately L, and L’,, etc., 
are coincident. We therefore obtain— 
[2L, , Lo, Ijs.. ALin i ] =0, f.o., [2L] =0. 
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Repeating the same process for another series of conti- 
guous points, we obtain [3L]=0. 
Continuing in this way k times, we finally obtain 
4 [kL] =0, where k is any positive integer. 


* Note. It is to be understood in this theorem that when 
a point is multiplied by a positive integer, consecutive 

points on the curve are taken into account. There ig no 

division theorem in theory of Residuation. | 


x 
Ex. 1. If of the nine intersections of two cubics, six lie on a conic, 
he remaining three lie on a right line. 
Let the six points which lie on the conic be denoted by [L] and 
the remaining three by [M]. 
A i.e., the three points [M] are the complete intersections of the 
e basis cubic with another which must evidently be a right line. © 
Er. 2. If eight of the sixteen intersections of two quartica lie 
} on a conic, the remaining eight lie on another conic. 
4 k Let the eigbt points on the conic be denoted by [L] and 
ts the remaining eight by [M]. Then [L+M]=0, and also [L]=0, 
it ^ [M]=o0. 


f.e., the eight points [M] are the complete intersections of the 
basis quartic with a curve of degree m, auch that 4m=—8, and con- 
sequently m= 2, f.e., the eight points lie on a conic. 


36. Residual Equations: A 
If we have the two residual equations [L+N]=0 and 
[M +N] =0, when L, M, N are groups of points on a 
basis curve, then we obtain, by the subtraction theorem, 
the formula [L—M]=0, or, [L]=[M], which signifies 
that the two groups [L] and [M] are coresidual with the 
common residual group [N]. If further [L/]=[M'] with 
N’ as a common residual, then we have 
ne [+L] =([M+M’']; 
for, we have [L+N]=0 and [L/+N’]=0 
2. (L+L'+N+N’]=0. Similarly, [M+M’+N+N’]=0. 
p 6 






E 
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Hence [L+L/] and [M+M’] are coresidual with the 
common residual group [N+N’]. Further, we have 


[L+M']=[L'+M], or, [M—M’]=[L=L’}. 


Again, the équation [L+M—L]=[N] signifies the 
same fact as [L+M]=[L+N], which is the same thing 
as [M]=[N]. 

From all these it is seen that we can apply the rules 
of addition and subtraction to the residual equations. 


36. (a) If two groups [L] and |M] be coresidual, any 
system [N] which is residual of one will be a residual of 
the other. 


For, we have [M—L]=0 and [L+N]=0 
<” [M+N]=0. 


36(b) Two groups which are coresidual to the same group 
are coresidual to each other. 


Let the groups [L] and [N] have a common residual 
[L’], and let [M] and [N] have a common residual group 
[M’‘], sothat [L] and [M] are coresidual to the same group 
[N]. Then the groups {L] and [M] are coresidual to each 
other. 


We have (i) [L+L/]=0, (2) [N+L']=0, 
(8) [M+M’‘]=0, (4) [N+M']=0. 
From (2) and (4), we have [I/—M’]=0, 
and therefore from (3), [L’+M]=0, ... * (5) 
i.e. [L/] is residual to [M]. 


Similarly, {™’ + L] =0 eee =.. (6) 
i,e, (M’] is residual to [L]. 3 
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Now, from (1) and (5), [L] and [M] are coresidual 
with the common residual [L’]. Similarly, from (3) and 
(6), [L] and [M] are coresidual with the common residual 
[M]. 

Cor. If two coresidual groups consist each of a single 
point, the two points coincide. 


Es. 1. If of the 3 (m +n) intersections of a curve of the (m+n)th 
order witb a cubic, 3n lie on a carve of the nth order, the remaining 
3m lie on a curve of the mth order. 


Let the two groups of 3n and 3m points be denoted by [L] and [M], 
respectively. 

Then [L+M]=0 and [L]=0 ~. [M]=0; f.a., the 3m points in 
[M] are the complete intersections of a cubic with a curve of order k, 
such that 3k=3m, .. k=, i.e., the curve is of order m. 

Ez. 2. The tangents at n collinear points of an n-ic meet the 
curve again in n(n—2) points lying on an (n—2)-1c. 

Ex. 3. If six of the intersections of a cubic and a quartic lie on a 
conic, the other six lie on another conic. 


37. Brill-Nother’s Residual Theorem :* 
If two groups of points [L] and [L’] are coresidual with 
a common residual [M], and if [M’] is any other residual 
of [L], then [M’] is also residual to [L/]; [L] and [L’] are 
consequently coresidual with respect to [M’], and to each 
residual of any of the two groups [L] and [L’}. 
Consider the four groups of points [Lj, [L]. [M], 
y [M'] on a basis curve. 
| Now, if [L+M]=0, [L’+M]=0, and [L+ M']=0, 
then we have from the first and third [M]= [M’]. Substi- 
tuting this in the second, we obtain [L/ + M'] =0; 
i.e. [M’] is a residual of (L’]; 
<. [L] and [L’] are coresidual with the common 
residual group [M]. 


E = * Brill-Nother, Uber die algebraischen Funktionen and ibre 
p Anwendung in der Geometrie, Math. Ann., Vol. VII (1874), pp. 271-276, 
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This theorem may be generalised as follows :— 


` If the groups [L,],[Lej,[Ls],...[L,] on a basis curve 
are coresidual with a common residual group [M], then 
they are also coresidual with respect to any other residual 
group of any one of them. 


38. Extension of the Residual Theorem: 


The direct proof of Brill-Néther’s theorem depends 
entirely on a similar identity as used in the proof of § 32, 


which is evidently a particular case L C: M 
of the theorem. We can, however, — — 
represent this residual theorem by PASIS. CURVE 
means of the adjoining diagram. Cm C,. Ca 


By introducing a new auxiliary 
curve C’,,, we may express the M! 
identity in the form : Cl; 


C,,C,,:2C,C', ++ Cy, Cis eee (1) 


The orders of these curves must then satisfy the 
conditions 


m+m—n+nl=—l4+l Sen A) 


If the identity (1) holds, the theorem is proved. 
This is the casein particular, if the curves Cm, C'ai Cg, O'g: 
are ** Adjoints "’ to Ca, ie., if they pass (i—1) times through 
an i-ple point of C,. Inthe theory of groups of points on 
a curve, *‘ adjoint '’ curves play an important part. We. 
however, postpone discussion till a later chapter. 

In the identity (1), the curve C’,, may as well be taken 
as the basis curve and it may be treated exactly as the 
curve C,. | 
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Since C,,, Ci, C, and C,, intersect mutually in the 
Liy C,  M, other four groups of points Ly My, 
L’. M’,, which by (1) lie on C’,,, 

BASIS CURVE CÇ „ they may be represented by means 








O Mmi 
r Canı of the accompanying diagram. 
; a Therefore, we may write Néther’s 
M'’ı Cy: L’, identity in the following symmetrical 
form : 
C,,C,,/+C,;C;'+C,C,/=09. ees (3) 


Thus, supposing we deal with singular curves, we re- 
cognise the completely identical nature of all the six 
curves on which lie the four groups of points satisfying 
Brill-Néther’s theorem. From this extension a number 
of other theorems on tonfigurations of these points can be 


deduced.* 

We can represent the 
identity by means of a cube 
as well, shown in the dia- 
gram, if the squares in the 
preceding diagrams are 
taken as its base and top. 
‘3 The eight groups of points 
will be at the corners, and 
the six curves will be taken 
as corresponding to the six 
faces. 

If we take LM, LM’ and LL, as the axes of z, y and s, 
and the cube of unit edge, the faces r=0, x=1, y=0, 
y=1, z=0, z=1 will represent the curves Om» Om'.COr» 
C:n C,, Cy, respectively. Each curve passes through the 

* E. Study in Marburg, “ Ueber Schnittpunktfiguren ebener algeb- 
raicher Kurven," Matb. Ann., Bd. 36 (1890), pp. 216-229. 


* 
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points lying at the four corners of the corresponding face. 
The complete intersection of any two curves consists of 
the points at the ends of the common edge of the adjacent 
faces representing the curves. ‘Thus, the curve C; passes 
through the points L, M, L}, M,; and the curves Č; and 
Cm intersect in the points L, L,, and so on. 


39. We may illustrate the above facts very clearly by 
means of the following. 

Each curve is replaced by acircle and each group of 
points is denoted by a single corresponding point. 

Instead of starting with one curve as a basis curve, we 
may start with one group of points, and state the theorem 
in the following form : 

If three algebraic curves C,,, C;, C, pass through the 
same group of points L and intersect by pairs in the 
groups, L,, M’ and M, then 
three other curves Oms 
C n: can be determined 
in various ways, such that 
their orders satisfy equa- 
tion (2) only, and they pass 
through the groups M, M’, 
L. respectively, having the 
same residuals M’,, M, and 
L/ on Cm C;, C, in pairs, 
and whose remaining point 
of intersection together form a single group L’,. 





Ez. 1. Three conics through the same two points I and J intersect 
in pairs in three other pairs of points. The three lines joining them 
are concurrent. 

Ez. 2. A conic meets a quartic in eight points. If another conic 
‘touches the quartic at four of these points, a third conic touches the 


quartic at the remaining four points, 


A 
r 
F. 
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Ex. 3. A conic passes through four fixed points of a cubic. Show 


that the line joining the other two intersections of the conic and cubic 
meets the cubic again at a fixed point. 


Ex. 4. Through a group of points P on an n-ic, a curve is drawn 
to intersect the n-ic again in the group P,, through P, is drawn a 
curve to intersect the n-ic again in the group P., and so on. Show 


that if the final group consists of a single point, the same point will be 
obtained whatever be the curves used. 


Ex. 5. If three cubics pass through seven common pointa, the lines 
joining the remaining intersections of the cubics taken in pairs form a 
triangle whose vertices lie one on each of three given cubics. 

Ez. 6. If a conic meets a quartic in eight points and a conic touches 


the quartic at four of the points, a conic touches the quartic at the 
other four. 





CHAPTER II 


SINGULAR POINTS on CURVES. 


40. In this chapter we shall study singular points and 
lines of curves, and with this end in view, we shall first 
study the nature of intersections of a radius vector drawn 
through the origin to intersect the curve. 

We may prove the following theorem: 


If the origin of co-ordinates lies on the curve, the con- 
stant term inthe general equation of a curve vanishes, and 
the linear terms equated to zero give the equation of the 
tangent at the origin, 

The general equation of a curve of the nth degree 
(§ 20), when transformed to polar co-ordinates by the 
substitution z=r cos 6, y=r sin 6, may be written as— 

a 
+r(b cos @+c sin 8) 


+r2(d cos? +e cos 0 sin 6+f sin? 6) 
T cccccncweseseecccessecesesessecencs occecsedseesdecsoese 
+7r"(p cos"@+q cos"—! @ sin 0+......+8 sin" 6)=0 ... (1) 


This equation determines the distances from the origin 
of the points in which the radius vector meets the curve. 

When the origin lies on the curve, one root of equation 
(1) must be zero, which requires that a=0, whatever be 


the value of 6. 
If, however, @ be so determined that 


b cos 6+c sin 6=0 6 


7 values of r will be zero, and the line drawn through 
the origin in the direction given by, (2) will meet the | 
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curve in two coincident points at the origin and will be a 
tangent at the point. 


The equation of this tangent is therefore 
r(b cos 0+c sin 6)=0, i.e., br+cy=0 «xe (8) 


Note. If b=0, the axis of x is a tangent, and if c=0, 
then axis of y is a tangent. 


41. If, however, in the general equation, a=b—c—0, 
then, whatever be the value of ø, the co-efficient of r will 
always be zero, and consequently, two values of r will 
always be zero, and every line drawn through the origin 
meets the curve im two coincident points at the origin. 
The origin, in this case, called a double point on the 
curve. 

Thus, every line drawn through a double point meets 
the curve in two coincident points there. This point, in 
fact, is one where the curve cuts itself once, i.e., two 
branches of a curve cut each other at a double point. 


If we determine @, so as to satisfy the equation 
d cos? 6+ e cos @ sin 6+ f sin? 6=0 


then three values of r will be zero. The equation giving 
the values of 6 is a quadratic, and therefore gives two 
values of tan 6. Thus we see that although every line 
drawn through a double point meets the curve in two 
coincident points, ‘there | are two particular lines corres- 
ponding to these two values of tan 6, which meet the curve 
in three coincident points, or have a contact of the second 
order with the curve at the origin. These two lines are 
the tangents at the double point and their equation is 
therefore 
i r2(d cos? 0+e cos 0 sin 0+ f sin?) =0 


i.e., dx? + ery + fy? =0 we» (4) 
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Hence we obtain the theorem :— 

If the origin be a double point on the curve, the terms 
of the lowest degree form a quadratic, which equated to 
zero gives the equation of the two tangents at the double 
point. 

Derinition. Curves possessing double points are called 
autotomic (self-cutting), and curves not possessing these 
singularities are called anaufotomic (or non-singular). 


Ez. Show that the point (0,—}) is a double point on the curve 
z +y” + Sy + Diy —Sr) + 1&0. 


42. Points of Inflexion: 


If, however, in the equation of § 40, the value of 6 
determined by 


b cos 6+6c sin 6=0 


makes the co-efficient of r? also vanish, i.e., if the same 
value of 6 satisfies both the equations— 7? 
b cos 6+c sin 6=0 h 
and d cos?f +e cos 6 sin 6+/ sin? 6=0, the radius vector r 
meets the curve at three points coinciding with the oris | ee 
gin. The origin is called a point of inflexion or simply _ —— 
an inflezion, and the tangent is called the inflexional — 
tangent. mar apd a 
| 3 We may therefore define a point of inflexion on acurve EE 
| o asa point, which is not a double point, where the tangent 
has a contact of the second order with the curve, | In a 
———— consecutive points on a curve are collinear, h 














a 
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or, in other words, the terms of the second degree contain 
the linear terms as a factor. Hence the equation of a 
curve, having the origin for a point of inflexion, may be 
written as 


Pmu, +uyo, + uy tug + TETT Fu = 5 


We may therefore enunciate the following theorem :— 
If the torma of the first degree are a factor of the terma 
of the second degree, the tangent meets the curve in three 


pointa coinciding with origin and is called a tangent of 
three pointic contact. 


It is to be noticed that the curve in this case crosses 
the tangent. 


43. Point of Undulation : 


If, again, in the same equation, the co-efficient of r* 
vanishes for the same value of @, the tangent meets the 
curve in four points coinciding with the origin, which is 
then called a point of undulation, and the tangent has a 
four-pointic contact. 


These results are generalised in the following form : — 
If the terms of the first degree sre a factor of the 
terms of the 2nd, 3rd......(7 —1)th degrees, the tangent has 
r-pointic contact with the curve at the origin. The tan- 
gent crosses the curve or not, according as r is odd or 
even. 
Er. 1. Investigate the nature of the origin on the curves 
W yle+yel ee 90 (ud gl(e—y)*—-2)—2-9 
(iit) strt +ey +e" + lzy*—2*y + y* 0. 


Ee. 2. Show that the origin is sn undulation on the curve 
“ad taser ee) tyta) with the axis of y as the tangent. 


—— — 
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44. Multiple Points: 


If a=b=c=d=e=f=0 in the general equation, then 
whatever be the value of 6, the co-efficients of r and r°? in 
(1) will always be zero, and the equation gives three zero 
values ofr. In this case every line drawn through the 
origin meets the curve in three coinciding points at the 
origin, which is now called a triple point. There are, of 
course, three of these lines, whose directions are deter- 
mined by putting the co-efficient of r” equal to zero, 
which meet the curve in four points coincident with the 
origin; and they are the tangents at the triple point. The 
third degree terms equated to zero give the equation of 
these tangents. 

In general, if the lowest terms in the equation of a 
curve be of degree k. the origin is a multiple point of order 
k on the curve. Every line drawn through this point 
has a contact of the (k—1)th order with the curve, but 
there are k of these lines which have a contact of the kth 
order, and are called the tangents at the multiple point. 

The equation of the curve in this case can be put into 
the form— 

Uy + Ug,, +...-..+U,=0 


and u,—0 gives the k tangents at the origin. 

In case of homogeneous equations, the degree in the 
variables of the co-efficient of the highest power terms 
determines the multiple point of that order at the corres- 
ponding vertex. 


Ez. 1. Examine the nature of the origin on the curve 
(z* + y*)* =(82"y—y*). 


Ex. 2. Show that the point (1,—2) is a triple point on the curve 


z°—dz*—2e"y + 4290 + y* +227 + Gy* +424 10y45=0, 
Ex. 3. Show that the curve (2* + y*)* —Ba%y"(2*—y*)* bas à 
— — at the origin. 
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45. Investigation in Homogeneous Co-ordinates - 
The general equation of the nth degree in trilinear 
co-ordinates may be written as— 


Uot” tug” ™i + Uge"~2 + i ee or tu, =0 — (1) 


where u, is a binary quantic (r—ic) in y and z. 

If the curve passes through the vertex A of the funda- 
mental triangle, the equation (1) must be satisfied by 
y=2=0, which requires that uo =0, or the co-efficient of 
the highest power of x is zero. 

Hence, if a curve passes through the angular points of 
the fundamental triangle, the co-efficienta of the nth 
powers of x, Yy, # are absent from the equation. 

If we wish to determine the points where the line 
u, =0 intersects the curve, we eliminate z between u, =0 
and the equation (1). The resultant equation will contain 
y? as a factor, which shows that u, =0 touches the curve 
where the side CA or y=0 cuts it. 

Hence, when the curve passes through the angular 
points of the fundamental triangle, the co-efficients of the 
(n—1)th powers of x, y, s equated to zero give the tan- 
gents at these points respectively. 

If the point A is a double point on the curve, u,=0, 
u,=0, and u =0 is the equation of the two tangents at 
the double point. 

Hence, if the angular points of the fundamental tri- 
angle are double points on the curve, the co-efficients of 
the (n—2)th powers of x, y, 2 give the tangents at these 
points, 

In general, if the angular points are multiple points 
of the kth order, the co-efficients of all powers up to 
(n—k—1)th ofa, y, # are absent, and the co-efficients of 
the (n —k)th powers equated to zero give the tangents at 
these multiple points. 

If the point Ais a point of inflexion on the curve, 
u, =O, and u, isa factor of uy, and u, =0 is the inflexional 
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tangent. If u is also a factor of us, Ais a point of un- 
dulation, and so on. In general, if the highest power of æ 
which occurs in the homogeneous equation of a curve of 
order n is x"-*, the vertex A is then a multiple point of 
order k and the co-efficient of 2"~* equated to zero gives 
the tangents at the multiple point. If, however, the co- 
efficients of 2"-*, a2"-*-1..¢"-'-r have a common 
factor, the corresponding tangent has (r+ 2)-pointic con- 
tact with the branch it touches. 


Ez. 1. The sides CA and CB of the triangle of reference has 
*-pointic contact at A and E with an n-ic. Show that its equation takes 
the form 


Tyus- = Us- 


where u, is homogeneous of degree k in z, y, 2. 

Ez. 2. An n-ic has three tangents having n-pointic contact. 
Taking these tangents as the sides of the tri angle of reference, its equa- 
tion can be written as 

DYZ Una + (ax+ by)* + (by + cz)" + (cz +4z)* =a*r" + b*y* * * 


the sign + of the ambiguity being taken, if n is odd, and either sign, if 


n is even. 
| Ex. 3. Prove that the pointa of contact in Ez. 2 are collinear, if 
nis odd. — 


Ex. 4. Asextic has three-pointic contact with each of zs=0 
~ and y=0 at two distinct points. Show that its equation is of the form 
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where u, v, A, B,C are any fonctions of the co-ordinates. Show that 
the common points of u and p are double points on the curve. 


If u and v are linear, show that A’u* +2B’ur +C’o* =O represents 
the tangents at the double point (u, o), where A‘, B’, C" are the values 
of A, B, O when «=0 and c=0 are substituted in them. 


46. A multiple point of order k on acurye may be 
regarded as a point through which there pass k distinct 
branches of the curve. 


Hence, a multiple point of order k may be considered 
as arising from the union of 4 k{k—1) double points. 

Consider the curve as consisting of k distinct branches. 
which do not all pass through a common point. Each 
point of intersection of two distinct branches is a double 
point. Therefore there are 4k(k—1) double points formed 
by the mutual crossing of the k branches. But when all 
the k branches pass through a common point, all these 
double points coincide at that point, which then becomes 
a multiple point of order k. 


The case of k right lines furnishes a simple illustration. 
The k lines mutually intersect in 4k(k—1) points. These 
become coincident when all the æ% lines pass through 
a common point, which is clearly a multiple point of 
order k. 


It should, however, be noted here that there is a limit 
to the number of double points which can be replaced by a 
multiple point of higher order. For example, a quintic 
may have six nodes, and only three of them can be re- 
placed by a triple point, and the other three cannot. For 
in that case, the line joining the two triple points would 
meet the quintic in six points, which is absurd. 


Generally, if an mn-ic has an (n—2)-ple point, it can 
have only double points, and that again not more than 
_ (n—2) in number. 
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47. Conditions for a Double Point: N 
Let f(x, y)=0 be the Cartesian equation of a curve of 
order n, and consider the intersections of the right line 


— a 


1ER u =. tin SS 


drawn through a given point (z’, y’) with the curve. 
Now any point on this line has co-ordinates 


(2!+Ur, ay! +mr) 
and if this lies on the curve f(z, y)=0, we must have 
f(z! +tr, y'+mr)=0, 


which, by Taylor's Theorem, becomes— 


2 ri 
f(al, y!)+#raf + A t — 0 (A) 


— ð 
where Aa=l Sz tm gg 


Now, if the point (#’, y') lies on the curve, f(a’, y) =0 
and one root of the equation (A) becomes zero, 
If, however, l: m be so determined that 
ed —— 
Bx +m Sy! =0 


then the co-efficient of r vanishes, and another root of (A) 
becomes zero; t.¢., the line drawn in this direction meets 
the curve in two coincident points at (2, y’). which is 
therefore a tangent, and its equation is 


—— Of i ahi 
(x 2) Sa + (y — =) 
which reduces to 
ð 
zf + ty ob +s Í =o ee (B) 


when the equation is made homogeneous by introducing a 
third variable «(=1). 





| 
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If, however, of - =0, St =o 
then the co-efficient of r vanishes identically, and all lines 
drawn through the point (z’, y') meet the curve in two 
coincident points, irrespective of their directions. The 
point (2’, y’) is therefore a double point on the curve. 
Thus, at a double point (2, y’) on a curve, we must 
have 





a! 54 =° — (G) 


The equation of the tangents at the double point is 
given, as before, by 


2 2 
(2-2)? Of +2@-2/)(y-y) 5 Sa, 








+- SOE =0 ... @) 


If the equation of the curve be given, in any homo- 
geneous system of co-ordinates, in the form f(z, y, #)=9, 
we may find, in a like manner, that any point (x', y’, s') is 
a double point on the curve, if 


—— —— Of x F 
ae ee Oe ot 


In this case, it is possible to eliminate (2’, y’, 2’) be- 
tween the equations (E), and the result is that the discri- 
minant of the equation f(x, y, 7)=O0 vanishes. 

Hence, the condition that a curve has a double point 
is that the discriminant of its equation vanishes. The 
degree of this discriminant is 3(n —1)? in the co-efficients 
of the equation. 


8 
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48. Species of Double Points: 


We have seen (§41) that there are two tangents to 
& curve at a double point. Now, these tangents may be 
(1) real and distinct, (2) coincident, (3) both imaginary. 
Double pomts can therefore be divided into three different 
classes corresponding to these three cases :— 


Case I. When the two tangents at a double point are 
both real and distinct, there are two real branches of the 


curve passing through the point, which is then called a 
node or crunode, 


Case II. If the two tangents at a double point be 
real but coincident, the two branches of the curve touch 
at that point, which is then called a cusp or a spinode. 


Case III. If the tangents at a double point be imagi- 
nary, there are no real points on the curve consecutive to 
the double point, which is then called a conjugate point, 
or an acnode, 


In fact, a conjugate point is an isolated point, 
whose co-ordinates satisfy the equation of the curve, but 
the point itself does not appeartolie on it. The existence 
of such a point is geometrically manifest by showing that 
there are points no line through which can meet the curve 
in more than (n—2) points. 


49. Investigation of the Species of Double Points: 


We have seen (§47) that the equation of the tangents 
at the double point (2’, y’) on the curve f(z, y)=0 
given by 


(x—<x"!)* 2 EE E E L AE 





* Oz! Oy! 


+(y—y’)? * -=0 —— (1) 
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If ô bethe angle between these two tangents, we have 








: Of Ts, ð ?f Ə “f 
tan 6 ——— -Ov Oy? 
Taa Ned | 
ox’? Ə y’? > 


The tangents will therefore be real and distinct, coinci- 
dent or imaginary, according as 


eE LINES rye 2 Bet lege Sed 

Thus, the point (2’, y’) will be a node, a cuspf or a con- 
jugate point, according as the conditions (2) are satisfied, 
provided 


| x, — Of = 
f(z’, y") 0, Bx! 0, 3 y! 0. 


The tangents will be mutually at right angles, if 


ð? a ied Ee 
oan $ aoe i. 


and therefore, ot + * =0 


represents a curve which cuts f(s, y)=0 in all the double 
points at which the two tangents are mutually at right 
angles. 


* Salmon, Conics, §74. 
+ The case of the coincidence of the tangents must be examined by 
a special method, for it is seen that, in some cases, the curve becomes 
imaginary in the vicinity of the point, even when the above condition 
for » cusp is satisfied. The point ought then to be regarded as a ocon- 
jugate point. But the cusp is a distinct singularity. It occurs sa a 
double point, simply because it satisfies the analytical conditions for 
‘such a point. Here we do not purpose to enter into a detailed investiga- 
tion of the species of cusps, consideration of which is postponed to a 

_ subsequent chapter. 


. 
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In a like manner, we may investigate the species of 
double points on acurve, where its equation is given in 
any System of homogeneous co-ordinates. 

Thus, the equation of the tangents at any double point 
may be obtained, in a like manner, as 


2 Of 3? Of .. a 2f 
B 2/2 +9? oe +22 * Sal ie. TR Ip 








2 2 
+ 2szr its ao +2ry SSS i 7 = 
and the double point is a node, acusp or a conjugate point, 
according as these lines are real and distinct, coincident or 
imaginary. The conditions are:—The line-pair will be 
imaginary, if any one of the functions 
Or, OFF — ( ot)’ 
Oz? Oy? Oxr0y 
is positive. It will be real, if no one of these functions is 
positive, t.e., if everyone is either zero or negative. This is 
ensured, if any one such function is negative or if two be 
zero. ‘These may be deduced from the results in Carte- 
sian system by replacing x and y by z/z and y/z respec- 
tively. 
Ez. 1. Examine the nature of the origin on the curves : 
(W 23493 —$22+ y?—2Qzy (i) y— 23+ y2=—0 
(iif) a(x + y) = y3 — yt. 
Ez. 2. Find the double points of the curves : 
W «2t—Bys—3y?2—2z* +1=—0. (ii) 22n=—yi(y—z). 
(it) 4(2—1)3 + (y—3r + 2)2=0. (io) 234434 3ary=0, 
(o) 2a + y + z)3—SAzryz—0. 
Ex. 3. For what value of k, the curve z3+ y3+z3= k(x + y+ 2)3 has 


adouble point? 
Er. 4. Discuss the nature of the cuspidal tangent of the curve 


(by—cxr)?=(z—a)’*. 
Exc. &. Find the double points on the curve a\(x +b) = aiyi, 
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50. Relation between Co-efficients: 


From what has been said above, it follows that the 
fact that a curve has a node is equivalent to only one rela- 
tion between the co-efficients, namely, the result of elimin- 
ating x, y from 


otal 2 


But if a given point is to be a node on the curve, it is 
equivalent to three relations between the co-efiicients, 
namely, the relations given by (i). 

Similarly, if a curve has a cusp, it is equivalent to two 
relations obtained by eliminating x, y from (i) and 


(EL y= Seo 6 
or0y Or Oy” 

But if a given point is to be a cusp, it is equivalent to 
four relations between the co-efficients, given by (i) and (ii). 

Thus, a curve of order n with 6 nodes and x cusps can 
be made to satisfy 4n(n+8)—8—2kx relations; but if the 
nodes and cusps are to be at assigned points, the number 
of relations is 4n(n + 3) —36—4x. 

In general, if a curve has a multiple point of order k, 
this is equivalent to 4k(k+1) conditions. If, how- 
ever, an assumed point is a multiple point of order k ona 
curve, the co-efficients are connected by 4k(k+1)—2 rela- 
tions. 

It should be noted that these results are not universally 
true, and due caution must be taken in their applications. 


Ex.1. Show that one n-ic in general can be drawn with a given 
node and passing through ¢ (n2+3n—6) other given points. 
Ez. 2. If a point is to bean inflexion on a curve, that amounts to 
three conditions (§ 42). 

Ez. 3. Show that aL? + S8LM+7M?=0, where a, 8, y, L and Mare 
linear, is the equation of a cubice with a given node. 
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51. Intersection of Curves at Singular Points : 


If a curve of the mth degree intersect a curve of the 
nth degree in a double point on the latter, then the point 
counts as two among the intersections, and consequently 
they can intersect only in mn—2 other points, If the 
point be a double point on both, the intersection must be 
counted as four. In general, if the point of intersection be 
a multiple point of order k on one and l on the other, it 
counts as kl of the intersections. Thus we obtain the 
theorem :—* 


If two curves have a common multiple point with 
different tangents, the number of their intersections, coinci- 
dent at that point, is equal to the product of the orders 
of multiplicity of the point on each of the two curves. 


Again, if the two curves have a common tangent at 
that point, it counts at kl + 1 intersections, for they have 
one other point common on the tangent. Thus, if they 
have r tangents common, the point is to be counted as 
kl+r intersections. Hence we obtain the theorem :—t 


If two curves have common tangents at a multiple 
point on both, the number of their intersections, coincident 
at that point, is equal to the product of the orders of mul- 
tiplicity of the point on each, increased by the sum of the 
orders of contact of the branches of the curves. 


In particular, when two curves intersect at a point, 
which is a node on both, the point counts as four inter- 
sections. If further, they have the same nodal tangents, 
they have two other consecutive points common, and the 
point counts as siz intersections. 


* Halphen, Bull. dele Soc. de France, Tom. 1, p. 133. | + 
t This proposition is due to Cayley, the proof of which bas hon 
upplied ‘by Halpben, Memoire sur les point sing oliers : den courbes 
algebriques- l | 


— 
m ' 
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If, however, it be a node on one and a triple 
point on the other, the point counts as siz among the 
intersections of the curves. But if the two nodal 
tangents are also tangents at the triple point, the curves 
have two more consecutive points common. Consequently 
this point counts as eight among the intersections. 


Ez. 1. If a degenerate n-ic has §n(n—1) nodes, it consists ofn 
right lines. 


Er. 2. A curve of order n cannot have two multiple points of 
orders k, and kp if k, +k, >n. 


Er. 3. Discuss the nature of intersections of the curves 


z*eme(z*+y*) and d3ry*=—2(y? +r’). 


52. Limit to the Number of Double Points: 


We have seen that every line drawn through a double 
point on a curve intersects the curve in two coincident 
points. Hence it follows that a curve of the third order 
cannot have more than one double point; for, if it had 
two, the line joining these two double points would meet 
the curve in four points, which is impossible. In a like 
manner, a quartic curve cannot have more than three 
double points; for, if it had four, through these four double 
points and one other assumed point on the curve, a conic 
could be described, which would then intersect the quartic 
in nine points, which is impossible. Thus itis seen that 
the number of double points on a curve is not infinite, 
but there is a limit to the number of such points, depend- 
ing upon the degree of the curve. 


THEOREM, : : A non-degenerate curve of the nth degree 
cannot have more than §(n—1)(n—2) double points., 

Let the number of double points on an n-ic be N. 
Then, through these N double points, and through 


{4(m—2)(n+1)—N}, or, Ny-N (say) 
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other ordinary points on the curve, we can describe a 
curve of the (n—2)th order, which is completely deter- 
mined by N, =43(n—2)(n +1) points. 

Now this curve of order n—2 intersects the n-ic in 
n(n—2) points, and each double point counts as two 
among the intersections. ‘Therefore the total number of 
intersections of the two curves is— 


2N+(N,—N), or, N+N), 


which, therefore, cannot be greater than n(n —2) ; 


i.6., N+N, >} n(n—2), 

or, N + n(n —2)—N,, 

i.e., > n(n —2) —4(n —2)(n +1), 
iC., p 4(n—1)(n—2), 


i.e., the number of double points N cannot be greater than 


4(n—1)(n—2). 


53. The Deficiency of a Curve: 


The deficiency * (or genus) of a curve is the number 
by which the actual number of double points on a 
curve falls short of the maximum number, whicha curve 
of that degree can possess. Thus, if a curve of order 
n has 5 nodes and « cusps, and p denotes its deficiency, 


— p=4(n—1)(n—2)—8—k. 


It is to be noticed, however, that the deficiency of a 
non-degenerate curve cannot be negative. 


* The notion of deficiency of an algebraic function was introduced 
by Riemann, “Theorie der Abelschen Functionen"™ (Crelle, Ba. 54, 
pp- 115-155), and has been applied to the theory of curves by Clebsch, 
“ Ueber die Anwendung der Abelschen Functionen in der Geometrie’ — 
(Crelle, Bd. 63, pp- 189-243), and others, 


. 
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For, a curve of order (n —2) can be drawn through the 
(+x) double points, and other 


4(n—2)(n +1)—8—«x, or, (n—2)+p 
ordinary points on the given curve, since an (n —2)-ic is 
determined by 4(n —2)(n +1) points, 
The (n—2)-ic intersects the given n-ic twice at each 
double point, and once at each of the (n—2)+p ordinary 
points. 


But they can intersect only in n(n—2) points, and 
consequently, in 


n(n — 2) —2{4(n —1)(n —2) —p}—{(n—-2) +p} =p 
other remaining ordinary points. 


Hence p cannot be negative for a non-degenerate 
n-ic. If the n-ic is degenerate, the (n—2)-ic might form 
part of the n-ic, and the above statement fails. 

This also follows from the fact that the actual number 
of double points can never exceed the maximum number 
and consequently the deficiency can never be negative. 

If the curve has a multiple point of order k, it is 
equivalent to 4k(k—1) double points (nodes) (§ 46), and 
consequently, the deficiency p is given by 


p=4(n —1)(n — 2) —4k(k—1) 


and in general, if the curve has 6 nodes, « cusps and other 
multiple points of orders ky, kg, ks...-. the deficiency is 
given by 

p= $(n —1)(@—2)—8—K— Shk(k—1) 


wae 


ghee X extends over all the multiple points of the curve. 
inne will be seen that the deficiency in this case also cannot 
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54. Unicursal Curve: 


THEOREM. If a curve has its maximum number of 
double points, the co-ordinates of any point on it can be 


expressed rationally in terms of a single variable 
parameter. 


Assuming that there are no other multiple points, the 
number of double points on the curve is (n — 1)(n— 2). 
Through these double points and (n —8) other assumed 
points on the curve (altogether making up 


4(m—1)(n —2)+(m—8) or 4(n—2)(n+1)—1 


points) a system of curves of the (n—2)th degree can 
be described (§22). The eyuation of such a system will 
involve an arbitrary parameter, and can therefore be 
written as U=AV, where U and V are any two particular 
curves of the system. Now consider the intersections of 
this curve and the n-ic. The abscissae of the points of 
intersection will be determined by an equation obtained 
by eliminating y between their equations and the degree of 
this eliminant in 2 will be n(n— 2), and the parameter A 
will enter in the nth degree. 


Now the curves intersect twice at each double point. 
Hence the known double points count as (n —1)(n—2) 
intersections. Consequently, altogether 


(n—1)(n—2)+n—8, or, n(m—2)—-1 


intersections are known, and only one other intersection 
remains unknown, Therefore all the roots of the above 
equation except one are known. Dividing the equation by 
the fastors corresponding to the n(n—2)—1 known roots, 
the remaining factor determines the value of z as a ration- 
al algebraic function of the nth degree in A. 


' Definition. A curve is said to be unicursal or rational 
when the co-ordinates of any point on it can be — 
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rationally and algebraically in terms of a single variable 
parameter. 

It is called rational, because the co-ordinates are ex- 
pressed rationally in terms ofa parameter. It is called 
unicursal, in view of the fact that the curve can be drawn 
by a pencil at a stretch, never leaving the plane of the 
paper except when passing through a conjugate point or 
passing from one end of an asymptote to the other. The 
curve in fact consists of a single circuit.* 

If the curve has a multiple point of order k, we may 
replace it by k(k—1) nodes and proceed as usual. 


55. The Converse Theorem: 


If the co-ordinates of any point on a curve can be ex- 
pressed rationally in terma of a variable parameter, the 
curve has its maximum number of double points, or, what 
is the same thing—the deficiency of a unicursal curve 
is sero. 

Let the curve be defined by the parametric equations— 

x=f,(t) 
y=fo(t) 
a=fs(t) 

The n points in which the line lo+my+nz=0 inter- 
sects the curve are determined by 

if, (t) + mfy(t) +nfg(t)=0 —8. 


If two of these intersections coincide, the line becomes 
a tangent and the equation (1) will have a double root, 
which requires that 
if’y(t) + mf'o(t) +nf' s(t) =0 — n (2) 


* This is also possible for curves of deficiency other than zero. | 





68 CHAPTER III 


Eliminating l, m, n, we obtain the equation of the 
tangent in the following determinant form— 


| 2 y z |=0 Sea (8) 
ir? faa E 
CPS fs P 


lf we regard (x, y, z) as given and t variable, the 
equation (8) determines the values of t which correspond to 
the tangents that can be drawn from the point (x, Y, 2). 
The degree of this equation in ¢ is therefore equal to the 
number of such tangents. But the degree of this equation 
in t is 2n—2, for the co-efficient of t2"-! is zero. 
Hence the number of tangents drawn from the point 
to the curve is only 2(m—1). But, as we shall see later, 
the number of such tangents is n(n—1). Therefore the 
number of these tangents for a unicursal curve is dimi- 
nished by 

n(nm—1)—2(m—1), i.e. by (n—1)(n—-2). 

This diminution is due to the coincidence of some of 
the points of contact, for the line drawn through (z, y, 4) 
and a node satisfies the condition fora tangent. Hence, 
assuming that there are only nodes * on the curve, we 
conclude that this diminution is due to the coincidence 
of the tangents by pairs at the nodes, and consequently, 
the number of such points is 

4(n—1)(n—2) 

which is the maximum number of double points for acurve 
of the nth degree, i.e., the deficiency is zero. 


= This does not hold for a cuspidal curve. For, the roots include 
the parameters of the points of contact of tangents and those of cusps 
as well, since at these latter points, as will be shown later, we have 
Palts =f affa alls . Hence, if there are «x cusps and m tangents, 
m +xe>2n—2. 
But m will be found to be=n(n—1)—25—3« = 2n—23—K + 2p. 
* m+n=2n—2+2p, Sincep=0, m+x=2n—2, 
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56. A Second Proof: 

That a unicursal curve has its deficiency zero can be 
proved in a rigorous manner as follows :* 

Let the curve be defined, as before, by the equations 


t= f(t), y=fa(t), z= f(t) s.. (1) 


Any point P will be a double point on the curve, if 
for two different values ¢ and ¢/ of the parameter, the same 
values of the co-ordinates are obtained. Consequently, for 
a double point, we must have— 


falt) =f (t), foQ—=folt’), fs (t)=fs(t), when tpt’. 


Therefore to determine the parameters of the double. 
points, we must determine the solutions of the system of 
equations : 


fi (t) f (t t) f (t) _foə(t ') j 
hO RO RGI 


t)fa(t) —fol(t)falt 
faa E) Sa EO a (e e) } 


Let fs(t)f ——— (Si. É (2) 
KOE -A (fat) — 9, (4, v) 


where $), ?9, $3 are symmetric and homogeneous functions 
of order (n—1) in each parameter ¢ and t’. The parameter 
of a double point must satisfy the equations 
¢,=0, ¢2=0 and ¢, =0, when tÆft. 
Hence the common roots of these equations will give 
the parameters of the double points. 


* This proof is givenby A. Clebsch zu Giessen, Crelle’s Journal, 
Bd. 64 (1865), PP- 47-48. 
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Identically we have — 
%1-F1(D + o.folt) + 3-f3(t)=0 
Pr-SiC) + o2-fall) + 93-f2(t)=0 j 


(3) 


If we eliminate it' between ®, and pgo., we shall obtain 
an equation of degree 2(n—1)? in t.* It is clear then that 
all those roots of th& equation, which also satisfy ¢, =0, 
will give the double points. If we substitute the roots of 
this equation and the corresponding values of t in (3), 
then either ¢, =0, or f4(t)=0 and f(t')=0, when t=’. 


Therefore, for double points we have to reject those 
values which simultaneously make 


fa(t)=0, f,(t')=0, when f=’. 


The number of such values is n(nm—1); for, from the 
equation f,(t)—f,()=0, 
after removing the factor t—?’, we obtain an equation of 
order (n—1) in each of the parameters t and t. Conse- 
quently, for each value of t’, there are (n—1) values of t, 
which satisfy the equation. But there are n values of t 
which make f.,(t')=0. 


Hence, there are n(n—1) values of t which make both 


fs(=0, f(ť)=0, when tt’. 

Thus, after rejecting these n(m—1) values of ¢, the 
remaining 2(n —1)? —n(n—1), or, (n—1)(n—2) roots give 
the double points, and the number of such points is 
therefore 4(n—1)(n—2), i.e., the curve has ifs maximum 
number of double points, and consequently its deficiency 
is zero. | 


* The resultant contains the co-efficients of each in the degree of 
the other, and t occurs in degree n—1 in each. (Burnside and 


Panton; Theory of Equation, Vol. II, § 162.) å 
s 


a 
7 
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§7. From what has been said above, it follows that 
all curves are not, in general, unicursal. The condition, 
both necessary and sufficient, that a given curve may be 
unicursal is that it has its maximum number of double 
points, i.e., its deficiency is zero. 


If fi, fo. fa be three rational and algebraic functions 
of a parameter t, and 


z: y: a=f è fo: fs 


the eliminant of ¢ from these equations gives the equation 
of the curve in the implicit form. If f,, fa, fa are func- 
tions of the nth degree in t, we may eliminate the para- 
meter by the dialytic method. The result is given in the 
form of a determinant, in which the variables enter only 


in the nth degree. ‘Thus the curve is also one of the nth 
degree. 


Ex. 1. Any point on an ellipse can be expressed as 
z=acos®, y=b sin 8. 
The elimination of @ givea the equation of the locus in the form 
x2/a2+ y2?/b2—1, 
Ex, 2. Show that the conic ax? + 2izy + by? + 2fy + 2gr=0 
is unicursal. 
The co-ordinates of any point P are given by the formulm— 


C= — g+ft y= __gt+fa 
" a+2ht+bt2* aahit bi - 


- 


—— Ez. 3. Show that the curve z3 + y3—S3ery is unicures! (Folium of 
Descartes). 


. The origin is a node. Take a line y=tr, which intersects the 


curve in two points at the origin. To determine the third point 
of intersection, we put y =tr in the equation. Thus 


x3(1 +t) =Satz?. 


a 
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The factor æ? corresponds to the double point, and the remaining 
point is given by x(1 + t3)=38at 


Sat nat 
7443 °° s. = L+’ 





f., == 





, 


In the homogeneous form, we may write 
t: y :2=30t} : Jat? : 1+u. 
Er. 4. Show that the trinodal quartic 
ajz? + b/y2+c/224+2f/yz +2g/22+2h/zy =0 


is unicursal. 


Er, 5. Express rationally in terms of a parameter the co-ordinates 
of any point on the curves 


(i) r=a(l +cos 8) (ii) r2= a? cos 28. 
Ez. 6. Show that the co-ordinates of any point on the cissoid 


(22+ y2)z— ay? 
mey be expressed as z= IFF k — 


58. Complex Singularities: 


At a node on a curve, one or e both the nodal tangents © 

| — be stationary tangents. 

pele in the equation (1) of § 40, the co-efficient of 7 — 
ele Ee * * have one factor common—or what is the same thing— Phy 2 
- if the second and the third degree terms in the equation — 
of the curve have one linear factor common, the çor: J /: ae 
Ae _ ponding nodal tangent has three-point: contact 1 2 1e —* | 

a irar ch of the curve, and thus becomes a, — ary 
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stationary tangents, and the origin is called a biflecnode, 
which may be regarded as arising from the union of a 
node with two inflexions. 

Thus, the equation of a curve having a flecnode and a 

' biflecnode at the origin may respectively be written as— 
O= (ax + by) (lr + my) + 
i (ax + by)(dx* + exy + fy?) tugt... 
and O= (az? + 2haey + by*) + 
(ax? + 2hay + by?)(lr + my) + Ug + .-..... 

There are other kinds of singular points arising from 
the union of two or more singularities described before, 
and these must be investigated by special methods. We 
shall have occasion to discuss the nature of some of them 
in a subsequent chapter, and specially, when dealing with 
quartic curves. 


59. Singular Points at Infinity: 


It often happens that a curve possesses singular points 
at infinity. We shall now explain a method by which 
such singular points can be determined. 

Let ABC be the fundamental triangle, and let any 
line A'B’ whose equation is- 
sfsla+my+nse=0 
intersect CA and CB in A! and B’ respectively. Now 
the equation of a curve having a singular point at A’ or B’ 
— ean be written down as usual. If now A'B’ is supposed 
to move off to infinity, it will become the line at infinity, 
and its equation will then become 
ae Imas + by +o2=0. 
Therefore, the equation of a curve having © singular point 
‘at infinity on CA or CB is obtained by writing down the 
Squation. of the curve having a corresponding singular 
t at 7 or B', and then changing #'’ into I or 
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. 60. To find the equation of a curve having a double 
Point at infinity on the line CA. 


The general equation of a curve having a double point 
(node) at A may be written (§ 45) as 


Ug" yet 3 +u, =O, 


where u, is a binary quantic (r-ic) in y and z. Now, if 
we change s into I in this equation, the equation of a 
curve having a double point at infinity on the line CA 
will be | 

ul oe" — 2 + uy! oe) + +u', =O, 


where u’, is a binary quantic (r-ic) in I and y, so that 
u! Sf(ax+ by + cz; y). 


Again, if we wish to obtain the Cartesian equation of 
a curve having a double point at infinity on the axis of s, 
we have only to suppose that the angle at C is a right 
angle, and then put z=I=a constant. The equation 
becomes 


Uge*~ 7 +4 aia ...... n. +u,=O0 
where u, is of the form ay?+bly+clI? 


and u, is a polynomial of the nth degree in y. If a=O, 
the line at infinity is a tangent. If a=b=0, the double 
point is a cusp, the line at infinity being the cuspidal 
tangent. 

Ez. 1. Show that the curves 

() (a?—x2)y=— a3, (fi) 23+ a3—Sazy 

have nodes at infinity. 

Ez. 2. Find the singular points on the curves : 

(i) @y==5, (if) ay?= 23, 
Ex. 8. Find the inflexions on the curve 
z3 + yp? = Bary. 
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61. Multiple Tangents : 


Singular points on curves may be divided into two 
classes—(1) multiple points, (2) points of contact of 
multiple tangents. We have already discussed the nature 
of multiple points. We shall now proceed to study the 
nature of multiple tangents, i.e., the lines which touch 
the curve in two or more points, or which have a contact 
of the second or higher order with the curve. For simpli- 
city, we shall examine the conditions under which the 
axis of « may be a multiple tangent to a curve. 

Consider the points where the axis of x (y =0) inter- 
sects the curve defined by the general equation. If we 
put y=0 in the equation— 


a+ba+cy+da?+exry+ fy? +...+pz"=0, 


we obtain, for determining the abscisse of the points of 
intersection, the equation 


a+br+dr?+gr? +... +pr"=0. 


If a,, @o, @g,...@, be the roots of this equation, it may be 
written as 


p(x—a,)(a—ag)(a—asz) ... (© —a,)=0 


and @,, äg, @y...a@, are the abscisse of then points of 
intersection. 

Now, if a,=as, two of these intersections coincide, 
and the axis of x is a tangent to the curve at the point 
(z=a,, y=0), i.e.. when two of the roots are equal, the 
axis of zis a tangent. If a, is imaginary, there will be 
another pair of coincident imaginary roots, namely a3 = 
a,, and the axis of s will be a double tangent or bitan- 
gent, touching the curve at two imaginary points. 

When the equation has two pairs of real and equal 
roots, the axis of « is a double tangent or bitangent, 
touching the curve at two real but distinct points. It 
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is evident that a curve of order lower than the fourth 
cannot have any bitangent. 

If three roots of this equation become equal, for 
instance, a; =a,=a,, then the axis of « meets the curve 
in three consecutive points. In this case it is called a 
stationary tangent; for, when three consecutive points lie 
on the tangent, we may consider that the tangent joining 
the first two consecutive points coincides with the conse- 
cutive tangent, i.e., the tangent through the last two 
points. The point of contact of a stationary tangent is 
called a point of inflexion (§ 42). 

In a like manner, it can be shown that the axis of z 
touches the curve at two or more points, according as 
the above equation has two or more pairs of equal roots. 
Again, the line may have a contact of the third or 
higher order, according as the equation has a root 
repeated four or more times. These singularities can 
occur at more than one point. 


Ex. 1. The side BC of the triangle of reference ABC is a bitangent 
to a quartic, Band C being the points of contact. Show that the 
equation of the quartic is zu s = ziy?. 

Ez. 2. A line is drawn through each of the points of contact of a 
bitangent of a quartic Show that a cubic touches the quartic at the 
six points in which these two lines meet the quartic again. 

Ez. 3. Show that a=0 is a bitangent atthe points (a8) and (ay) 
on the curve ap+Alyif=—0, where a, A, y are linear, and 9, ý any 
functions of the co-ordinates. 


62. Reciprocal Singularities: 


We have seen that a curve may be regarded as the 
locus of points or envelope of lines. In order to discuss 
properties of multiple tangents, tangential co-ordinates 
may conveniently be used. in the point-theory, at a 

: — point two different points of the curve coincide. 

In the line-theory we may have two different — * 
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the curve coinciding into a bitangent. Thus to a double 
point (crunode or acnode) there corresponds a bitangent 
with real or imaginary contact. Ata cusp, the tracing 
point first becomes stationary and then reverses the sense 
of its motion. So also at a point of inflexion, the envelop- 
ing line first becomes stationary and then reverses the 
sense of its motion. Hence we see that to a cusp there ; 
corresponds a stationary tangent, and these are distinct 
singularities. Thus the singularities correspond as 
follows :— 


To a node or a conjugate point (with real or imaginary 
tangents) corresponds a bitangent with real or imaginary 
points of contact. 

To a cusp with the cuspidal tangent, there correspond 
a stationary tangent and the inflexion respectively. 

In the same way, toa triple. quadruple, etc., point 
with distinct tangents corresponds a tangent respectively 
with three, four, etc., distinct points of contact. 

In particular, to a triple point with coincident tangents 
corresponds the tangent at a point of undulation, and 
so on. 

It follows from this, remembering the relation that 
exists between a curve and its reciprocal, that if we have 
a curve of order n, having 6 nodes, «x cusps and satisfying 
r other conditions, and if there is only a finite number of 
such. curves, so that 


4n(n +3)=8+2«+r ($50) 


then the reciprocal is of degree m with 7 nodes, ¢ cusps 
and satisfying r other conditions; there is only a finite 
number of them, so that 


gm(m + 8)=r+2e+r. 
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Hence n(n +3)—8—2e=4m(m+4+8)—7-2 ($ 149) 


ie., @ curve and its reciprocal are determined by the same 
number of conditions. 


Ex.1. If $, », »)=0 is the tangential equation of a curve, show 
that the bitangen(s are determined by 


- OA 8H — 
Ex. 2. The three tangents at a triple point are coincident. What 
is the corresponding reciprocal singularity? 


Ez.3. Show that the curve y” zt*=—2x?*" has reciprocal singulari- 
ties at the vertices B and C of tbe triangle of reference. 


Ex. 4. Find the bitangents and inflexions on the curve 3(z + y) ==. ` 


Ex. 5. Find the nodes on the curve (&* +4°)¢* =a*E*n*. 


> Ex. 6. Show that ay—z! has a crunode and ay3—z! has an un- 
dulatiop. Locate these singularities (singularities at infinity). 








CHAPTER IV 
THEORY OF POLES AND POLARS 


63. Let f(z, y, z)=0 be the equation of a curve of 
the nth degree in any system of homogeneous co-ordinates 
(or in Cartesians made homogeneous by introducing requi- 
site powers of s=1). We shall examine the points where 
any line joining two given points intersect the curve by 

‘using the method of Joachimsthal. 

Let P (z’, y', 2") be a fixed point and Q (z, y, z)a 
variable point in the plane. Then the co-ordinates of any 
point A on PQ, dividing PQ in the ratio A:u (where 
A+p=1), are 


Aztex’, Aytpy’, Aztpez’. 


The co-ordinates of points where the line PQ meets the 
curve are found by substituting these values for z, y, 2 
in the equation of the curve, and then determining the 
ratio A: from the resulting equation 


f(Ac+ po’, Ay + py’, Az + pe!) =0. 


This may be expanded in two ways by Taylor’s theorem. 
We have then— 








-1l n=2,2 
I FE A Age E a A ...... 
1! 21 
Anra = p” — 
MOM ay e.a 0) 
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> 
or . 
O=p"f' + Aap + — * 
+E any + sce + A ZI"f'=0 (2) 
where 


faf (z, y, =), fi=f(z', y's 2") 


a=( oo ty! eo te F) 7 


a'=( z5 +y Sy +z -S ) 


Either of these equations gives the n values of the 
ratio A:a. Comparing the co-efficients in the two equa- 
tions, we obtain the following identities :— N 





f = lar li 
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64. Polar Curves: 


The several curves defined by the equations Af=0, 
<.7f=0, etc., are called the ‘‘ Polar Curves *' of the point 
(z’, 7’, z') with regard to f=0. The curve Af=0 is 
called the first polar of the point (2’, y’, 2') with respect 
to f=0. Similarly, the curves A*f=0, etc., are called 
respectively the second, third, etc., polar curves of the 
point (x', y’, z') and the point (2’, y’, 2’) is called the pole. 
The equation of the kth polar curve is— 


2. yin 


Ə Ə TA OFA 
(= 2 ry ETEC — 0. 


the two equations representing the same curve in virtue 
of the identities of the preceding article. It follows there- 
fore that A"-!f=0 or A’f'=0, which represents the 
(n—1)th polar curve, is the polar line, and A"~*f=0, or 
2!*f'=0, which represents the (n —2)th polar curve, is the 
polar conic, and so on. 

From the mode of forming the equations of polar 
curves it is clear that successive polars are obtained by 
performing the operation A successively on f; for instance 
A?f is obtained by operating with A on Af, which is the 
first polar of f. Hence the second polar of (z’, y’, 2’) with 
respect tof is the first polar of the same point with 
respect to Af. Similarly, the third polar of (2’, y’, 2’) 
with respect to f is the first polar ofthe same point with 
respect to A°f and the second polar with respect to Af. 
In general, since A (A'f)=A"*'f, the (r+s)th polar 
of a point with respect to f is the rth polar of the same 
point with respect to A‘f, i.e.. with respect tothe sth 
polar of f. Thus we may state the following general 

11 


+ g’ 








Ə 
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The polar curve of any rank of a point is also a polar 
curve of the same point with respect to all polar curves 
of a rank lower than its own. 


It is to be further observed that 
ASSP SE AYA) = Arts 
ey Ea — and so on. 


This shows that the sth polar of a point with respect 
to the rth polar of the same point w.r.t. the original curve 
is the rth polar of the point w.r.t. the sth polar of the 
original curve. 


Er... If P lies on the kth polar of Q for an n-ic, Q lies on the 
(n—k)th polar of P. 
Ez., 2. If P is a node of the (k—1)th polar of Q, then Q is a node 
of the (n—k)th polar of P for an n-tec. 
Ez, 3, Show that the kth polar of the vertices of the triangle of 
reference are 
o's = d Le 3 ‘I = 
Soh Ogi). Babee 


Ezrz.4. Prove that the polar line of a point on the curve is the * F 
tangent at the point. ——— 


in) Re. 5. Prove that all polar curves of a point on the curve — — 
touch she curve at that point. — 


ae ee —— 









St 


6. Investigation of Singular Points: = = a 


Ht PG, yh af) and Ql”, y, a") be — 
oir nts in the pions of s ones 760. the points v * 
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kd 
where A= Ə 
EA 
Now! if one of the points should coincide with (x, y', 2‘), 
it is evident that one of the roots of this equation should 
be «=O. This requires that f/=f'(«’, y', 2')=0, which is 
otherwise evident, since, when a point lies on the curve, 
its co-ordinates satisfy the equation of the curve. 


If two of the points where PQ meets the curve should 
coincide with (a', y’, z'), then the above equation should 
give two values of «=O, i.c., a° should be a factor of ©. 
This requires that both f'=0 and Af’=0. Now then PQ 
touches the curve at (a#’, y’, z’), and (a, Yy”, z") is a point 
on that tangent (or tangents, if more than one). Hence, 
if (a2, y", 2!) be made current, 2 becomes 


Əə ə a 
"Sa" Yay + 2 — 


and the point (æ“, y", 2") lies on the locus 


2 of L tysi +28! =o, wes (2) 


which is the tangent to the curve at the point (z’. y’, 2’). 
But this is evidently the polar line of the point (2’, y’, 2"). 

Hence, the polar line of a point on the curve is the 
tangent at that point. 


It follows from the preceding article that the polar line 
of a point with respect to a curve will also be the polar 
line with respect to each of the polar curves, and since 
the point (2’, y', 2’) lies on the curve, it is seen that it 
* lies on all the polar curves. Hence the polar curves will 
a? have the same tangent at the point (2’, y’, 2’). 
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If, however. 


Of Ol a SF .. (8) 


— — — am — 


Ox’ 8 y' Ə 2! 0, 


ajma! Sir tu" E, 4 a OF 


vanishes identically, whatever æ", y”, s" may be. 


Hence, in this case the line PQ meets the curve always 
in two points at (2’, y’, 2’) for all values of z”, y”, 2!, i.e., 
the point (2, y', z') is a double point, and every line drawn 
through it meets the curve in two coincident points at 
Co’, Yy’, 2). 


The equations (3) will not, in general, have a common 
solution, unless a certain condition is satisfied, which of 
course, is obtained by eliminating 2’, y', a't between the 
three equations (3). (§47.) 

Again, the equation ©=0 will have three roots «=O, 
i.e., PQ will meet the curve in three points at (z’, ųy', 2’), 
if we have 

f'=0, Af'=0, A*fi=0 s.. (4) 


These show that in this case the line PQ coincides 
with the tangent at (%', y', 2’), and that every point on 
it is a point on the polar conic A?/'=0 of (2, y', 2"), which 
must therefore reduce to two right lines. Hence, A?! 
contains Aj’ as a factor, and the point (z’, y', 2’) isa 
point of inflexion. (§ 42.) 

We have thus indirectly obtained the theorem that the 
polar conic of a point n inflexion breaks up into two right 
lines. 

If, however, Af' — 2*f' vanish identically, whatever 
x”, y", 2!’ may be, t.e., if the first and second differential 
co-efficients of f vanish at (2’, y', 2’), the line PQ always 
meets the curve in three coincident points at (æ', y', 2'), 
which is then a,triple point. (§ 44.) . 
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Generally, if for any point (z’, y’, 2‘!), ~*—"'f' is identi- 
cally zero, the curve has at this point a multiple point of 
order k. From the mode of formation of Af''s, it follows 
that, if .*-!f' 20, then A‘*~*f' 0, A*-“f' so,....Af So. 


The equation A*f'=O0 gives then the product of the k 
tangents at the point in question. For, in the first place, 
the curve represented by this equation has also at the 
point a multiple point of order k, since its (k—1)th polar, 
the point being the pole, is no other than A‘*7~!/', and 
Im consequence, vanishes independently of (z, y”, z"). 
But a curve of order k having a k-ple point is necessarily 
composed of k lines. Hence these lines touch the k 


different branches of the original curve which pass through 
the multiple point. 


66. Mixed Polars: 


The symbolic identities discussed above also hold, if 
two different poles are taken with respect to the rth and 
the sth polars respectively. 

Let P,(2,. Y1, #1) and Palto, Y2, 32) be any two 
points in the plane of a curve f=0. 


Then, if am( 212 rnas +s 32 
ang ale ( sa +42 2° +89 ao ) 


we have A’.A’*=A‘".2.'; whence it follows that the 
sth polar of P, with respect to the rth polar of Pe 
for any curve is the rth polar of Pa with respect to the sth 
polar of P, for the same curve. 

The curve obtained by this polar process” is called a 
‘* mixed polar *’ curve of the two points. 


* Elliot, Algebra of Quantics, §53- 
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For a cubic curve, in particular, we obtain the 
following theorem : 

If S, and S, are the polar conics of two points P} and 
Po with respect to a cubic, and if tangents are drawn from 
P, and P, to Se and 8S, respectively, then the four points 
of contact will lie on a right line, which is the ‘“ mixed 
polar *’ line of P} and P, with respect to the given cubic. 

For, the polar conics of P, and Ps are Af and A'f 
respectively, 


where =z ð TERET. EF oO + s.s.. 
A — and A 23a 


Now, the polar line of P, w.r.t. Sg is the first polar 
of P) w.r.t. So, ien A.A'f=0 which is a right line 
passing through the points of contact of tangents drawn 
from P, to S. Since A.A‘f=A.'af, the truth of the 
theorem follows. 


Ez. 1. The polar curves of the point (a, a) to. r. t. the cubic 
x*+y* =a" are :— 
Polar line z+y=a Polar conic 2*+y*=a’*. 
Ez. 2. The equations of the pairs of tangents drawn from the 
vertices of the triangle of reference to the conic 
ar? + by* +cz* + 2fyz + 2gzz +2hry=0 
are Cy?—2Fye+ Bz*=0, Az* —2Ger + 0r’ =0. 









and Bz? —2Hzy + Ay*=0 respectively. 
where A, B, C, etc., sre the co-factors of a, b, c, etc., in — 
(a b c). rss 
a It follows then that the three pairs of lines— i hie 
Topas at? ay* + byz+e2"=0, a'z” + b’sr+c'x*=0 hia ae they +r — 
—* will touch a conic, if aa’a”=co'c”. — — 
. Ez. 3. Any polar curve of the curve ren yS | * 










(x/a)* + (y/d)” + (z/c)" =: 
is of the same form. 
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67. Tangent at any Point: 


If two roots of either of the equations (1) and (2) 
of §63 be equal, the line intersects the curve in two 
coincident points and is therefore a tangent. Hence the 
discriminant of the above equation, regarded as a binary 
quantic in A:, equated to zero, will give the equation of 
the tangents drawn from any point (z’, y’, 2') to the curve. 
The weight, i.e., degree in the roots of this discriminant is 
n(n—1),* and therefore n(n—1) tangents can be drawn 
from any point to the curve. 

The calculation of the tangents by this method is not 
so simple, in general; but the method may conveniently 
be used in particular cases. Thus for example, in the 
case of acubic curve, we obtain the following equations 
for determining the values of the ratio A : »— 


AS f+ AP UAL HARIAS + 3 f =0 --- (1) 
Ba fl +ApPalfi+aAtnA!?f' +asf=0 ea (2) 


Writing, for brevity, A and A’ for Af and A’f' respec- 
tively, the discriminant of (1) or (2) becomes: 


AFLAN -a f] +f[18f. A.A! —4A'3 — 27727] =0'... (3) 


This equation is symmetrical in the two sets (z, y, 2), 
(z’, y’, 2‘), and of degree 6 in each set. Hence 6 tangents 
can be drawn from any point (2’, y’, 2') to the cubic. 

The form of the equation (3) shows that it represents 
a locus touching f at. the points where the latter meets 
Af. The other points where f meets the locus lies on the 
curve (A’/)?—44.f'=0. Hence the geometrical inter- 
pretation of the equation is :— 

If from any point six tangents are drawn to a curve of 
the third order, their six points of contact lie on a conic 


* Elliot, Algebra of Quantics, § 77. 


\ 
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A=0, and the six remaining points, in which these tan- 
gents meet the cubie again, lie on another conic 
(A\')?—42..f'=0, having double contact with the first at 
the points where A'=0 meets A=O0. 

If, however, (z’, y', s'ì is a point on the cubic, f/=0 
The discriminant equated to zero gives A2=4A'.f, which 
is of the fourth degree in (x, y, z). Hence, only four tan- 
gents can be drawn to a cubic from any point on the same. 


It has already been said that the roots of the equation 
(1) of §63 gives the points where the line meets the curve. 
Hence, from the conditions that the equation has one or 
more pairs of double roots, or has two or more roots coin- 
cident, it will be possible to obtain bitangents or other 
multiple tangents of the curve; but the investigation by 
this method is by no means simple, and we shall see later 
that these can be obtained by other simpler methods. 


68. Geometrical Interpretation: 


If A’f'=0, it follows from the equation (2) of §63 that 
the sum of the roots vanishes, 


— QA _ 
i.e., * 0, or, ZDA 0, 


where A,, Ag, Ag, ... ... A, are tho n points in which the 
line PQ intersects the curve. If now we put 
PA,=r,;, PAg=fo, ... PA,=r,, and PQ=R, then 


QA, =PQ—PA,=R—1; QA2=PQ-PA2=R-r3, ete. 


o 5 94 oy FO=PA co, aig E 
Then, =f == DA = E T T ee : Ô, 


PA 
4 E 1 St 1 
— — — + —+ —+...+—-, 
OF, R fs Ty Ts fa 
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The geometrical interpretation of this property has 
been given by Cotes (1722) in his Harmonia Mensurarum 
as follows :— 


If on each radius vector through a fixed point P, 
there be taken a point Q, such that 





where A,, Ag,...A, are the points of intersection with the 
curve, then the locus of Q will be a right line; or, in 
other words,— 


The locus of the Harmonic Mean Q of the points of 
intersection with a curve of all lines of a pencil, drawn 
through a fixed point P, is the polar line of P. Similarly 
for the polar conic. The point Q is called the Harmonic 
Mean. 


In general, we call a point Q the ‘‘Harmonic Mean of 
order k,’* which satisfies the equation 


‘ thus we can say that the harmonic mean of the kth order 
lies on the kth polar, and therefore it geometrically signi- 
fies the vanishing of the (k+1)th term in the equation (2 
of $63, 


It the pole P is at infinity, then Q is called the Centre 
of d Mean ‘Distances, and the several polars are called the 
Diametrat Curves. 

— Be. 1 ar the given curve be a conic, it has only one polar line, 
— this is s the locus of a point Q which is the harmonic conjugate of P 





* 
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Ez. 2. If the point P lies on a cubic curve, then the two points 
A, and A., where any line through P meets the cubic, are determined 
by the two values of A/u given by 


A*f+AuAS+ pw Af =O. 


If now the line meets the polar conic of P in Q, Af=0, and conse- 
quently we have 





QA, , QA 
—— — 
+.€., PQ- PA, PQ-PA, 0 
PA, ` 
i 9 1 


which shows that P, A,, Q, A, form a harmonic range, or in other 
words,— 

The points where any line through a point on a cubic meets the cubic 
and the polur conic of the point form withthe point a harmonic range. 

Ez. 3. The polar line of a point at infinity is the diameter of the 
system of parallel chords directed to that point. 

Ez. 4. The polar curves of any point w.r.t, a curve are projected 
into the polar curves of the projected point w.r.t. the projection of the 
given curve, 


Ez. 5. A'conic touches a cubic at O and cuts it in four other points 
P,Q, R, S. Show that OP, OQ, OR, OS meet the cubic again in four 
points lying on a conic, which also touches the cubic at O. 


69. The Centre of a Curve: 


In a conic the pole of the line at infinity is defined as 
the centre. But in the case of a general curve of order 
n, a line has (n — 1)? poles, and there is therefore no unique 
point for such a curve corresponding to the centre of a 
conic. If, however, the curve be regarded as an envelope, 
every line has a pole, a polar curve of the second, third 
and higher class, and finally a polar curve of the gay br ¢ 


Pa 
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class,which is touched by the n tangents at the points 
where the linemeets the curve. Thus, we may obtain a 
unique point—the pole of the line at infinity—when the 
curve is defined by its tangential equation. 

Let (€, 7, t). (€', 7’, U1) be the co-ordinates of any two 
limes. Then the co-ordinates of any line through their 
intersection, dividing the angle between them in two parts 
whose sines are in the ratio A: m, may be taken as 


(AE+ME’, Antans AC+nY). 


If we substitute these values for Ê, 7, ¢ in the tangen- 
tial equation of the curve, the equation corresponding to 
(1) of §63 now determines the ratios of the sines of the 
parts into whichthe angle between the two lines is divided 
by each of the tangents drawn to the curve through their 
intersection. 


If now Pis a variable point, and O a fixed point on 
any given line whose pole is to be determined, and A}, 
Ag,.-.A, the points of contact of tangents drawn from P, 
the pole Q of the line has the property 


(sin Q PA, ) _ 
WN incase WORT — CY 
For the conic, regarded as an envelope of the second class, 
this relation becomes 


sin QPA, , sin QPA o 


n sin A PO sin Aa PO i (2) 


In the language of geometry this may be stated as 
follows :— 

If from any point P on a fixed line OP, tangents PA,, 
PAs are drawn to a conic, and a line PQ such that 


s 
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{P.OA,QAg} is harmonic, then the line OQ passes 
through a fixed point.* 


The relation (1) may be written in the form 


q magia] 
— AN, 


= 0 FENE, 


where M, is the foot of the perpendicular drawn from A, 
on the line PQ, and N, is the foot of the perpendicular 
from the same point on the line OP. 

If the line OP now moves off to infinity, then all 
the denominators in (3) tend to equality, and we have 
=M,A,=0,i.e., the sum of the perpendiculars drawn 
from the points of contact of any system of parallel tan- 
gents on a parallel line through Q is zero. t 

Hence we have the following definition for the Centre 
of a Curve, given by Chasles :—ł} . 


The centre of mean distances of the points of contact 
of any system of parallel tangents to a given curve is a 
fixed point, which may be regarded as a centre of the 
curve. 


Thus, the middle point of the line joining the points of 3 
contact of parallel tangents to a curve of the second | class” — 
A conic) is a fixed point. . — “Ah 
Similarly, in a curve of the third class the centre of fa 
gravity of the triangle, formed by the points of contact t — 
‘three parallel tagents, is a fixed point, and so on. Pe * — 
AL It is to be noticed, however, that in the | tem of 
Cartesian point co-ordinates, when the equati on c 
curve contains only terms of odd, or only ter ns of even 
degree, the curve is symmetrical about the « s) igir and it 
ger brought | to — — rotatio n thr 
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180° about the origin. The origin may, in this case, be 
called a centre of the curve. 


Eze.1, If P is a point on a curve and PP,P3...0 secant cutting the 
curve in Pi, P3,...P._;, and the polar conic of P in Q, thon 


— — 
PO PP, 


Ez,2. If P be a point of inflexion on a curve and PP,P3...P._,; be 
a secant cutting the harmonic polar in Q, prove that 


n=] 


— — 


1 
PQ PP, 1. 


Ex. 3. Ifa curve has a centre, the polar curves of the centre have 
this point for a centre. 


Ez. 4. The polar curves of any point at infinity, in Ex. 3, have the 
centre of the curve as a centre. 


Ez. 5. If an n-ic f(z,y)=0 has a centre, all the partial derivatives 
of f w.r.t. = and y vanish at that point. 


[When the origin is taken at the centre (z’, y’), the transformed 
equation becomes fiz +z’, y+y')=0, and the terms of orders (n—1), 
(n—3), (n—5)... must be absent from this new equation. ] 


70. MacLaurin’s Theorem: 


If through any point P a line be drawn meeting the 
curve in n points, and at these points tangents be drawn 
and if any other line through P cut the curve in A,, Ag, 
Aj,-..A,, and the system of n tangents in B,, Ba... Bn, 
then 
n RS | 
pe OBE 

Consider two lines drawn through P which intersect 

two curves of order n in the same points R,, Rg, R...R, 


and Sy, Sə, 8,......8, respectively. The polar line of 
P with respect to both curves must be the same, since 





94 CHAPTER IV 


the two harmonic means R and S are the same for both. 
Now, if PR and PS coincide, the two curves touch each 
other at n collinear points—R,, Ry, R,,......R,, bub still 
the polar line of P for bothis the same. The tangents 
at the n points R}, Ro, Ra,...... R, may be taken to 
constitute a curve of the nth order touching the other 
original curve at n collinear points, and therefore, if a 
line through P intersect the curve in Ap Ag, Agi Ay 
and the tangents at B}, Bs, Bs...... B,, the harmonic 


means of the two systems are the same, and consequently 
we have 


Er.1. The tangent drawn from any point on the polar line of a 
point P, w.r.t. a conic is cut harmonically by the tangents drawn 
from P. 

Ez 2. A radius vector drawn through a point O ona cubic meets 
the curve again in P and Q. Shew that the locus of the extremities of 
harmonic means between OP and OQ is a conic, which reduces to a 
right line when Q is a point of inflexion. 


71. Polar Curves of the Origin: 
Let the Cartesian equation of a curve be 
Ug tug + Ug +......+u, =O 
or, this may be written in the homogeneous form: 
f mu ,2” +u,s"—1+ug2"-2+......+u,=O0. 
The co-ordinates of the origin may be taken as (0, 0, 1). 


. AS (0. = +0. S +1, 2.)= * 
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Therefore, the different polar curves are respectively— 


Of ao, 2h =0, «::..: —— 


Gz ' dg? t= 


The polar line of the origin becomes— 


u—} 
a =n! uy z+(n—1)! u =0, 1.€., nugtu) 


o 
The polar conic is— 


o"-2 
= juos? + (n— 1)! uyz+(n— 2)! Ug 
=n(n—1)ug +2(n—1)u, +2ug=0. 


The polar cubic is— 


=0. 


+(n—2)! wo z+(n—8)! uz 


=n(n—1)(n —2)uy +3(n —1)(n—2)uy 


* 66 —2)uso + Gu. =0 


etc., etc., etc. 


Frorn these the polar curves of any point on a curve 
can easily be found; the point may be taken as the origin 
of a system of Cartesian axes and the corresponding 
equation of the given curve may be obtained by the usual 


method, 
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72. From a study of these equations we at once draw 
the following inferences :— 


(1) If the origin lies on the curve, uo =O, all the polar 
curves pass through the origin, and u,=0 is the common 
tangent to all. 

Thus, the polar curves of any point on the curve pass 
through the point and have a common tangent there, i.c., 
the polar curves all touch the curve at that point. 

(2) If the origin is a double point on the curve, the 
first degree terms are absent from the equation, and it is 
found that they are absent also from the ‘equations of all 
polars. The terms of the lowest degree are wg in all 
of them. 

Hence we infer that all the polar curves of a double 
point on the curve have a double point with the same 
tangents at the double point on the original curve. 

Further; the polar conic of the double point is ua =0, 
which represents the two tangents at that point. Hence 
the polar conic of a double point on the curve breaks up 
into two right lines. 

(3) In general, if the lowest terms in the equation of 
a curve are u+, the lowest terms in all the polar curves | 
are up- = 

Hence we infer that all the polar curves of any multiple — 
point of order k on the curve have a multiple point fae 


=~ 8* 


_ the same order with the same tangents at that point. A — 
A | (4) If the origin is a point of inflexion on the Surve, id: * 
P # the linear terms are a factor of the second degree te — d 
—— and hence, from the equations of §71, it follows th ser — je 
3 — is an inflexion on all the polar —— — = Es * 


in general. | — won 


> A4 
A — T a es, —F A 
ee Oe 
— 
> 
4 






















re ar ‘= 


Thus, the polar curves ot a + point o on n the curve a abr a * 
se ames hes rnc f 





⸗ 

= & ~ 
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Ex. 1. The (n—k)th polar of a k-ple point of an n-io consists of 
the k tangents at the point. 

Ex. 2. If P lieson s given m-ic, the envelope of the polar line 
of P with respect to a given n-ic is of class m(n—1), 

Ex. 3. The kth polar of P with respect to an n-ic having an 
(n—1)-ple point at O is an (n—k)-ic having an (n—k—1)-ple point at O., 


13. If a point Q (x", y", z") lies on the k-th polar of a 
point P (x, y', 2'), then P lies on the (n—k)th polar of Q with 
respect toa given curve. 


This is only a geometrical statement of the equations in 
$63. For, the kth polar of P is— 


j ð ! Aoda , 9 5 = 
(= = +y Əy ean f=0 
ð 3 ——— 


If Q lies on this, we must have 





ð ð 
( 2” — +y” ay? + gf! — 


Therefore, the locus of P (x, y’, 2’) is— 
( alt Q +y" BS + gl! 0 
Ox Oy Oz 
which is the (n—k)th polar of Q. 


91%. The locus of all points whose polar lines pass 
through a fixed point is the first polar of that point. 


The polar line of any point (2’, y’, 2’) is 


ô a S Naa 
— gr )f=0. 


13 
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If this passes through a fixed point (x’',y’’,z/), wa must have 


zl or 4 w + an OE =<) 


which shows that the locus of (z’, y', z')is the curve 
&f=0, which is the first polar of (x, y”, 2"). 


In a like manner, it can be shown that the locus of 
points whose polar conics pass through a given point is 
the second polar of the point; and in general, the locus of 
points whose kth polars pass through a fixed point is the 
(n —k)th polar of the point. 


75. Every point has only one polar line. 
For, the polar line of the point (z’, y’, 2) is— 


z L, +y ate of" =(0. 


Gz! 





The co-efficients in this equation are known, , determinate 
functions of (x’,z’,z’), and therefore the line is determinate _ 
and unique. Consequently, there is only one polar line of a 


given pole. — 
16. The first polar of every point on a right line > pas sos * 
Ty through the pole of that line. È D im: 
The polar line of any point (x’, y', 2!) is— — 


KE — ; —* z £ +y — ee =0. AS p nS 





a St, + ur ot 


ar 


which h sh — ai att a first (pole 7 3) paan g T s: a th 
th ir nt (x, — * fe 5 Sk eth — rae r 
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77. There are 2(n—2) points on a right line, the first 
polars of which touch the line 


The polar conics of their 
2(n —2) potnts of contact also touch the same line 


Let (2',y',z') be any point on the line lz + my +nz=0 (1) 


The first polar of (z’,y’,2') w.r.t. f=0 is— 


Bin Aerts: a pe ae 
Farz Re hag oO 


(2) 
The tangent at a point (2,y',2!’) on F=O0 is— 
oF oF 
ant Y Əy 


te. Zz fy Hyf" pat 2!f"y 3) Hye atu feet 2'fl's5) 

+alelfligt+y'f!as + 2'f"353)=0 — (8) 
where f" = f(x".y".2"), and fii» fie, fig: etc., denote the 
second differential co-efficients of f 


If this is to be the same as the line (1), we must have 


2M yy t y'f" ie tefg =kl 
zf" ia + y'i" 22+ zf" g3 =km 


s'i" is +yY'f"as +a'f"s3=kn 


(4) 
also 


læ"! + my" + na" =0 


Eliminating k and (z", y”, 3") between the equations 
(4), we shall obtain the locus of (æ', y', 


z'). Now the 
eliminant* will be of degree 2(n — 2) in the variables 2’,y',2’, 
which therefore represents a 2(n—2)-ic, and the points 


* Clebach, Legous sur la Geometrie, Tom II, p. 13. 





Q 
: afi 


— — 
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where lr + my +na=0 intersects the locus are the required 
points. Hence the truth of the theorem follows. 

If, however, we eliminate kand (z’, y', z’) between the 
first three equations in (4) and Iz! + my'+-nz'=0, we ob- 
tain the locus of (x, y”, z") in the form of a determinant 
equation, namely, 


fia fis fis l ;=0 «+» (5) 
fie fee fes me 
fis fos faa 
l m n 0 


Equation (5) is of degree 2(n—2) in the variables, and 
therefore the given line intersects this curve in 2(n — 2) 
points which are the points of contact of the first polars 
with the given line. 

Again, the polar conic of (x, y", 2") is— 

£1127 +I" gay? + f''3 327 + Qf" agyz + Qfl's 2x +2"; ory =0. 


If this touches the line Ilr+my+nz=0, we must have 


I 31 l'is f"is t | =0 
f"21 AE T PAS A T N 
f" 31 f" 32 f" 33 n 

l m n 0 


which is satisfied, since (z, y”, 2#") is a pointon the — 
curve (5). 

From what has been said above, we may deduce the 
following theorem: 

Through any point we may draw two lines, on each of 
which there is a point whose first polar touches the line at 
the given point. These are the two tangents which can 
be drawn from thé given point to its polar conic. 

5 
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These two tangents may coincide either when the point 
lies on the polar conic, in which case the point must lie on 
the original curve, or whenthe polar conic breaks up into 
two right lines, and the tangents coincide with the line 
joining the point to the intersection of those two lines. In 
this case, as we shall show later on, the point lies on the 
Hessian. 

From the theorems just stated it will be seen that 
there is somewhat of a reciprocal relation between the 
first polar and the polar conic of a point, as will appear in 
the sequel. 


78. Every straight line has, in general (n—1)? poles. 


For, take any two points A and B on the line. The 
first polar of each of these points passes through the pole 
of the line ($ 76). Therefore the points of intersection of 
these two first polars are the poles of the line. But each of 
these curves is of the (n—1)th degree, and they intersect, 
in general, in (n— 1)? points, which are the poles of the 
line, 

Cor. The first polars of all points on the line pass 
through these (n—1)? poles. For, if P and Q be the first 
polars of A and B, then the first polar of any point on AB 
is P+AQ=0, which evidently passes, for all values of A, 
through all the intersections of P and Q. 

79. If, however, the curve has a node, the first polar 
of every point passes through it (§ 65), and therefore the 
two first polars intersect in only (n—1)2—1 other points, 
which are the poles of the line. Therefore, if the curve 
has 6 nodes, the first polars intersect in only (n—1)2—8 
other points, which are the poles of the line. 

If the curve has a cusp, the first polar of any point not 
only passes through it, but also touches the cuspidal 
tangent.* Therefore the cusp counts as two among the 


* To be proved hereafter in § 85. 
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intersections of the two first polars, which then intersect 
only in (n—1)?—2 other points, and these are the poles of 
the line. If the curve has x cusps, the two first polars 
intersect only in (n —1)2—2« other points, which are the 
Poles of the line. 

Hence, combining all these results, we may enunciate 
the following theorem: — 

Every right line has, in general (n—1)2 poles with 
regard ta a non-singular curve, but if the curve has 6 
nodes and x cusps, the number of poles is reduced to 
(n —1)2 —8— 2x, 


Ex. The pole of the line iz + my+nz=0 with regard to the degene- 
rate cubic zyz=—0 isthe point (1/1, 1/m, I1/n). 

(The point and the line are called the pole and polar w.r.t. Ris 
triangle. ] 


80. If the polar line (or any other polar curve) ofa 
point passes through the point, the point lies on 
the curve. 

A For, if we put (x, y, z) for (x', y', 2‘) in the equation 
of the polar, it becomes identical with the equation of the 
curve, since the polar curves are obtained by, operation 
with A, which becomes in this case Ae St 


= ii . oO 3 a | Mt . ka 
AP Be ey eo +y < +s -~= Nene 
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Let F, be the rth polar of any point (2’, y’, z'), so that 
its equation is given by— 


F,= (2 Z +y' = +a/ 2. )rf=0 — 


which evidently passes through the point (z’, y', æ“), since 
the point lies on the curve. 


Now, the tangent at (z’, y’, 2’) to the rth polar F, is— 
(z -S +y DEE- )F/=0 9 


But F, is of degree n—r, and therefore, by the identities 
of §63, equation (2) may be written as— 


( af ð + y! ə + 2! ə ) We et 


ox Oy Sz 
I.C., as (7S +y’ = +- za! 2) —— f=0 


which is the equation of the tangent at (a’, y’, 2’) to the 
curve f=0. 


82. The points of contact of tangents drawn to a 
curve from any point lie on the first polar of that point. 


Let (z’, y’, 2!) be a point on the curve. The tangent 
at ic’, y’, 2’) is— 


OF eh one —— 
ta TY By" +z 3z 0). 


If this passes through any point (2, y", 2”), we must 
have — 


of +y” Si ter -i =0, 
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which shows thatthe locus of (=', y’, #') is— 
of of of 
zl! a ae 1 G Mee H —— a A 
Sa: * t By + 2 3z 0; 


and this is the first polar of the point (z, y”, 3"). 

From this it follows that the points of contact of the 
tangents drawn from a given point to the curve are the 
points of intersection of the curve with the first polar of 
the point. Now, the first polar of any point is of degree 
(n—1), and consequently it intersects the curve of the 
nth degree in n(n—1) points. Thus we seo that from a 
given point there can be drawn, in general, n(n—1) tan- 
gents to a curve of the nth degree. 


Definition: The Classe of a curve is determined by 
the number of tangents which can be drawn from a given 
point to the curve, and will usually be denoted by m. 

The above theorem can therefore be stated as 
follows :— 

The class of a curve is, in general, n(n—1), or as we 
shall see later on, the degree of the reciprocal polar curve 
is n(nm—1). 

83. Let us examine the case when the given point 
lies on the curve. We have seen (§72) that the first 
polar touches the curve at the given point. Hence that 
point counts as two of the intersections of the first polar 
with the curve. Therefore, the number of tangents (di- 
fferent from the tangent at the point) which can be 
drawn from the point to touch the curve elsewhere is 
n(n —1)—2, or, (n+1)(n—2). Hence we obtain the theo- 
rem :— 

From any point on a curve not more than (n +1) (n —2), 
or, m—2 tangents (excluding the tangent at the point) 
-can be drawn to the curve. 
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Tf the tangent at a point has a contact of the second 
order with the curve, i.e., if it be a point of inflexion on 
the curve, the tangent is to be regarded once as the tan- 
gent at the point and once as one of the tangents which 
can be drawn from the point to the curve. Therefore, 
there can be drawn only (n+1)(m—2)—1, or, n(mn—1)—3 
other tangents to the curve. 


Hence we obtain the theorem :— 


From a point of inflexion on a curve, only n(nm—1)—3, 
or, m—3 tangents can be drawn to touch the curve else- 
where. 


84. If, however, the point is a double point on the 
curve, we shall haveto distinguish between the cases 
when (1) itis anode, (2) it is a cusp. 


Suppose the point is a node on the curve. We have 
seen that the first polar of anode has a node with the 
same nodal tangents at the point. Therefore, the double 
point counts as six among the intersections of the first 
polar with the curve ($51). Of these, however, two 
belong to the two nodal tangents. 


Thus the number of tangents, exclusive of the nodal 
tangents, which can be drawn from a node to touch a 
curve elsewhere is n(n—1)—4, or, m—4. 


Next. suppose that the point is a cusp on the curve. 
The first polar bas the cuspidal tangent as a tangent. 
Hence the point counts as three among the inter- 
sections, besides the two which belong to the cuspidal 


tangent. 


Therefore the number of tangents, exclusive of the 
= cuspidal tangent, which can be drawn from a cusp to 
touch a curve elsewhere is n(n—1)—3, or, m—3. 


“14 ; 


v aP 
a, —— 





106 CHAPTER IV 


In general, if the point is a multiple point of order k, 
there are k tangents at the point, each of which counts 
as two among the tangents which can be drawn from 
the point to the curve. Thus. the k tangents count as 
2k tangents drawn from the point, and n(n—1)—2k or 
m—2k other tangents can be drawn, distinct from 
the tangents at the multiple point, to touch the curve | 
elsewhere. 


Ez. 1, Prove that the points of contact of tangents drawn from the 
point (h, k) to the curve zI + y? =3uzry lie on a conic through the origin. 


Discuss the case when the point ia at the origiu. 


Ez. 2. Show that the conic in Ex. 1 will bisect the angle between 
the nodal tangents, if h+k=0. 


Erz. 3. If the tangent at any point (z,,y)) on the cubic 234+ 35=—a3 
meets it again in (29,74), show that z2/z, + ya/ yi +1=0. 


85. The first polar of a point passes through every 
double point and its tangent at that point is harmonic 
conjugate of the line joining the double point with the 
pole with respect to the nodal tangents of the curve. 


The equation of a curve having the origin for a node, 
with the axes of x and y as tangents, may be written as 


+, f(x, y)= ry +s +g + 0.00. FU, =0 
or, in the homogeneous form— ? i 


f(E Y 2) Erys"? + uga" S +11 42"-4 + enen +u, =0. 
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Now, the line joining the point (z',y!,z") to the origin 

is 
wy—y'z=0 os (2) 

The lines (1) and (2) are evidently harmonic con- 
jugates with respect to the two axes, which are the nodal 
tangents.* 

If, however. the origin is a cusp, with the axis of y as 
the cuspidal tangent, the first polar becomes— 


B(x, y,2) = (a! +y')rz”-2 + lower powers of z=0. 


~ The axis of y({x=0) is also a tangent to the first 
polar, i.e., the first polar of any point touches the cuspi- 
dal tangent and meets the curve three times at a cusp. 

From what has been said in §82, it follows that the 
first polar of a point passes through all the double points, 
etc., and the points of contact of tangents drawn 
from the given point to the curve. 


Er. 1, Show that the points of contact of tanpents drawn from 
the point (a, 6) to the curve br + ayia] lie on a circle. 

Ex. 2. The locus of points of contact of tangents drawn from any 
point to the system of curves yeaAz? is a rectangular hyperbola. 

Ez. 3. Show that all the polar conica of the curve y=a9 +42 
+ d9r7 + ...... +a.z* are parabolas. 

Ez. 4. chow that the points of contact of tangents drawn from 
the origin to the curve ty=—azrt+ bzy + cr*y? + dzy)+ey' ure collinear. 


86. If the curve has a multiple point of order k, that 
point will be a multiple point of order k—1 on the first 
polar, of order k—2 on the second polar, and 80 on. 

Let the origin be a multiple point of order k on the 
curve. The equation of the curve is therefore of the 
form— 

fmmeUyg + Ug y tura — +u, =0 


* Ssimon, Conic Sections, § 57. 
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+ 


where u, is a binary r-ic in x and y, or, in the homogene- 
ous form— 


f=Eu,z"-* t+ Uy, ya"—*-1 + s.str PUn =, 


The first polar of any point (z’,y',2') is— 


A ie | 

Fms ty — * 0 ean 6 

, of of at 

— The lowest terms in Sz and 5, are of degree (k—1) 


and those in of are of degree kinawand y. Therefore, | 


the lowest terms in z and y being of degree k—1 in (1), , 
the origin is a multiple point of order k—1 on the curve F. 


Similarly, the lowest terms in the equation of the 
second polar are of degree k—2 in z and y, and so on, 
which proves the proposition. 


87. It appears from the above that if u, has a square 
factor uj, i.e. if u,=u,?u,~-9, then this factor occurs — 
also i in the lowest terms in the equation of the first polar. z 









* 
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Thus the lowest terms in the equation of the first polar 
contain u, asa factor, and therefore u; =0 is a tangent 


to the first polar. Hence we obtain the following 
theorem :— 


If two tangents at a multiple point coincide, the coinci- 
dent tangent touches the first polar of every point. 


In particular, the first polar of any point touches the 
cuspidal tangent, as proved in §85. 

Again, if u, has any factor u, in the Ith degree, i.e., if 
u,=u,'.v,—;. u, will occur in the (l—1)th degree in the 
lowest terms of the equation of the first polar, in degree 
(1—2) in those of the second polar, and so on. 

Hence we conclude that, in general, if l tangents at the 
k-ple point on a curve coincide, the coincident tangent will 
appear as (l— 1) coincident tangents at the multiple point 
of the first polar, as (1—2) coincident tangents at the 
multiple point of the second polar, and so on. 


Ez. 1. Show that the points of contact of tangents drawn from the 
point (0, —1, 1) to the cubic s+ py? + 23+6mzyz=0 are collinear on 
the line y—«=0. 

Ez. 2. The points of contact of parallel tangents tos curve of 
the nth degree lie on a curve of the (n—1)th degree. (Serret.) 

(They lie on the first polar of a point at infinity.) 

Ex. 8. The polar conics of two. points A, B with regard to a cubic 
curve sre rectangular byperbolas. Prove that the line AB bas four 
poles, any one of which is the orthocentre of the triangle formed by 
the other three. 

Ez. 4. Prove that the properties of polar curves are unaltered by 
projection. 

Ex. 5. Show that the envelope of the polar lines of points on s 
given line w. r. t. an n-ic ia of class (n— 1). 

Ez. 6. Show that the tangents to the curve 2"y*>o"** drawn 
from the point (a, 8) touch the same at points lying on the hyperbola 


(m + n)ry=nő8r + may. 





CHAPTER V 


COVARIANT CURVES—THE HESSIAN, THE 
STEINERIAN AND THE CAYLEYAN 


88. In this Chapter we shall discuss the properties of 
three covariant curves—the Hessian, the Steinerian and 
the Cayleyan—which are geometrically associated with a 
given curve and can be derived from it by geometrical 
processes. Professor J. Steiner* in a paper in 1854 dis- 
cussed a number of general properties of these curves 
which were, however, studied in detail by subsequent 
writers. Prior to him, Hesse} studied the properties of 
the first curve, which is named after him—the Hessian, 
and the third one was studied by Cayley for a curve of the 
third order.] Cremona calls the second and the third 
curves the Steinerian and the Cayleyan respectively of the 
given curve. 

In the second fundamental theorem, as he calls it, 
Steiner states a number of properties of polar curves; the 
following, among others, is of special importance: 

If the kth polar of a point A w.r.tayiven curve has a 
double point at another potnt B, then the (n—k—1)th polar 
of B has a double point at A. 

From this again, he enunciates the two theorems: 

The locus of a point whose first polar hus a double 
point is a curve of order 3(n—2)*, and the locus of 


* J. Steiner—Allgemeine Eigenschaften der algebraischen Curven— 
Crelle, Bd. 47 (1854), pp. 1-6. (Abgedrockt aus dem Mooatabericht 
der hiesigen Akademie der Wissenschaften vom August, 1848.) 

+ Dr. Otto Hesse —Uber die Elunination, et¢e.,—Crelle, Bd 28 (1844), 
pp. 68-107. 

t Cayley—Memoire sur les courbes du troisiéme ordre —Journal de 
Mathematiques pures et appliques (Paris), Vol. (1) 9 (1844), pp. 285- 
93, or, Coll. Works—Vol. I, p. 183 and Vol, II, p. 385. 
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the double point is a curve of order 3 (n—2), which is 
consequently the locus of points whose (7»—2)th polar has 
a double point. These two loci are called by him ‘*Conju- 
girte Kern-Curven.’’ The line joining the two points A 


and B envelopes a third curve, which is of the same class 
as the locus of A. 


The locus of A is called the Steinerian, that of B, the 
Hessian while the envelope of AB is called the Cayleyan. 
The nodal tangents of the first polars, again, envelope 
a fourth curve. The points A and B are said to be corres- 
ponding points. We shall now proceed to consider the 
properties of the first three curves,* one after the other. 


Note: ihe Hessian passes through the points of inflexion, while 


the Sternerian and the Cayleyan touch the inflexional tangents of the 
given curve. 


89. Let f be any quantic in the variables z, y. 2, and 
let fı: fo. fg denote its first differential co-efficients with 
regard to z, y, # respectively. If fis fre fig, etc.. de- 
note the second differential co-efficients of f with respect 
to the same variables, tben the determinant— 


H=|/ fii fie fis 
fai: fee fes 
fsı faa fas 

is called the Hessiant of f. 


* These curves were studied geometrically by Cremona in his Intro- 
duzione ad una teoria geom delle curve piane, and analyt cally by 
Clebseh—Crelle, Bd. 59 (1861), p- 125, and Bd. 61 (1565), pp. 288-93. 

+ It is called the Hessian, because it was rst studied by the Ger- 
man Mathematician Dr. Otto Hesse. Itis a covariant function of f 
(Elliot, Algebra of Quantics, § 11), and has important applications in 
the theory of curves. The locus devoted by H=0 is called the Hessian 
of the curve j =0. 
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90. The Hessian: 


The Hessian of a curve is the locus of points whose 
polar conics break up into two right lines. 


The polar conic of any point (2', y’, 2’) is A’2f=0, or, 
a’ x* +b! —— 22+ 2f! yz +2g'zxæx+2 h'ry=0 
where a’, b', etc., denote the second differential 
co-efficients at l? flea, r 33+ tc., with respect to 2’, yl, 2’. 
If this breaks up intotwo right lines, its discriminant 
must vanish, i.e., we must have— 


fia fis. Fis.“ 
fle, f'22 f'as 
f'31 f's2 f's3 
Therefore the locus of the point (2’, y’, 2’) is— 


, He|fin -Jis fis |= TN 
| for foe feos vy > 

` y 31 ‘fsa. fsa pe 4 

_ which is called the Hessian of the curve f=0 ds 


= Since each of the functions fii» fia ee is of order * 
ae. (n—2) in the variables, and the determinant is of orde r 
three i in the functions f;1, fie, ete., the determinant equa- AN 
pe ) ae tion i is of the 3(n—2)th order in the variables. Thus the 7 


Py egree of the Hessian is B(n —2). 7 a 3 
* Bi sag mitt | 
—— — Bee Er. 1. Find the Hessisos of the following curves: ·· ? oes 
e? — Oer — Gi) (ey +a +6keye—0 — 
— (Gi) rrop. 
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Ex.4 Find the Hessian of the curve defined by its polar equation 
Í (r, $)=0. 
Er. 5, Show that the claes of the Hessian of a curve having no 
singular pointis 3(n—2)(3n —7). 
91. Proceeding as in the preceding Article, we may 
obtain the locus of points whose polar conics are— 


(i) Parabolas. (ii) Rectangular Hyperbolas, 
(i) The polar conic of the point (z’, y’, 2’) being 
a! £? +b! y? +0! g? 4+ Qflyz + 2g'zs + 2h’xry =0 wa 6 


the condition*® that this represents a parabola is— 


a! hf g' a |i=O 
h' bf f' b 
g' f’ c’ c 


a b C D 


where a’, b', c’,...have the significance of § 90, and a, b, c 
denote the sides of the fundamental triangle, 

Thus the locus of points whose polar conics are para- 
bolas is obtained in the form: 


fia fie fis a|=0 sea OD 
fe fee fes b 
fax fae Iss c 
a. b c 0 


In Cartesian co-ordinates, however, this equation 


b 
> ea fii f22= Qia)? 


This curve, denoted by G=f, 1422 — (fy 9)? =0, divides 
the plane into regions ; the polar conics of points in the 
region in which the expression G is positive, meet the line 


* Salmon, Conics, § 255. 
15 





114 CHAPTER V 


at infinity z=Oin imaginary points (Ellipses or imaginary 
lines) and the polar conics of points in the region defined 
by G negative meet < in real points (hyperbolas and real 
str. lines). The curve G=O isthe diacritic or diacritic 
curve of z with respect to f=0. If f=0 be a cubic, G isthe 
Poloconic of s. The diacritic is also defined as the locus 
of points of contact of curves f,;=constant with curves 
fa = const. (Scott—Note on the real inflexions, etc.—Trans. 
of the Am. Math. Soac., Vol. 3 (1902), pp. 399-400). 

The degree of the equation (2) is evidently 2(n—2), and 
therefore the locus is a 2(m—2)-ic. This intersects the 
n-ic in 2n(n—2) points, whose polar conics are parabolas. 
Hence we have the theorem that on an n-ic, there are 
2n(n—2) points whose polar conics are parabolas. 

If, however, the n-ic has a cusp, its polar conic is the 
cuspidal tangent taken twice, which is then to be regarded 
as a degenerate parabola. 

Since the locus intersects the n-ic in two points at a 
cusp, and in 2n(n—2)—2 other points, the number of 
points on an n-ic with x cusps which have non-degenerate 
parabolas as polar conics becomes 2n(n —2)— 2x. 

When the curve is unicursal, and its double points are 
all cusps, this number becomes 


2n(n — 2) —(n —1)(n —2) =(n —2)(n +1) 
Proceeding in the same way, it can be shown that 


there are (n—2)? points in the plane of an n-ic whose 
polar conics are circles. 
In Cartesian co-ordinates the equations giving the 
points are 
, fir=fee and fig=0. 
4 Ez. 1. The locus of a point whose polar conic with respect to a given — 
| a touches a given line is a 2(n— 2)-te. 


ody — ‘In the case of a cubic, the locus is a conic, which is Sellen. the — as 


o r e i i ‘ i 
0 o P n Kay 
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Ex, 2. Show that the polar conic of a point with respect to the 
cubic 2 + y3 = a(x? + y?) will be a circle, if the point lies on the line 
x= y. 

Ex. 3. If the polarconicof A t.r. t. a cubic has its centre at B, 
the polar conic of B will have its centre at A. 

(it) The condition * that the polar conic (1) is a rect- 
angular hyperbola is— 
2p’ 2p — 2 2 nf — f 
b*b tozo 2bcj”' cos A+ -2 +a*a'—2cag' aos B 
a b2 
2al 2h/ — 

4 27a +b s 2abh’ Pee, 
where A, B, C are the angles of the fundamental triangle. 
This is a linear function of a',b',c’, etc.; and each of 
these functions being of order (n —2) in the variables, the 
locus is a curve of order (n—2), which intersects the n-ic 
in n(m—2) points. Hence there are n(m—2) points on 
an n-ic whose polar conics are rectangular hyperbolas. 
In Cartesian co-ordinates, however, the equation of the 


locus becomes— 
fri tfe2=0. 


Ezr. The locus of points whose polar conica with respect to a 
cubic are rectangular byperbolas is a straight line, but the locus is a 
conic for points whose polar conics are parabolas. 


92. Theorem: 

If the first polar of a point A (æ',y',z) has a 
double point at B (z”,y",z"), then the polar conic of 
B has a double point at A. 

The first polar of A (x',y',2") is — 

of » OF , OF = 

Been t¥ ay +2 As 0 
_ Tf this has a double point at B (2,y'',2"), the first 
differential co-efficients of F should vanish at (2”,y'',2!’) 
(§47). 


o= Askwith—Analytical Geometry of the Conic Sections, $ 276. 
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Therefore, we must have— 


OF nf, ee, ed 
© oy” oz! 
Eens UP yt yh 2 +f" =0 
— + y'i" aa + a'f =0 EEE 
æf" 31 Y'S" 39 + 2'f"'33=0 j 
Again, the polar conic of B (x",y'’,2'') is— 
Cf) x? + fl ooy? + f'gg2? + 2f"osye2 + 2f"g ze + 2f" ory =O. 


If this has a double point at A (x’,y’,z’), we must have 


OU) 26. Se OU 
or’ y oy’ ; oz’ 
i.e., BPN yey" yet 2'f"135=0 
xia, + y'f" aos 4 28 =f) i. (2) 


zf" s1 +Y" 39 + 2'f"33=0 
The conditions (1) and (2) are the same, whence the 
truth of the theorem follows. 
If we eliminate (2’,y',z') between the equations (1) 
or (2), we obtain the locus of B (#",y",2"), which is the 
Hessian of f=0. 


93. The Steinerian: 


If, however, we eliminate (2,y’, 2") between the 
same equations, we obtain the locus of (#',y',2!), which is 
called the Steinerian, after the name of the German 
Mathematician Steiner. Thus, the Steinerian is the locus 
of points whose first polars have double points, or it is the 
locus of points of intersection of each pair of lines which 
constitute the polar conic of a point on the Hessian, The 
degree of the Steinerian is 3(n—2)?. For, the resultant 
of three equations of orders m, n, p in three variables is 
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of degree np in the co-efficients of the first, of degree mp 
in those of the second aud of degree mn in the co-effi- 
cients of the third.* Each of the above three equations 
is of degree (n—2) in the variables (2”,y”,z"). Therefore 
the co-efficients of each equation occur in degree (n— 2)? 
in the resultant. But the co-efficients of each are linear 
functions of a’,y',z'. Thus the resultant is of degree 
8(n —2)? in (2',y',2'), and therefore the order of the Stei- 
nerian is 8(n—2)*. Its class is 3(n—1)(n —2). 

In the case of a cubic curve, however, the first polar 
is its polar conic, and therefore the Steinerian S=0O and 
the Hessian H=0 coincide, both being the locus of double 
points of polar conics. 

From what has been said above we may enunciate the 
following definitions :— 


The Steinerian S=0 is the locus of the double points of 
polar conics, or, the locus of points whose first polars have 
double points. 

Similarly, the Hessian H=O is the locus of the double 
points of first polars, or, the locus of points whose (n—2)th 
polars have double points. 


94. The Steinerian as an Envelope: 

The Steinerian | may again be defined as the envelope 
of lines two of whose poles coincide, and the locus of these 
coincident poles is the Hessian. 

Let éxr+ny+z=0 (1) bea line, two of whose poles 
coincide at P (z',y',2'). 

Since the line (1) is the polar line of P, it must be 
identical with— 


x of +y a +85 or =O —— E 


* Clebsch—Legons sur la Géomérie, Tom II, p. 13- 
# See Clebsch—‘‘ Ueber einige von Steiner behandelte Curven’’— 
Crelle—Bd. 64, pp- 288-90. 
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Identifying the equations (1) and (2), we obtain 


She SO. aa Bar wy 27 
D a aa ——— 


Hence, the given line (1) is the polar line of each of the 


(n—1)? intersections of the two curves— . 
Of reo Of = 
E az t ar — (3) 
d Of A 
an 7] Bs = s.. (4) 


which are evidently the first polars of (¢, 0, —&) and — 
(0, t. —”), which are points on the line (1). Iftwo poles 
of (1) coincide at P, the curve (3) and (4) must touch at 


: — Now, the tangents to (3) and (4) at P are— 
@(Ef’'s1—O'1 1) + y(Ef's2—U'1 0) + 2(Ef'ss—U'1s)=0 ~ (5) 
2(nf's1—Y'21) +y ss-a) + #(nf's3—Y"'23)=0 * (6) 


Identifying (5) and (6), and eliminating , ņ, (bet- 
ween the relations thus obtained, we obtain the locus of a) 
(x, y’, 2'), which is the Hessian. — EA — $ 
Again, eliminating x, y’, 2! between the same relations, $ $ A 
we obtain a relation between £, 7, ¢, which is the tangen- Ss 


| aie — equation of the Steinerian. — 
‘Hence we obtain the theorem: ee 
` The Steinerian is the envelope of polar ——— 
on the H essian with respect to the ‘aie ae 
nd it touches s the | inflexional tangents of the curves 
For or a curve of the third order this theorem be — Be. 
Th polar line of a point on the Hessia an w.r. — 
Ah touche es the Hessi ssi ian at the double point to l 
ie, at pe oc orre penai ng point. 
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95. That the Steinerian is the envelope of lines two 
of whose poles coincide may be otherwise shown as 
follows :— 


The first polar of any point (2’, y', 2’) is— 


æ'fı +y'fq+2'fg=0 -- (1) 
The first polar of any consecutive point— 
(2+ 62%, yl+dy!, 2/+ 62’) 
on the Steinerian is 


(a! + Bx!) fy + (y! + By! fa + (2! +32) fs =0 
<. Saf, + dy’. fo + 82'fg=0 ssa t) 
From (1) and (2) we obtain— 


hy fo fg = (y'a —2! dy’) : (2'ba! —a’/b2') : (x y" — y'r") ... (3) 
=¢ı: ņ : C (say). 

i.e., fy:fa:fs are proportional to the co-ordinates (£, 9, Ù) 

of the tangent to Steinerian. If the two first polars (1) 

and (2) meet at the point (z”, y", 2’), two poles coincide 

at this point, which lies on the Hessian, and we have 


Eig > S=f'y: fo : fs --» (4) 


From (1) it follows, therefore, that, if (z’, y’, 2’) are 
made current, the equation (1) represents the tangent 
to the Steinerian which, again, in virtue of the relations 
(4), represents the polar line of the point (#”, y”, 2") 
on the Hessian. Thus, corresponding to each point 
(z", y", 2”) on the Hessian, we obtain a tangent to 
the Steinerian, and in fact, the polar line of (x, y", 2") is 
identical with the tangent to the Steinerian. 


Eliminating (x, y, 2) between the equations (3) and the 
equation of the Hessian, we obtain the tangential equation 
of the Steinerian in terms of €, 1), ¢. 

Fi 
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96. The Class of the Steinerian: 


From what has been said above, the class of the 
Steimerian can be easily determined. Since the polar 
lines of points on the Hessian are tangents to the 
Steinerian, if P is a fixed point on one of these tangents, 
the first polar of P with respect to the original curve 
must pass through the coincident poles of the tangent, 
which lie on the Hessian. Therefore a tangent to the 
Steinerian, drawn through P, corresponds to a point of 
intersection of the first polar of P with the Hessian, But 
the first polar is of order (n—1), and the Hessian of 
order 3(n—2). Therefore they intersect, in general, in 
3(n—1)(n—2) points, which give as many tangents of the 
Steinerian drawn from the point P, or, in other words, 
the class of the Steinerianis 3(n—1)(n—2). 


If, however, the original curve has 6 nodes and x cusps, 
it may be shown that each node counts as two, and each 
cusp as four of the intersections of the first polar and the - 
Hessian. Therefore, the two curves will intersect in 
only 

3(n — 1)(n — 2) —26—4x 
other points, and consequently the class of the Steinerian 


is reduced to— 
3(n —1)(n — 2) —28—4k 


97. A General Theorem: 


The class and order of a curve , which is enveloped by 
the polar lines, with respect to the original n-ic f=0, of 
points on a curve $=0, of order m, are m(n—1) and 
m(2n + m—5) respectively. 

The class of the envelope in question is determined by 
the number of tangents which pass through any fixed point 
(x’, y', 2'). Since the point lies on the polar line of a point» 
on ¢=0, the corresponding point on $ must therefore lie- 

* 


— 
——_— A 
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on the first polar of the point (z’, y’, 2’), which is of order 
(n—1). Therefore, the number of tangents is equal to the 
number of intersections of 6=0O with the first polar curve 
of (2’, y’, 2") with respect to the original curve f=0, 


f.e., with — * — = 0 — OERI 


These two curves evidently intersect in m(n—1) points, 
and consequently, the class of the curve Ņ is m(n—1), 

In order to determine the order of y, we take the point 
(2/, y', 2‘) on any line such that two consecutive tangents 
pass through the point, which therefore lies on the 
curve Ņ. In this case the two points of intersection of 
$=0 and (1) will be consecutive points, since to each 
such point of intersection corresponds one of the tangents. 
Therefore, the first polars of points on the curve y, 
enveloped by the polar lines of ¢, touch this latter curve. 
The condition that the two curves ¢=0O and (1) should 
touch is of degree m(2n+m—5) in the co-efficients of (1), 
i.e., the condition contains (z’, y’, 2’) in the degree 
m(2n+m—5), which equated to zero gives the locus of 
points (2’, y’, 2’), whose first polars touch ¢=0, i.e., gives 
the curve ¥=0 in point co-ordinates. 


Hence, the order of y is m(2n+m-—5).* 


If, however, $=0 is the Hessian, and w=O is the 
Steinerian, the class and order of Ņ are repectively found 
to be 

3(n—2)(n—1) and 3(n—2){2n + 3(n—2)—5} 
E 3(n—1)(n—2) and 8,n—2)(5n—11). 


But, as shown before, the order of the Steinerian is 
3(n—2)7; this difference is explained by the fact that, 


* The locus obtained contains also the inflexiona!l tangents, since 
at any point on an inflexions] tangent, two consecutive tangents meet 
and, consequently such a point will satisfy the condition of the problem, 
but such tangents are not to be regarded as part of the locus, 


1G 
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when the point (2’, y', z') lies on an inflexional tangent, 
two consecutive tangents through it coincide with the 
inflexional tangent of ¥.* ‘Therefore, the inflexional 
tangents of the Steinerian also occur in the equation 
of the locus obtained, which, however, are not, in general, 
to be regarded as forming the part of a curve given in 
line co-ordinates. 
Hence, we obtain the theorem: 


The locus of points whose first polars touch the Hessian 
is composed of two parts—the Steinerian of order 3(n—2)?, 
and another curve of order 

3(n — 2)(5n —11) —3(n —2)2 =3(n —2)(4n—9) 
which is the product of the inflexional tangents of the 
Steinerian. 

It should be noted, however, that the first polars of 
points on the inflexional tangents have proper contact 
with the Hessian, while the first polars of points on the 
Steinerian have double points on the Hessian, and con- 
sequently there is no contact in the proper sense, although 
the analytical condition for contact is satisfied at such 
& point. 

Therefore the number of inflexional tangents of the 
Steinerian is 3(n —2)(4n —9). 


98. From what has been said above it follows that, 
if the Steimerian has a double point, that corresponds to 
two different points on the Hessian, and conversely, if to 
two different points on the Hessian, there corresponds 
the same point on the Steinerian, it is a double point on 
this latter. But, as can be shewn, the Steinerian has 
§(n —2)(n —3)(8n27—9n—5) double points, and the first 
polar of each double point has two double points on the 
Hessian. 


 ® Two tangents sare also coincident with a bitangent, but they 
are not consecutive. 


r 
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Therefore, there are §(n—2)(n—38)(8n?—9n—5) first 
polars with two double points, and the corresponding poles 
are the double points on the Steinerian. The two nodal 
tangents of the Steinerian are the polar lines of the two 
corresponding points of the Hessian. It can be proved, 
in a similar manner, that there are 12(n —2)(n — 3) first 
polars which have cusps, the corresponding poles are cusps 
on the Steinerian and the cuspidal tangents touch the 
Hessian at those points.* 


99. Theorem: 


The tangent to the second polar of a point on the 
Steinerian touches the Hessian at the corresponding 
point. 

Without loss of generality, we may take A(1,0,0) to 
be a point on the Steinerian and B(0,1,0) the correspond- 
ing point on the Hessian. If f(x, y, #)=0 is the equation 


of the curve, the first polar of A is or =0, and since this 





: 3? ò? o? 
has a double point at B, of , is SL 
must vanish at B, i.c.. a=0, h=0, g=0 at B, where 
@, Os Cs covecs denote the second differential co-efficients of f. 


The equation of the Hessian is— 
H=abe + 2fgh —af? — bg? —ch?=0 


The co-ordinates of the tangent to the Hessian at B, 
since a=0, h=0, g=0, are— 


oe ( bo-/? y. = ( be—f? ). ee (bc-;? ) 
and therefore proportional to— 


oa oe a ; h =0, 
ae Pen? Ge ie., fiiis fire fiia (where < 


y=1, z=0). 
® Clebsch—Lesons sur la Géométrie, Tom II, pp. 87-90. —* 
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2 
= fii 


-". The co-ordinates of the tangent at B to the second 
polar are the values of fii 112, f115 at the point B. 


But the second polar of A is =0. 





Hence the Hessian and the second polar of A have a 
common tangent at B, i.c., the tangent to the second 
polar of A touches the Hessian at B. 

The equation of the curve in this case may be written 


as 
fmay” +by"-'z+cy"-322+y"-3(do x? + 3d, 222+ 


+ 3doxrz? + daz?) + y" Fu, + sere evens =0 
where u, is homogeneous of the rth degree in x and z. 
The equation of the common tangent to the second 


polar and the Hessian at Bis d,x+d,z=0 


Since the second polar of Ais the first polar of the 
first polar of the same point, and the first polar of A has 
a double point at B, from § 85 we obtain the following 

_ theorem :— 


The tangent of the Hessian at B is the harmonic con- 
ss jugate of the line BA with respect to the nodal tangents 
2 the first polar at the point A, 


—* Again, the tangent at A to the Steinerian is — 
pin — =~ harmonic conjugate of AB with regard to the two lines 
— it — — the polar conic of B; and the first bol — 
—* ba * * any point on the tangent touches AB at B. , 

R * * There is no scope for a detailed discussion ‘att 
ovar ious properties of the Steinerian and othe: —— ri * 
eure es, which have been z —— 


MER 
N — 8 Ra a . FAN > * 
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100. The Cayleyan:* 


The line joining the point A (2’, y’, z"), a point on the 
Steinerian, with the double point B (a”, y”, 2") of its first 
polar (which is a point on the Hessian) envelopes a third 
curve, which is called the Cayleyan of the original curve. 
The two points A and B are called the corresponding 
points. 

Thus, the Cayleyan may be defined as the envelope of 
lines joining points on the Steinerian with their corros- 
ponding points on the Hessian. 

The degree of the Cayleyan is 3(n—2) (5n—11), and 
its class is 3(n—1) (n—2). It is in fact a contravariant of 
the original curve. The determination of the order ł of 
the Cayleyan presents some difficulty, and is not conse- 
quently attempted here. 


101. The Class of the Cayleyan: 


Let (z’, y', z') and (a, y", z") be two corresponding 
points on the Steinerian and the Hessian respectively. 
The line joining them is the tangent to the Cayleyan. If 
this passes through a fixed point (£, 7, (), we may take— 


2’ =AE+ px” 
y =An+ py” 
2’=AC+ u” 


Substituting these values of (2’, y’, #) in the equation (1) 
of § 92, we find— 
ufi +A ERM 12 nt idp 1 FAP =9 


uf" +A a+ f a2 N+f'es0=rf'2tAbe2=0 ¢ -.. (0) 


nfa +AU” sr Eth se ntfs) Beal's Apg =0 


* Cayley has studied the properties of this curve for a curve of the 
third order. Pbil. Trans., Vol. CXLVII, 20d part (1957). See also 
Steiner's papers—Crelle’s Journal, Vol. 47. Prof. Cayley himself 
calls this curve the Steiner-Hessian, 

t Clebsch—Lecons sur la Géométrie, T. II, pp. 79-82: 
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whence, eliminating A, ~, we obtain the equations— 
"aps —baf"3 =0 
"sp1 — $3f"1=0 s.. (2) 
Fia- ifa =0 

which give the corresponding values of (æ“, y”, 2"). 

The number of common roots of equations (2) will give 
the required number of tangents which can be drawn from 
E. 7, X) to the curve. But the common roots of the first 
two are (2n—3)2 in number, from which we must exclude 
the (n—1) (n—2) common roots of the equations fa =0, 
$3=0, for they satisfy the first two equations and not 
the third. We must also exclude the case when the point 
(x, y', 2’) coincides with (é, n, t), for that is also a root, 
but is evidently illusory, as it does not give a definite 
result. Hence the number of common roots 

= (2n — 8)? — (n —1) (nm —2)—1 

= 38(n —1)(n —2) 
and any of these roots corresponds to a tangent of the 
Cayleyan passing through (£, ņ, t). 

Thus the Class of the Cayleyanis 8(n—1)(n—2), 

That the class of the Cayleyan is 3(n—1)(n—2) can 
very easily be shown by means of Chasle’s ‘‘ correspond- 
ence formula,’’ which will be explained in a subsequent 


chapter. 

Ea.1. Prove that the Steinerian and the Casyleyan touch the 
inflexional tangents. 

Ez. 2. Show that the equation of the Cayleyan of the cubic 

e+y3423+6mry2=0 is m( +34 C4) + (1—4m3) fnC=0, 

Ezr. 3. Show that the sides of the triangle of reference constitute 
the Hessian and Steinerian of the cuarve— 

(æ/a)" + (y/b)* + (z/e)" =0 

and the Cayleyan degenerates into the vertices, 

Ez. 4. <A and B are two corresponding points on the Steinerian and 


the Hessian respectively. Prove that 
(i) The tangent at A to the Steinerian is the harmonic conjugate of 


AB for the degenerate polar conic of B. 
(if) If AB touches tho Hessian at B, it touches the Cayleyan at B, 
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102. The Hessian passss throuyh all the double points 
on the curve. 


We have seen (§ 72) that the polar conic of a double 
point breaks up into two right lines. But the Hessian is 
the locus of points whose polar conics are two right lines. 


Consequently the double point must be a point on the 
Hessian. 


Or, we may proceed directly as follows :— 


If (z’, y', zis a double point on the curve f=0, we 
have 


f'r=fo=f's=0. 
But, by Euler’s theorem on homogeneous functions, 
zfs t y'i t? fis = (n—1)fr=0 
z'f'g1 +Y'f'22 +2'f'23 =(n—1)fg'=0 
x'f's4 +y'f' 32 +a'f' 33 =(n— Ifa = 


Eliminating (z’, y’, 2’) between these equations, we 
obtain 


Hess fly, fia fis j=0 
f'ai flea fas 
f'sr f'so f'ss 


which shows that (2, y', 2’) is a point on the Hessian. 


103. Every node on a curve is a node on the Hessian 
with the same nodal tangents. 


The equation of a curve, having the origin as a node 
with the axes of x and y as nodal tangents, may be writ- 
ten in the homogeneous form as— 


FP erys"~? + uas"? +... + Ug =O, cea CR) 
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Now, or =yan-2 4 ts a —S+... 


Ər 
S> =ae-2 + Sia SRST 40.5. 7 
oF 


— 


— (n —2)ry2z"—3 + (n—3)u,z"—*+... 
Therefore, we have— 





one = us anne 4 Oe g™-44+.., 
b os a ——— 
ome E = (n—2)(n—3)zyz"-4+... 
i 
3 (n —2)rz"-3 +... 
| g SF = (n—2)ya"-? + (n—3) U8 a2 
J hen tet e*-3 +... 
= S — The equation of the Hessian may be symbolically 





f w * 


abe + 2fgh—af?—bg? —ch? =0 


nd it will be seen that lowest terms in this are of on 

WO. For the orders of the lowest terms in the secon 
* tial co-efficients a, bipi c, — are — 
— 0. l ~ : 

| —9 ‘The order of the lowest terms in abo is 141+ 2=. * — 


7 : -e * ba ’ * @f ag f > ` f < N 
coon £ 9 i ale E — — = often i an = 
pa * he A = á 7 — LAJE sre g Ead EPA eo k - J P 
j -b ter : ad s - 4 7 ‘J aS : 
ir Ai u ; * P - > 4 pA 
` o Sg i i ‘= +> 
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Thus it is seen that the order in the variables of the 
lowest terms in the equation (2) of the Hessian is two, 
and the origin is consequently a double point on the 
Hessian. 

Again, the lowest terms in (2) occur only in fgh and 
ch?, each of which contains xy as a factor. 

Therefore the origin is a node on the Hessian with the 
axes as tangents, which are also the nodal tangents to the 
given curve. 

It is to be noted that a node on a curve counts as six 
of its intersections with the Hessian. (§ 51.) 

Ex. Consider the curve 23 + y?=83arxyz (Folium of Descartes). 

The Hessian is He x) + y+ arys=0, which is another curve of the 


same form, whose loop lies on the opposite side. Both the curves have 
a node at the origin with the axes of z and y as tangents. 


104. Every cusp on a curve isa triple point on the 
Hessian, and two of the tangents at the triple point coin- 
cide with the cuspidal tangént. 

The equation of a curve having the origin for a cusp 
with the axis of y as the cuspidal tangent is— 


Bee rte" ugs" 34 2... +u,=0 


Now, the second differential co-efficients are respectively 
a=22e"-2 +... b= 2 us gu-S 4... 
oy 
c=(n—2)(n—B)ax*2"-* +... 


f=(n—8) Ss — g=2(n —2)zrz"-9 +... 


— a= 
he ay * 


The orders of the lowest terms in the second differ- 
ential co-efficients a, b. c, etc., are therefore O, 1, 2, 2, 1, 
1, respectively. 

= Hence it is seen that the order of the lowest terms in 


_ the equation of the Hessian abe + 2/gh—af?—bg?—ch® =0 


T 


i 
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is three. Thus the equation of the Hessian begins with 
the third order terms, and consequently the origin is a 
triple point on the Hessian. 

Again, the lowest terms occur only in abe and bg*, and 
each of these contains x? as a factor. Hence the cuspidal 
tangent occurs also as two coincident tangents to the 
Hessian at the triple point. Thus the triple point on the 
Hessian arises from a cusp with a simple branch passing 
through it, and two of the tangents at the triple point on 
the Hessian coincide with the cuspidal tangent of the 
original curve, 

It is to be noted that a cusp on a curve counts as eight 
of its intersections with the Hessian (§51). 

Ex. Consider the curve 2(c*+y")=—2ky* (the Cissiod), 
The origin is a cusp, y=0 being the cuspidal tangent. The Hessian 
is zy*=0, which has a triple point at the origin, two tangents at which 
are coincident with the cuspidal tangent y= 0. 


105. A multiple point of order k on a curve is a mul- 
tiple point of order 3k—4 on the Hessian, and the tangents 
at the multiple point are tangents to the Hessian, 

The equation of a curve, having the origin for a multi- 
_ ple point of order k, with the axis of y for one of the tan- 
gents, is 

Fmeoru,_ 2" * +u,, jz"-+-1 4 re +u,=O0, 

The degree of the second differential co-efficients may 
be determined as follows :— 

Where there are two differentiations with respect to 
x or y, the degree of the lowest terms will be k—2; where 
there is one differentiation with respect to z and one with 
respect to x or y, the degree is k—1; and where both 
differentiations are performed with respect to z, the degree 
is k. Thus the degree of the lowest terms will be k—2 
jn a, k—2in b, kin c, k—1 inf, k—1 ing, and k—2 inh. 

Hence the degree of the lowest terms in the equation 
of the Hessian abe + 2/gh —af* —bg? —ch? =0 will be 3k —4. 
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Therefore the origin is a multiple point of order 8k—4 on 
the Hessian. 

Further, the lowest terms in the equation of the curve 
contain z as a factor. Then it is evident that z will be 
a factor in the lowest terms of each of the second differ- 
entials in which no differentiation has been performed 
with respect to x, i.e., x will be a factor in b, c and f. But 
every term of abe +2fgh—af?—bg*?—ch? contains either 
b, c orf. Therefore the lowest torms in the equation of 
the Hessian contain x as a factor, and consequently, z=0 
isa tangent to the Hessian. Similarly, it can be shown 
that all the tangents at the multiple point on the curve are 
tangents to the Hessian.* 


106. Harmonic Polar: 

We have seen (§71) that the polar conic of the origin 
is n(n —1)u, + 2(n—1)u,+2ug=0. If the origin is a point 
of inflexion on the curve, we must haye— 

Ug =O, ta =u] 
Therefore the equation of the polar conic becomes— 
{(n—1) +v,}u,=0 
i.e., the polar conic breaks up into two right lines, one of 
which is the tangent u,;=0, and the otheris the line ` 
(n—1)+v,=0, which is called the Harmonic Polar of the 
point of inflexion. It follows, therefore, that the origin, 
which is a point of inflexion on the given curve, is a point 


on the Hessian. 


* A multiple point of order k on the curve is a multiple point of 
order (3k—4) on the Hessian, and moreover, the two curves have k 
tangents common. Therefore, the point counts as k(3k—4)+k, or 


3k(k—1) intersections (§ 51). But since 3hk(k—1)=6, 
a node on the curve counts as G intersections with its Hessian, the 


multiple point may be regarded as resulting from the union of Mee) 


k(k—1) 
SH SU and 


nodes, a result we have otherwise obtained in $46. 
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107. Number of Points of Inflexion: 


The points of inflexion on a curve are the pointe of 
intersection of the curve with its Hessian, and their num- 
ber is 8Bn(nm—2), when the curve has no singular points. 


Let us examine the conditions when the line joining 
two given points (z, y,z) and (z’, y', 2') intersects the 
curve in three consecutive points. The co-ordinates of any 
point on the line are àx + ux’, Ay + py’, Az + pe’. Substituting 
these values for zx, y, z in the equation f(z, y, 2)=0 of 
the curve, we obtain the equation (1) or (2) of § 63 to 
determine the ratio A:u. If the point (#’, y’, 2‘) lies on 
the curve, //=0, and one value of A: is zero. If further 
A'f'=0 and A‘?/'=0, two other roots will be zero, and the 
line will meet the curve in three coincident points at 
(z’, y', #'). Therefore, inthis case (z2’, y’, z'), which is 
a variable point, satisfies both A’//=0, A’?/'= 

The first condition shows that the point lies on the line 
A'f'=0, i.e., on the tangent at (x', y', z"). The second con- 
dition requires that it lies on the polar conic of (a, y’, 2’). 
Combining these two conditions, it follows that the polar 
conic breaks up into two right lines, one of which is the 

= tangent at the point. Hence the point (z’, y’, 2") is a 
_ point on the Hessian, or, what is the same thing that— 
The Hessian — through the points of inflexionon 
a curve. 
ka r NMNow, the degree of the Hessian is 3(n—2), and there- 
l me * fore it intersects the curve of the nth degree in ‘Bn(n 2) 
| oints. If the curve has no other singularities, this must 
actly be the number of “points of inflexion on the — J yi, 
I * , however, the curve | possesses other singularities, this is 
nu iml per must be reduced. 1 the * 
ho o abscisic of the sion oh nei a nh he ; 3 
1e the equation sada BS. 
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108. Discrimination of a double Point from a Point 
of Inflexion : 


We have seen that the polar conics of both a double 
point and a point of inflexion break up into right lines, 
and consequently both must lie on the Hessian. Therefore, 
it is necessary to devise means of discriminating whether 
a point on a curve is a double point or a point of inflexion. 
There are various ways of doing this :— 


(a) If we transfer the origin to the point in question, 
the lowest degree terms in the transformed equation will 
be linear, if the origin is a point of inflexion; and further 
in this case, the terms of the second degree will contain 
the linear terms as a factor. But if it is a double point, 
the linear terms will be absent from the equation, and the 
lowest terms will be a quadratic. 

(b) The polar conic of a double point breaks up into 
two right lines—the nodal tangents, which are also nodal 
tangents to the Hessian. But the polar conic of a point of 
inflexion breaks up into two right lines, one of which is 
the tangent at the point, and the other does not, in 
general, pass through the point, and the point is a 
single point on the Hessian. 


(c) At a double point (2’, y’, 2‘), we have— 


of =(), of =0, of —o 
ox Oy’ 

while ata point of inflexion these functions do not all 
vanish, but have definite values, and are proportional to 
the co-ordinates of the tangent at the point. 


Re. Consider the curve 2° =y*2. 

This is evidently a cubic, having the vertex 6(0,0,1) as & Cusp, 
with y=0 as the cuspidal tangent, while the vertex B is a point — 
inflexion, with the inflexional tangent #0. The Hessian is — 
sy*=0, which passes through A, B,C, and therefore intersects 
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ae at Band ©. Hence B and C may be either double points or points 
of inflexion. To determine this, we see that the first differential 
co-efficients all wanish at C, and therefore it is a double point, 





evidently a cusp, with the cuspidal tangent y=0, common to the curve 
and the Hessian. Atthe point B, however, 


— 


i.e., these functions do not all vanish at B. Therefore the point B is 
a point of inflexion, with =0 as the inflexional tangent. The form of 
the curve is shown in the accompanying figure. 


109. A Theorem: 
-~ On the polar line of any point A, there are always 


; three different points, of which the first polars have — 


of inflexion at A. 
‘The polar lineo a point A (x', y’, 2") is— P 
po Of ROL oO. TA ella“ —— 
Saintes — +e — =0. | Kae a) 





4 7 > he 
7 rig 


om fest polar of 1 ime 
— ee. og ta 


3 


and it — 3€ es throug! 


Sem ponen 
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The Hessian of F is 


Pit Fi2 Fig |=0 --- (8) 
Bo, Fae Fas 
Fsi F32 Fas 


The equation (3) involves (2#”, y”, 2”) in the third order. 

Now, if A (æ, y', 2!) is a point of inflexion on (2), 
(x", y’, 27) must satisfy (3). Hence, if we consider 
(af, y', 2!) as given, the locus of (2”, y”, 2”) is a curve of 
the third order given by (3). Also (x”, 4”, 2”) is a point on 
the line (1). Therefore (x”, y”, 2") is any one of the three 
points of intersection of the curve (3) with the line (1). 

110. If, however, the point B lies on a curve ¢=0, 
the points of inflexion of its first polar lie on a curve, 
whose equation is obtained by eliminating (2, y”, 2”) 
between the equations (2), (3) and 


$ (2 y", s") =0. 
If, in particular, $ =0 is a straight line 

s+ ny + ia=0 RO 
the eliminant is an equation ©=0 —6 
of order 6(m—2). Since (2) and (4) are each linear and 
(8) is of degree 8 in (2, y”, 2/), © is of degree 3 in the 
co-efficients of (2), of degree 1 in the co-efficients of (3), 
and of degree 3 in those of (4). But the co-efficients of 


(2), (8) and (4) are of orders n—1, 8n—9 and 0, respec- 
tively, whence the order of © in the variables is 


3(n —1) + (8n—9) + O=6(n —2). 


The first polars of all points on the line pass through 
(n —1)? common points, which are the poles of the line. 
But these (n—1)? points are triple points on the curve 
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®=0. For from (2) and (4), the (n—1)* poles of the line 
are given by 

fi : fa : fam: r 
When these are satisfied, the second partial differential 
co-efñcients of © w,.r.t. (x, y, 2 2) vanish identically, i.e., 
A”OS=0, which shows that (z, y, z) is a triple polnt on 
a= 0,* 

If, on the other hand, (x, y, 2) are regarded as con- 
stants in the equation @=0, and 6, », ¢ as variables, the 
equation gives the product of the three linear factors, 
which equated to zero give the equations of the three poles, 
whose first polars have a point of inflexion at (z, y, z). 

If the line envelopes a curve œ (Ë, n, Ù) =0, of class m, 
the (n—1)® points of intersection of the first polars describe 
the curve $ (fi. fo, f3)=0, of order m(m—1). If, in parti- 
cular, the line turns about a point (a, 8, y), the curve 
described is the first polar of that point. 


111. If a curve has 6 nodes, the number of its points 
of inflexion cannot exceed 3n(n—2) —6é. 

The Hessian of a curve passes through all the double 
points and points of inflexion on a curve, and it intersects 
the curve in 3n(n—2) points, which include all these 
singularities. But a node on a curve counts as six among 
the intersections of the curve with its Hessian (§ 103), 
and therefore the 6 nodes are equivalent to 68 intersec- 
tions. Thus, the remaining 3n(n—2)—66 intersections 
give only the points of inflexion. 


412. Ifa curve has x cusps, the number of its points 
of inflexion cannot exceed Bn(n —2)— 8x. 
Since each cusp counts as eight among the intersec- 


tions of a curve with its Hessian (§ 104), the x cusps are 
_ equivalent to 8x intersections, and the Hessian —— 


*Clebsch, Leçons, Tom IT, p. 20. 


"ya, ` 
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+ 
the curve only in Bnin —2)—8x other points, which are the 
points of inflexion on the curve, 
Combining this with the result of the preceding article, 
we obtain the theorem : 
If a curve has 6 nodes and x cusps, the number of its 
points of inflexion cannot exceed 3n(n —2) —645—Bx. 


Er. 1. Form the Hessian of the curve t?z? + y?)—=a?y?, and find 
the points of inflexion, 
Cy*(Q2*—2*y* + atz? + a*y*) =O) 
Er. 2. Show that the curve ary + a?=23 has a point of inflexion at 


the point where it cuts the axis of z, and show that the tangent at the 
point of inflexion is inclined to the axis of z at an angle tan~' 3. 


(Hessian 32)—3a9+azy—0.] 
Tangent at (2,0) is y=3r, when origin is transferred to the 


Point fa, 0). 
Ex. 3. Find the inflexions on the curve— 


5 
y _ z? —— x 
c 9a” a 








Ezr, 4. Show that the inflexions on the cubic (2£*+a")y=ate are 


given by z=0 and r= +a3. 


Ex.5. Find the points of inflexion on the curves— 
s (i) 2r(z° + y") = a(2n" +y?) (ii) I+ yat, 


(iii) zI + (a—y)x* +a*y + at=0, 
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POLAR RECIPROCAL, AND OTHER DERIVED CURVES. 


113. Point Reciprocation: 


In Chapter I, we have enunciated the general prin- 
ciples of reciprocation.* The theory of point reciproca- 
tion has been fully discussed by Salmon in his Treatise on 
Conic Sections, Chapter XV, and therefore it is not neces- 
sary to enter into a detailed discussion of the theory in 
the present work. We shall here study the properties of 
polar reciprocal curves mainly with reference to their 
singular points. At the outset, however, it is useful to 
recall the following definition: 

Suppose we have a certain conic, called the base-conic. 
The locus of the pole, w.r.t. the base-conic, of any tangent 
to the given curve S is called the polar reciprocal S’ of S 
with regard to the conic. The relation between S and S’ 
is reciprocal, one being derived from the other by the 
same process. 

Let f=0 be the base-conic, and S=0O any given curve. 

Let the equation of a tangent to S be written in the 
form 

p=z cos aty sin a ‘se (1) 
and the condition that this linc touches the given curve 
be written in the form 

p= gla) — CEH 

If now (x', y’) be the pole of this tangent w.r.t. f=0, 
the tangent (1) must be identical with the polar line of 
(æ', y'), i.e., with 


wf',+yf'y tef =0 --- (8) 
. Cosa —fe and BO2— =5ft 
* p ide p 


* Poncelet, Memoire sur la theorie generale des polaires reciproques, 
etc. Orelle, Bd. IV. (1829), pp- 1-71. 
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2 52 , 
=A + fly » and tan a= fe. 
£ 


Therefore, the locus of (x’, y'), i.e., the polar recipro- 
cal of § is 
i 28 fing Kad Be {¢ (tan-1/+ ) } : 


The base f=0 may be any conic—a Gircle for example, 
and a point-circle, in particular ; and in that case, the 
reciprocal is said to be taken w.r.t. the circle. 

In this case we may define the polar reciprocal curve 
in a different manner as follows: 

If OP be the perpendicular from the pole upon the 
tangent to a given curve, and if on OP, or OP produced, a 
point Q be taken such that OP. OQ=k? (const.), the locus 
of Q is called the reciprocal polar of the given curve with 
regard to a circle of radius k and centre at O. 


It is evident from this definition that the polar recipro- 
cal curve isthe inverse of the first positive pedal of the 
given curve. 


Ex. 1. Find the polar reciprocal of the curve 
(n/a) +(y/6)"=1 


with regard to a circle of radius k und centre at the origin. 


The condition that the line — cos a+y sin asp is a tangent to 
the curve is— 


(a cos a) — +(b sin a)" =p — 


If now r denotes the radius vector of the reciprocal polar, we have 
pr=k*, and substituting the value of p in the above condition, we obtain 


(a cos a) €T +(b sin a) =T =(k*/r) == 


ARA (az) zzi + (by) =i — —160 
* 
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If, in particular, m=, the polar reciprocal of the ellipse 
z*fa%4+y7/b*=—1 
is found tobe atx? +h?y*=—kt, 


Er. 2. Show that the polar reciprocal of the curve 2"y* = a~*" with 
regard to a circle whose centre is at the origin is another curve of the 


same kind. 
. -=ar Ñ 


Er. 3. Show that the polar reciprocal of the curve r~=a™ co smê 
w.r.t, the byperbola r*cos 20=a* is— 


— m — 
m+l 


Ezr. 4. Prove that the reciprocal of the same curve w.r.t. a circle 
with centre at the pole is of the form in Ex. 3 i ] 





114. Polar Reciprocal in Homogeneous Co-ordinates : 


Theorem. If $ (€, 7, )=0 be the tangential equation — 
of acurve, the point equation of its reciprocal polar with — 
respect to the imaginary circle x?+y?+z2?=0 is — 


d(x, y, 2)=0. 

Let é2+ny + (z=0 be a tangent to the curve, and let 
‘iat, y’, 2’) be its pole with respect to 2?+y? +2%=0, — 
Therefore, the polar of (2’, y', z’), ee rt! +yy! +22'=0 — 





must be identical with £r+ny+lz= * — 
i .€., we must have | — ri 
| Sg ee “ST ee 
— — * Ge i? 
Af ete 
a aL 


v4 

pee ; Sa — consequently, oe’. y’, 2')=0, ie., the Jocus of the 4 

— (z', y', 2") is the curve d(x, y, z)=0, — is the — 

iprocal polar of the given curve. 3 ra — 

a — T hus. if m be the degree of the “tan squation c | 

— rve, the degree of cass A polar ve 
But the degree of ——— a curve is > 


TA. S 


t- Ti qual to it: —— adri 
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Therefore, the degree of the reciprocal polar of a 


curve is equal to its class, and vice versa. 
The conic x? + y? + 2?=0 is called the base-conic. 


It is to be noticed, in particular, that if the condition 
that the line z+- touches a curve be put into the 
form (£, ()=0, i.e., if the tangential equation of the curve 


be (£, ()=0, then its polar reciprocal with regard to the 
parabola 27+2y=0 is (az, y)=0. 


Ee, 1. Fiod the reciprocal polor of the curve 2(z*—ry)=zy(z+y) 
wer.t, c2+y* +72 =O, 


Es 2. Prove that the polar reciprocal of lt, n, (}=0 with respect 
to the buse-conic 


ar? +by* +cz* + 2fyz + 2gzz + 2hzy=—0 
is plar + hy +gz, heor+by+fe, gr+fy+cz) =O. 


Er. 3. Show tbat u conic and ite reciprocal have, in general, 
a common self-conjugate triangle with the base-conic. 


115. Tangential Equation derived from Point-Equation. 


Let f(z, y, 2)=0 be the equation of a curve, and let 
éz+ny+z=0 be a tangent to it at the point (z’, y’, 2’). 
Then this line must be identical with 


ð © a = 
x +y gh yia =0, 
which is the equation of the tangent at (7’, y’, ="). 
We haye €: 9: =f: fa: fs 6 
Since (2’, y’, 2’) is a point on f(z, y, #)=0, we have 
| f (=, y’, 2) =0 icy ete 


Eliminating (a’, y', 2’) between equations (1) and (2), we 
obtain the required tangential equation of the curve. 





142 CHAPTER VI 


But, by Euler’s Theorem, 
SH of i Ə g $ d 
T aw Y Sy it * =nf(x, y, 2')=0 ... (9) 


Therefore, the process is simplified, if elimination is 
effected between (1) and (3). We thus obtain the tangen- 
tial equation in the form P(E, y, 0) =O. 


Second Method : 


Eliminating one of the variables z (say) between the 
equation of the curve 


f(x, y, z2)=0 eve ÇE) 
and fx +ny+te=0 seme) 


we obtain the equation of the lines— 

f (x, y, —(€x+ny)/t)=0 con. CB) 
which join the vertex C(O, 0, 1) of the triangle of refer- 
ence with the intersections of (1) with (2). 


If the line (2) touches the curve (1), two of the lines 
(8) will be coincident, and the equation (3), regarded as 
an equation in s/y, will have two equal roots. Hence the 
discriminant of (3) will vanish, and this gives the tangen- 
tial equation of the curve. 


Ex.1, Find the tangential equation of the cubic z* +y’ +z*=0, 


First Method :— 


We bave— Esa: C=z'* = y’* : d 
and also Er’ + ny + (2 =0, 
But, s=, y = + Vn, zm + JE, 
+h tni t=O; 


or, rationalising, we obtain— 
pac? +n? + 0° —2¢9n® Eg =O 
which is the tangential equation required. 
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Second Method -— 


Eliminating z between the two equations, we obtain— 
TIE — ÇI) + SE*nzty + 3n try? + (4 Oy = 0. 
The discriminant of this is— 
C°(E9 4 42? —¢9)2 men e, 
But, (=O does not make the line a tangent, and consequently, the 
factor ° is irrelevant. Hence the tangential equation is— 
(£9 + n*—¢*)? om TE 


which is the game equation as above. 


Ez. 2. The tangential equation of the parabola y* =4ar is— 


an?’ = &¢, 


Er. 3. The tangential equation of zs + * =g z5 is found to be 
(E? +g’) Et = atetn®, 
Ex. 4. Find the tangential equations of the following curves :— 
(i) 3(x + y)? =x? (i) irt +y*) =. 
(iit) (2° +y*)5=a(32°y— y”). 


Wrz. 5. Find the tangential equation of the circular points. 


116. The Point-Equation derived from Tangential 
Equation : 


Let (Ë. 7, ()=0 be the given tangential equation of a 
curve, and x+ ny +(2z=0 be a tangent to the curve drawn 
from any point (x, Y, 2). 

If ¢ be eliminated between these two equations, the 
resulting equation will determine the co-ordinates of the 
tangents which can be drawn from (x, y, =) to the curve. 
Now, if the point lies on the curve, two of these tangents 
must coincide, i.e., the resulting equation should have a 
pair of equal roots. 

Consequently, the discriminant f(x, y, =) must vanish, 
which gives f(z, y, #)=0 as the point equation of the 
curve, 
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Second Method :— 


Let (x, y, z) be a point, and €', n',t! be the co-ordi- 
nates of its polar line, But the pole of the line (£/, n’, X") 














is— 
Əb in Ob p Oh _ E- 
foe +1 y +o oe 0 * x 
* r:y:2=-Oh , od . ob — į 
— — — 
Also, £’ ae to 2 +0 = =mo(é’, n', ag —() | J 


where m is the degree of 9, since the line (£/, 7, oN ve 

touches the curve. As 
Eliminating (£', n’, Ù) between these — ae pd 

obtain the locus of (x, y, z) in the form f(z, y, z)=0. 


Ex. 1. Form the point-equation of the curve whose dhngencist. © * 
equation is =f? +n*+C=—0. grad 





Eliminating ¢ between this equation and f2+ny+(s=0, we Shy 


(z3 — 2?) + BE* yxy +3 ry? + (y? — zm =O. 


The discriminant of this is— j 1% aed 
2% (x? +y’ — 2’) = drys". r by 





But, evidently & + ny + Cz=0 is not a point on the curve, if z=0. 










ze + y°+ +z? —2r*z" —2y°2° —22%7" =O, 
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For, eliminating ¢ between the given equation and & + ny + (<z=0, 


we cbtain— 
1*2 — 27n Ex —27 yy =O 


the discriminant of which is z*—y*z. Hence the point-equation is 
r= y’, and the order of this curve, which is of class 3, is also 3. 
Ex. 3. Find the point-equation of curves defined by the following 
tangential equations :— 
(i) On + 4(E =n)’ =O, (it) (ET +a et =a? EF n’. 
(iii) 27a*n* C+ Alat + O* =O, 


117. Principle of Duality: 

By a comparison of the examples in $ 115, 116, it 
is seen that the class of a cubic may be as much as 6, or 
as little as 3; and conversely, the degree of a curve of 
class 3 may be either 6 or 3, Hence. in general, it follows 
that the class of a curve does not depend solely on its 
order, nor its order upon the class. Further, it is seen 
that if f(x, y, #)=0 is the point-equation of a curve whose 
tangential equation is (&, 7, ()=0, then f(E, 7, () =O is 
the tangential equation of a curve whose point-equation is 
dia, Y, 2)=0, and the class of a curve is the same as the 
degree of its tangential equation. 

Now, corresponding to the locus f(z, y, #=)=0, there is, 
by the Principle of Duality,* an envelope /f(£, », ()=0, and 
the point-equation of this, found by the above method, is 
d(x, y, 2)=0. Instead of discussing the two equations 
f(a, y, =)=0 and ¢(& 9, ()=0 of the same curve, we 
may conveniently consider two distinct curves f(z, y, #)=0 
and $ls, y, <)=0. -These two curves are called Polar Reci- 
procal curves. The relation between them is a reciprocal 
one, i.c., the one can be obtained from the other in the 
same way as the latter is from the former; and the line 
and point properties of one are exactly the same as the 
point and line properties of the other. 


* Plicker, “ System der Analytischen Geometrie (1835). 
19 
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118. Theorem: 


Anode ona curve corresponds to a bitangent on the 
reciprocal curve, and vice versa. 


Through a node there pass two branches of the curve, 
with a distinct tangent to each. ‘Thus the point may be 
regarded once as belonging to one branch and once to the N, 
other. Therefore, the polar lines of these two points are 
two corresponding tangents to the reciprocal curve, which 
become ultimately coincident. The nodal tangents corres- 
pond to two distinct points on the reciprocal, the tangents 
at which become ultimately coincident. Thus, the nodal 
tangents with their coincident points of contact reciprocate 
into two distinct points on the reciprocal curve, with the 
tangents at those points coincident. Hence, a node corres- 
ponds to a tangent of the reciprocal curve, which touches 
it at two distinct points, i.e., is a bitangent. 


Note. Since a conjugate point is a real point with imaginary 
tangents, the polar line of the conjugate point isa real tangent with 
imaginary points of contact, Li 

Hence, a conjugate point on a curve corresponds to a real double A 
or bitangent of the reciprocal curve with imaginary points of contact. s 


* 


119. Theorem: 


A cusp on a curve corresponds to an in flexional * 
geni on the reciprocal curve and vice verså. } 





At a cusp, the two branches of the curve have a com- 
mon tangent. Let P be the cusp, and PQ the cuspidal 
tangent. From any point Q on the tangent, we can i 

pei 4 draw two other tangents QT, QR, one to each branch of the — — 
Srna curve. The reciprocals of these three ap 
bi tangents will be three points on the reciprocal cu: — is 
| which a are collinear on the polar of Ms eels 
- Q mov up to coincidence with P ; — er s 
E oincid e with the c cus] eg tangent, and the thr vorri eB- 

OIT - becon * | — ur ree consect d: 

ponding p pi oint * e coll * — SA ree co by it tive 
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points on the reciprocal curve are collinear. Therefore 
the tangent has a contact of the second order, and con- 
sequently, the cusp corresponds to an inflexional tangent 
on the reciprocal curve. 

Second Proof: 

At a cusp the moving point turns back along the 
tangent, i.e., it changes its sense of motion in the direction 
of the tangent, Therefore, in the reciprocal curve, the 
enveloping line changes its direction of motion about 
its point of contact, i.e., the line becomes stationary for 
& moment before the sense of its motion is changed. 
Therefore it is an inflexional tangent, and the point of 
contact corresponds to the cuspidal tangent. 

Thus we see that a cusp and an inflexional tangent 
are stationary elements, while the node and the double 
tangent are simply double elements.* 


120. Theorem: 

If a curve of order n has & nodes, the degree of ils 
reciprocal polar is n(n—1)— 26. 

We have seen that the reciprocal of a curve of order 
nis, in general, of degree n(n—1), this being the number 
of tangents that can be drawn from any point to the 
curve, and this is equal to the number of intersections 
of the curve with its first polar. If, however, the curve has 
a node, the first polar passes through it, and the point 
counts as two among the intersections of the curve with 
its first polar. But the line joining the node to the pole 
is not to be reckoned as a tangent. Thus the number 
of tangents which can be drawn from any point to the 


* At a tacnode, two distinct branches of a curve touch, and 
have a common tangent and a common point, Therefore, in the 
reciprocal curve there are two branches having a common tangent at a 
common point, ñe., to a tacnode corresponds a tacnode on the reciprocal 
ource. 


a 


<< 
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curve is diminished by two for every node on the curve. 
Therefore, if there are 6 nodes, the number of tangents 
is diminished by 26, and consequently this number 
reduces to n(m —1)—26; or, in other words— 

The degree of the reciprocal polar curve is n(n —1)—28. 

121. Theorem: 

The degree of the reciprocal of a curve with k cusps is 
n(n —1)—Bk. 

When the curve has a cusp, the first polar of any point 
not only passes through this cusp, but also has its tangent 
the same as the cuspidal tangent (§ 85). ‘Therefore, the 
cusp counts as three among the intersections of the curve 
with its first polar. Consequently, the number of inter- 
sections is diminished by three for every cusp onthe curve, 
and this diminution amounts to 3« for the x cusps on the 
curve. Hence, the degree of the reciprocal curve is 
n(n —1)—Bx. 

* Combining this with the preceding theorem, we 
obtain the following :— 

The degree of the reciprocal polar of a curve with a 
nodes and x cusps is n(n —1) —28—3x. 


122. Theorem: 

If a curve has a multiple point of order k, the degree 
of its reciprocal polar curve is n(n—1)—k(k—1). z 

We have seen that a multiple point of order k on a 
curve is a multiple point of order k—1 on the — 
($ 86). Therefore, the multiple point counts as k(k—1) È 
among the intersections of the curve with its- first polar, 
Consequently, the number of remaining intersections is 
Tac l ee Same ees is the bg dies 3 the reciprocal Se. 
— jolar curve. no a : eee pa. 

| i st 12 A — point of ‘order IP is equis — 
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123. Envelopes: 


If the equation of a curve involves a variable 
parameter, we obtain a series of different curves by giving 
different values to the parameter. All these curves touch 
a certain curve, which is called the envelope of the 
system. 

Each curve is intersected by the consecutive curve in a 
set of points, and the locus of these points is called the 
envelope. 

Let f(x, y, z, A)=0 be the equation of a curve, which 
contains a single variable parameter A. The parameter 
* of a consecutive curve may be taken as A+ 6A, and it may 
be represented by the equation f(x, y, z, A+6A)=O0, or 
filz. Y, z, A, 6A)=O0. Therefore, the equations f=0 and 
f, —f=0 determine the co-ordinates of the points of inter- 
section of two consecutive curves. 


But fy =I + ey 1 OA tete. 


< fy-f= = oF 8a + etc. 


where 5A is infinitesimal, and therefore its higher powers 
may be neglected. Therefore the equations 


f=0, and ot =0 


determine a set of points depending on the parameter A. 

Eliminating A between these two equations, we obtain 
the equation of the locus of all points of intersection of 
consecutive curves of the system, which is the equation of 
the required envelope. 

It may so happen that f is an integral and rational 
function of A. In that case the above process is evidently 
equivalent to forming the discriminant of f regarded asa 
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function of A, and then equating it to zero. Thus, if the 
quantic f, arranged in powers of A, be written in the form— 


aà” +nbA"-1 + ino) cA" + etc.» s.s (1) 


where a, b, c...are functions of (x, y, 2), then the discri- 
minant of (1) equated to zero will give the envelope. 

If the curve f (x, y, 2, A)=O passes through a fixed 
point (x’, y’, š"), we have f (x', y’, z', A)=0, and if this 
equation is solved for A, there are found n values of A, 
corresponding to each of which there is a curve of the 
system, and consequently, n curves of the system pass 
through any point. When, however, the point lies on the « 
envelope, two of these curves coincide. 


Ez. 1.. The system of circles (r—A)?+y*=r,2 where A is a 
parameter, has its centre on the axis of z. The envelope of this system 
is determined from 2 (x—A)=0, f.g., 2=A, which gives for the envelope 
y?=r?, or, y= +r, ie., two lines parallel to the locus of centres. 


Ex. 2. The equation of the normal at any point (a cos 6, b sin @) on 


the elli 
* “a +y”/b°=1 
= OY gbi — 
is =<) Paws a?—b (1) 


which iovolyes æ parameter 8. 
Differentiating (1) with respect to 0, we obtain— 
ax sec Ê. tan Ê+ by cosec @. cot @=0, or, ax sin’? + by cos’ =0... (2) 


Eliminating @ between (1) and (2) we obtain the equation of the 
envelope in the form— Ss 
(ax)? + (by )* = (a?—b4}, 

which is called the evolute of the ellipse. * 
Ex, 3. To find the envelope of at” + bt’ +c=0 Bora. 

_ Differentiating with respect to t, we obtain nat"~* + pour» a | ee 
TA t'a ee 


we of t in the equation we —— the 
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Ez, 4. To find the envelope of the chords of curvature of the 
points on a conic, 


The equation of the chord of curvature of the conic zija? +y7/b7=1 


is z. cona- sin a=cos 2a 
a 


and therefore, the envelope hecomes— 


(Zega y ra(z -g -4 


Ezr. 6G. Find the envelope of a circle of constant radius, whose centre 
moves on a given conic. 


Let 2?/a* + y2/b?=1 be the given conic, and (z—a)? + (y—,)?= +? be 
the circle, the centre (a, 8) moving on the conic. 
Then we may write a=acos 6, B=b sin ô. 
The equation of the moving circle now becomes— 
(a? —b?) cos 20—4ar cos @—4by sin 04 2(x? + y?) + a? + b7—Or? =O), 


The envelope can now be found as already explained, and is called 
the curve parallel to the conic. 


124. The Case of two Parameters: 


It often happens that the equation of a curve contains 
two or more parameters connected by an equation or 
equations. In order to determine the envelope we make 
use of the method of indeterminate multiplier, the 
principles * of which we shall presently explain. 


Let the equation f (z, y, =, A, »)=0 of a curve contain 
two parameters A, u connected by a relation ¢(A, «)=0. 


Then we have 


fF, Ff a O and a + 5 0. 


GA Gu * OA aA 


* The subject properly belongs to the province of Diferential Geo- 
metry, and the student is referred to Edwards’ Differential Cale., 
Chapter XI, for fuller treatment of the subject. 

Bee also Cayley, Collected Works, 
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© 


Eliminating =$ between these two equations, we obtain— 


OA On 
ob = | 
OA Op » 


The envelope is obtained by eliminating A and be— 
tween the equations f=0, ¢=0 and y=0. 

We may eliminate one of the parameters between the 
given equations, and then obtain the envelope by the 
method of the preceding article. 


* A similar process is followed in the general case, when 
the k parameters in the equation of a curve are connecte 
by k—1 relations. In this case the envelope is obtained 
by eliminating the k parameters and k—1 indeterminate 
multipliers between the 2k equations. The method may 
be best explained by means of a few simple illustrations. — 


>a a g 


3 
Ex. 1. To find the envelope of lines which cut off intercepts co Sip 
the axes, the sum of which is constant. — * 


‘The equation of the line making intercepts a and on the axes — 
* W =] : — 
te * — 





Vis 
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Substituting for a in the equation of the line, we obtain— 


b= rip oe +y=> + Sry +y. 
x 


x — — 
—— y (+t Vey ty) + (+ Yay +y) =k. 


Or, (z+ xy) + (+ /cy+y)—k. 
EF (vs +y )? =k 


-. Theenvelopeis vr vy= + vk. 
Ex. 2. Find tbe envelopə of 
i S E 
— = 
a b 
where a and b are connected by the relation ab—const. 
Differentiating the two equations, we obtain— 


* get: ge and b+a. Gb mo, 


cs ~ mAb and * =Aa, where A is an indeterminate multiplier. 


Multiplying these by a and 6 respectively, and then adding, we 
obtain— 


z + + = A(ab + ab) =2Ac (say) 
> 


whence I =2Ac; and consequently A= Z 


^ 2cgz=a"b and 2ey=ab" 
and since ab=c, we have 2r=a and 2y=—b, 
^ 4ny=ab—conat. 


The envelope is @y=—const., i.e., a hyperbola. 


i Ez. 3. The envelope of polare with respect tothe circle z? + y? = Qaz 
of points which lie on the circle @?+y?=2br is 


| {(a—b)x + ab}2=b2{(2@—a)? + y?} 
20 
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125. We have seen that when the equation of a curve 
contains A in the nth degree, 


t.e., when fear” +nbar-t4 MAA cA"~2 +...=0 


where a, b, c,...are functions of the co-ordinates, the 
envelope is obtained by equating to zero the discriminant* 
of f. Thus, for n=2, 3, etc., we have for the envelopes 


ac —b2=0 
a“? +4dac* + 4b%°d—G6abcd —8b2c2=0, ete. 


It will be noticed that the degree of the envelope is 
2(n— 1) in the co-efficients a, b, c... 

Hence, when a, b, c... are linear, the degree of the 
envelope is 2(n—1). 


The simplest of these cases is the envelope of 
AA? + 2BA+C=0 


where A, B, C are all linear functions of the variables, so 
that the equation represents a right line. 
Eliminating A between 


AA?+2BA+C=0 and AA+B=0 


we obtain for the envelope B?=AC, which is a conic. 


When A, B, C are expressions of the second degree, the 
envelope B?=ACisa curve of the fourth degree, and so on. 


* It has been proved by Prof. Cayley that the discriminant, in 
general, contains other loci besides the envelope. In fact the complete 
envelope of the variable curve consists of the properenvelope as 
explained above, together with the locus of the nodes of the variable curve 
twice, the locus of the tusps thrice, the envelope of the double tangents 
twice and the envelope of the stationary tangents thrice, 

Cayley, Messenger of Mathematics, Vols. IZ and XII. See alao 
Henrichi, Proc, of the London Math. Soc., Vol. II; J. M. Hill, ibid, 
Vol. XIX , ond Salmon, H, P. Curves, § 89 (a). 


1 


. 
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Otherwise: The equation AA? +2BA+C=0 may be 
regarded as a quadratic equation to find the values ofA for 
the two particular members of the family, which pass 
through a given point (x, y). When (æ, y) is a point on 
the envelope, these two members must coincide, and 
consequently, the quadratic in A must have two equal 
roots, and the locus of such points is therefore B?= AC. 


Er. 1. The envelope of « cos 6+y ain @= Wa? cos?0 +b? sinte is 
22/a*+ y7/b%—1 
For, the equation can be put into the form— 
r+y tan = a? + b? tan? @ 

or, clearing the radical, <? + y? tan? 0+ 2zry tan @=a7+ b? tan? 
$.€., (y2—6?) tan? 0+ 22y tan @+ (2?—a*)=0. 

This, as a quadratic in tan @, has two equal roots, if 

4a2y? = 4(22 — a?)(y2—b*), ien, z?/a? + y2/b2—1. 
Ex. 2, Show that the envelope of the lines— 
x cos ma=y is ma—aleos na) = 

where a is the arbitrary parameter, is the curve— 


— — 4 
p=» ma=-"* cos ———- «40, 
m—n 


Ex. 8. Circles are described having for diameters the radii vectors 
from the origin tothe curve 23 +y%=3azx". Prove that their envelope 
is the inverse of a semicubical parabola (Oxford, 1888). 


Ex. 4. An equilateral triangle moves eo that two of ita sides pass 
through two fixed pointa FP and Q. Prove that the onvelope of the third 
side ia a circle. 


Ex. 5. Find the relation between @ and b, when the envelope of 
the line t/a+y/b=—1 is tha curve 2ryt=krt*, 
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126. Evolutes: 


The evolute of a curve may be defined as (i) the 
envelope of its normals, (ii) the locus of the intersection 
of consecutive normals, (iii) the locus of the centre of 
curvature at each point of the curve. 

It is clearly seen that these definitions can be deduced 
one from the other. 

In order to obtain the evolute of a curve, we generally 
take the equation of the normal at any point of the curve 
and then find its envelope. The same may be found by 
finding the co-ordinates of the centre of curvature at any 
point, and then determining the locus of the centre of 
curvature. 

The methods will be best illustrated by means of the 
following simple examples: 


Ex. 1. Find the evolute of the parabola y?=4av. 
The normal at any point (at*, Zat) on the curve is— t 
tz + y=—2at + at? oe a) ' a l 


To obtain its envelope, we differentiate it with respect to t, and thus ge a yi in 

© = Sat? + 2a = (2) 
‘Eliminating t between (1) and (2), we obtain— a 
— 27 ay?— 4(z— 2a)? i * 


a as the equation of the evolute of the parabola. 
pA — Ee, 2. Find the evolat of tis allipis. złja? aleat aAa E 
— z | ‘Phe normal —— — i (a c cos 8, Se 8) te 
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Ex, 3. Find the evolute of the Oissoid = (2? + y?2)z=—ay? 


Writing the equation in the form (a—zx)y?=2z!, we may express the 
co-ordinates of any point on it in the form— 


eee. yee! 
(L + 6) atl + g?) 
The equation of the normal is, therefore, 
2632 + (1 + 302) y = <a? . 
— 28lr + 90° y — 26724 + ay —a =O. 


The discriminant of this is found to contain (z + ja)? + y? as a factor, 
the remaining factor, therefere, gives the proper evolute, namely, 


yt + =z ay? + pe als =Ù, 


Er. 4. To find the evolute of the curve given by r=ct, w=c/t. 
The centre of curvature at any point (t) is given by 
s =é(3t* + 1)/225, y = o(t! + 3)/2t, 


Kliminating t between these, we obtain the equation of the evolute, 


127. Normal of the Evolute: 


The following construction for the normal of the 
evolute is useful : 


Let I and J be any two finite points in the plane. 
Then, if the tangent at any point P of a curve meets ILJ in 
M, and if M’ be the harmonic conjugate of M with respect 
to I, J, then the line PM’ may be regarded as the normal. 
From this it follows at once that if the point P be on the 
line IJ, then PM’ will coincide with that line. But when 
P coincides with either I or J, the points M, M’ coincide, 
and the normal coincides with the tangent. 


Therefore, when I and J are circular points ati infinity, 
and P is a point on IJ, the normal at P coincides with the 
line at infinity, and if the curve passes through either of 
the circular points at infinity, the normal coincides with 
the tangent. 
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128. When a curve is defined by its tangential equa- 
tion, the line co-ordinates of its normal, and consequent- 
ly the tangential equation of the evolute, can be easily 
obtained. 


Let #(€, n, X) =0 be the tangential equation of a curve. 
Then; if (€’, n’, () be the line co-ordinates of any tangent, A 
S E: ee) 
saat EE P 2c = sa 
E ae + Ga + baer =° (1) 
is the equation of its point of contact. 


Let ¥=0 be the equation of a pair of points, I, J, then 


E = +n 3 +6 SE =o (2) 

is the equation of the pole of the given tangent with 

respect to IJ, i.e., if P is the point where the tangent 

meets IJ, then the harmonic conjugate Q of P with res- 

pect to I, J is given by (2). If now I, J are the circular 

points at infinity, equation (2) gives the point at infinity 

on the normal. z 
Therefore the two equations (1) and (2) determine the 

line co-ordinates of the normal. If, therefore, £',n/,U be 

eliminated between the equations (1) and ( 2) and the ` 

equation of the curve, we obtain the tangential equation 

of the evolute. — * 
The equation of the circular points at infinity is 

7+ 47 =0. 


Then Ẹ — — De =0 z J — A 


. D j Wa y ' bee 


—* ze As 


= The tne eatin a me , — ni eis — 
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which ive = — — ae 
gi EE’ nn — 


Since (. n’) satisfy the equation of the conic, we must have— 
alge’? + biy], 
Eliminating between these equations, the required evolute is 


Ci bla (ai b2)2, 
zi 


¿g 
Be. 2. Find the tangential equation of the evolute of the parabola 


an? = &¢. 


Ee. 3. Obtain the evolute of z* + y? = a5, 
Any point on this curve is 2—a cosð, y=a aint. 


The normal at that point is © cos @—y sin @= a cos 20, 


The envelope of this will be (+y)? + (x—y)* =2a* » which is 


the required evolute. 


129. Caustics: 

There is a class of curves, called Caustics, the investi- 
gation of which, although originally suggested by the 
science of optics, belongs purely to the theory of curves. 
The subject formed one of the earliest questions discussed 
in connection with envelopes,* and as such we shall dis- 
cuss here some of the simplest and interesting cases. 


Definition : 

Let P be a point in the plane of a curve, which may be 
considered as the boundary separating two optical media. 
If a ray of light from P be incident on the curve, the 
reflected or refracted ray envelopes a curve which, in 
general, is called a Caustic—Katacaustic in case of re- 
flection and Diacaustic in case of refraction. 


* The subject was introduced by Tachirnhausen, Acta Eruditorum 
(1682), referred to by Gregory, Examples, p. 224. 
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Gergonne * has proved that each katacaustic is the 
evolute of an algebraic curve which, according to 
Quetelet ł is called the Secondary Caustic or Anticaustic. 


Quetelet has given a practical method by which 
caustics may be regarded as evolutes, and in fact, he 
gives the following construction: 


If with each point successively of the reflecting curve 
as centre, and its distance from the radiant point as radius, 
we describe a series of circles, the envelope of all these 
circles will be a curve, the evolute of which is the kata- 
caustic required. 

In alike manner, Quetelet has given the following 
theorem : . 

If with each point successively of the refracting curve 
as centre, and a length in a constant ratio to its distance 
from the radiant point as radius, we describe a series of 
circles, the envelope of all these circles will be a curve 
whose evolute is the Diacaustic. 


130. Equation of Katacaustics: 


Let F(x, y)=0 be the equation of the reflecting curve, ; 
« and P(.c’, y') be a luminous point in its plane. E 


Let Q(a, 8) be the point of incidence of a ray on — * 
curve F. If then T=0 and N=0 be the equations of the ey ns! e 
‘tangent and normal to the curve at Q, the equation of the te 
~~ incident ray PQ may be written as T+AN= 0, which is h 
— satisfied by (z’, y’), ie. PQ is the line TN’ —T’N=0, —— * 
yas and N’ are the results of substituting ayy! for z ane y 
— in T and 1 08 mp, — "S — * 

, reflected ray are equ 7 ly i 

sfore, the poterisi i ; is the sas i 


{ 
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fourth harmonic to the three lines, viz., T, N and TN’ — 
T'N. Hence the equation of the reflected ray is— 
TN/+'T’/N=0 
which involves (a,f) as parameters connected by the re- 
lation Fla, B)=0. 
Thus, by the usual method we can now determine the 
envelope of this reflected ray which is the Katacaustic. 


Ex. Caustic by reflection of s straight line : 
If the reflecting line be taken os the z-axis, and the radiant point P 
© taken on the y-axis at a distance a from the origin O, then it is 
evident that the reflected rays all pass through a fixed point Q on the 
y-axis on the other side at a distance a from O. Q is said to be the 
reflection of P about the line. 


131. Caustic by Reflection of a Circle: 


The actual determination of caustics by reflection or 
katacaustics of general curves presents some difficulties, 
but they can be very easily calculated for simpler curves, 
for instance, a straight line or a circle. We shall here 
determine the caustic of a circle.* 

Let «w?+y*=r? be the equation of the reflecting 
circle, (a, 8) be the co-ordinates of the radiant point P, 
(a, b) those of the point of incidence Q, and (æ, y) 
the co-ordinates of any point on the reflected ray. 

Since Q(a,b) is a point on the circle, we may take 


a=r cos @, b=r sin @. 
The tangent at Q is then 
x2 cos 6+y sin G=r a: LOE 
è 
»* A very elegant solution of the problem is given by Lagrange in the 
Mém de Turin. Mr. P. Smith discussed the same in a note in the 
Cambridge and Dublin Mathematical Journal, Vol. 2 (1547), p. 237. 
Prof. Cayley investigated the problem very exhaustively in hia well- 
known paper—"* A Memoir upon Caustics ''—Coll. Works, Vol. 2, pp. 
336-380. 
21 
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. and the normal is the line 
x sin @—y cos 6=0 —— 


The equation of the reflected ray is, therefore, by the 
preceding article, 


(a cos 6+ sin 6—r)(x sin 6—y cos 8) J 


+ (a sin 6—£ cos 6)(x cos 6+y sin 8—r)=0 





which may be written in the form— | 
. 
(ay + Bx) cos 20 + (By —ax) sin 20 


i +r(x+a) sin 0—r(y +8) tos 6=0 ... (8) 


where 6 is a variable parameter. 


The envelope of this, by the usual method, is found to be 
[4(a® 442) + y?) —r?{ (a+)? + (y +B)?}]° 
=27 (Bz — ay)? (x? +y? —a?—8?)? ... (4) — 
which is the equation of the caustic by reflection of a 


circle and was first obtained by St. Laurent. 


* If, however, the axis of æ passes through the radiant 

point, and the radius of the circle be taken equal to 
unity, we have 8B=0 and r=1, and the equation of the : — 
coaustie reduces to a ¥ 
— Ae 


{ (4a? —1) (29 +y?) — — Paths - 
i | | =27a?y? (z? +y? —a? * o — 
F s ‘The equation (3) of the reflected žav * reduces. to that © torm r, ý pe 
— * oe —— e+ A 0 Gyan 
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r= 2 C08 6(1+2 sin? @)—a 
1—S3ea cos 286+ 2a? 


* 2a?sin ð ' 
l1 — 3a cos 20 -+ 2a? 


whence, 


y 


i.e., the co-ordinates (z, y) of any point on the caustic 
are expressed in terms of the angle 6, which is the para- 
meter of the point of incidence. 


132. Tangential Equation of the Caustic: 


If the equation (6) of the reflected ray be put into the 
form £x2+ny+a=0, then we must have— 


& = —2a cos 6+1 


a cos 20 — cos 4 





sin @# 
whence, © (€—1)?—4e? = —4a?sin? 6 
£2 +4? =- 3 (1— 2a cos 0 +a?) 
sin“ @ 
and Eta? =]1— 2a cos 0 +a?. 
Therefore, 

(E? + 42) {(€—1)? —407} + 4a? + 4at =0 

ien {€(€—1)—2a2}2+y2{(E—1)2—4a2}=0 0) 


which may be considered as the tangential equation of the 
caustic by reflection of a circle. 

If, however, (€, 7) be considered as the co-ordinates of 
a point, then the equation (7) may be regarded as the 
equation of the reciprocal polar of the caustic (§ 114). 


133. If we put y=0 in the equation (5) of the caustic, 
we obtain 
| { (4a? — 1)? —2axz—a*}%=0 
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— — — 

2a +1 ‘ 2a—1 

or, the caustic meets the axis of x in two points each of 
which is a triple point. 


i.€., r= 


If, again, we put z? +y? =a”, we obtain— 
{ (4a? —1)a2 —2axr—a?}9=0 
which gives = — a(l — 2a?) 
and, therefore, y= + 2a? /1—a2? 
or, the caustic meets the circle z?+y?—a?=0 in two 
points, each of which is a triple point. 
The nature of the infinite branches can be found by 


considering the highest degree terms, i.e., the terms of 
degree six and five. The two asymptotes are thus found 


to be given by— 
aT fe- Sa ? 
zica (Ba2+1)¢ 407-1) © 

By considering the equation of the reflected ray (6), the 
tangents parallel and perpendicular to the axis of z can 
be found easily. 

Thus, the parallel tangents are— 

— 
y= it — 


=f 


and the — perpendicular to the axis of a are— 


N r m Ray x p? ConA me 
eS ae ma F 


i — are, in fact, bitangents of te omic. — 
mem Ae a, when the diant poir b lies i — 
F kdt he — rat Tee Ti Ë Ces SEI 
: Dace E ET, 
J= afet +y? - — 
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which is divisible by (z—1)*. Removing the factor, the 
caustic is a curve of the fourth order, viz., 


— 


27y* + 1877 (82? —1) (—DI)0. 


In the case of parallel rays, the radiant point is at 
infinity, i.e., a=oc, and the caustic reduces to— 


(4z? + 4y? — 1)? — 27y? =0 
which is a sextic. 


We thus see that the caustic by reflection of a circle is 
a curve of order 6, has 4 nodes, 6 cusps (including the 
circular points), etc. For detailed investigation, see 
Prof. Cayley’s paper on Caustics, Coll. Works, Vol. TI, 
p. 857. Also a Memoir by Rev. Hamnet Holditch, 
Quarterly Math. Journal, Vol. I (1857), pp. 93-111. 


Ex. 1. If the incident rays are parallel, show that the caustic is 
an epicycloid formed by the rolling of one circle upon another of twice 
its radius, 


Ex. 2 When the incident rays diverge from a point on the 
circumference of the reflecting circle, show that the caustic curve is a 
cardioid, which is formed by the rolling of a circle upon another of 
equal radius. 


Ez. 3. Rays diverging from the focus of a parabola are reflected 
from its evolute. Prove that the secondary caustic is a parabola. 


Ex. 4. Rays parallel to the axis of y are reflected from the curve 
y=e*, show that the caustic is the curve 


Ex. 6. Obtain the caustic by reflection of an ellipse, the radiant 
point being at the centre. - 


134. Intersection of the Caustic with the Reflecting 
Circle: 
If in the equation of the caustic, we put «7+y7=1, 


we have— 
(3a? — 1 — 2az)* —17a7y7(1 —a?)?=0 
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i., (3a? — 1 — Qax)3 — 27a? (1 — x?) (1 —a?)?=0 
which reduces to the form— 
(ax — 1)*(8ax —27a* + 18a? +1)=0. 


The factor (az—1)* equated to zero shews that the caustic 
touches the circle at the points 


— Es SA 1 j’ 
T a y + 1-3 


i.e., at the points where the circle is met by the polar of 
the radiant point. The other factor gives— 
216. — 18a? —1 
Ba ; 

It can be very easily shewn that the curve passes 
through the circular points at infinity, which are cusps on 
the curve and the points where the axis of æ meets the 
curve are cusps (the axis of x being the tangent) and the 
two points of intersection with the circle «#?+y?—a*=0 
are also cusps, the tangent at each point coinciding with 
the tangent of the circle. There are thus in all 6 cusps. 


- 


* 135. Caustic by Refraction of a Straight Line: 


Let the line be taken as the axis of y, and let the axis 
of æ pass through the radiant point P, so that P is the 
point (—1, 0). | 

. us Let $ and +$ be the angles of incidence and refraction — 
See respectively. ni | 

Phen, sin $: sin # =p (refractive indek) tS oe areas 
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Let the refracted ray be 
y=a tan ġ' +c. 


Since both the rays meet on the line r=0, we must 
haye— 
c=tan ¢ 


and the refracted ray becomes— 
y—a2 tan $= tan $ 
k sin 
V1 — k?sinłġ 


or, y— z— tan ¢=0 en 8 4 


Differentiating this with respect to ¢, and combining the 
two equations, we obtain, after a simple reduction— 


— _ (l—k*sin*¢) $ 
cos" 

| ie *sin g 

lope = ——— 

rely cos*& 


where k’= /1-—k? 


Hence, eliminating 4, we obtain— 
> 


(kx) 3 — (k'y) =1 
which is the required equation of the caustic. 


When k<l, i.e., refraction takes place into a denser 
medium, k’? is positive, the caustic is the evolute of a 
hyperbola. 


But when k>1, i.c., refraction takes place in a rarer 
medium, k’? is negative and the caustic is the evolute 
of an ellipse (§ 126, Ex. 2). Thus the hyperbola or the 
ellipse is the Anticaustic or the Secondary Caustic. 
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From what has been said in § 129 we can easily form 
the equation of the secondary caustic as follows :— 
The equation of the variable circle may be taken as 
z? + (y—tan ¢)* —k*sec*¢=0 
the envelope of which is found to be— 
ef 2 (a2 +y?— k?) —y4? = 0 


i6., — — k?y? —k2k'2=0 
— 
or, — jet 2 — 


which is the equation of the Secondary Caustic. Tt will 
be seen that the radiant point is a focus of the conic. 


136. Secondary Caustic: 


We have seen that the caustic by reflection or refrac- 
tion may be regarded as the evolute of a certain envelope 
which is called the secondary caustic. In fact, the 
reflected or refracted rays are the normals to a series 
of secondary caustics; any one of these has the reflected 
or refracted rays for normals, and consequently the 
caustic curve for evolute. 

It is usually more convenient to find a secondary 
caustic in some cases than the caustic itself; for instance, 
in the preceding article, the secondary caustic by refrac- 
tion of a straight line is an ellipse or a hyperbola. 












= We shall now determine the secondary caustic | y * 

p ; refraction at a circle. fie | 
— Lets? +y2=r? be the refracting circle, P(a, B) the f 
— va , radiant point, and (ê, n) any point on the circle, so that — te 
| ree x — tes cos 2 l — sin 6. ad — J 
Paty * » the secondary — vi aj" 


a ca 


* a ii 
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Writing the equation in the form— 
7 (a? +y? + 1?) — (a? + 8? +r?) 
—2r(u*2—a) cos 0—2r(u?y — 8) sin 6=0, 


the envelope becomes— 
{u (x? +y? +77) — (a? + B2 + 72)}2 
= 4r*{(a?°r—a)? + (u?2y —B)?} 
or, (u? (2? + y2—12) (a? + 82 —12)}2 
= 4r*4?{(2—a)? + (y— 8)? }. 

If now the axis of x is taken to pass through the 
radiant point, , 8=0 and a=a (say), then the equation 
becomes— 

{u? (x? + y? — r?) —a? +12} 2 = 472 n2f(2—a)?2 + y2} 


which, after simplification, may be put into the form— 


/ 2 — — 
HAN ( *5 +y?= Vea)? Fy? +r p- L). 
p 


The above equation of the secondary caustic is 
evidently of the form— 


mp -+ m'p'=c(say), 
where p and p! are the distances of the point (z, y) on the 
locus from the two fixed points 


(5 o) and (a, 0) 
respectively, and u= -m:m'. 


Thus, the locus of (x, y), i.e., the secondary caustic is 
the Oval of Descartes or the Cartesian, * of which the two 
fixed points are the foci. Therefore the Caustic by refrac- 
tion of a circle is the evolute of a Cartesian Oval. 


® Sea Williamson's Diff. Calculus, Chap, XX, pp. 875-82. 
22 
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The cases of parallel rays or of rays proceeding from a 
point on the circumference of the circle may be deduced 
from the above results by assuming a= or a=r respec- 
tively. For further discussions the student is referred to 
Geometrical Optics by R. 8. Heath, Chapter VI, pp. 99- 
183, and to Prof. Cayley’s Memoir. 


Ex. 1. Prove that the form of the caustic curve near the cusp is 
a semi-cubical parabola. 


t 


Ex. 2. Find the caustic by refraction of a circle, when the incident 
rays are parallel. 


Esz. 3. Rays diverging from the centre of a given circle are refract- 
ed at a curve sothat the refracted rays are all tangents to the circle. 
Find the equation to the refracting curve. > 


Ex 4. Show that the caustic by refraction of a circle when the 
radiant point is on the circumference is also the caustic by reflection 
forthe same radiant point and fora reflecting circle concentric with 
the refracting circle. 

Ez. 5. Prove that the caustic by reflexion of a circle is the evolute 
of the Limacon, 


437. Pedal Curves: 


The locus of the foot of the perpendicular drawn from 
any origin O on to the tangent at any point of acurveis _ 
called the first positive pedal ‘of the curve with respect wo ; 
the origin. f 

The pedal of the first positive pedal is called the second - 
positive pedal, the pedal of this latter is called the third . 3 
positive pedal, and so on. 

a The curve which has the original curve for its first J 
ss positive pedal is called the first negative pedal, and 80 an Kana 
eae | Teh: OX bethe perpendicular on the tangent at ¢ ay — 
iy te — of acurve, and OZ be the perpendicular d irawo AERD 

=-  fromOonto the tangent at Y to the ee Ba A the 
ar g e OPY =angle OYZ, or, in other wo rds :— —— et 
: The an, gles between the — — he tang gent $ 
it POTTeE BPO nding p * a ar dal c are » equal. 
ate P J Pe — — Made 
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In the same case, we have OP.OZ=OY?. Let OY and 
OY' be the perpendiculars drawn from O on to the tan- 
gents at two consecutive points P and P’ of the curve, the 
tangents meeting at the point T. 

It is clear then, since the angle YOY/=YTY', the 
points Ô, Y, Y’, T are concyclic, and therefore, 


OYZ=r—-OYXY'=OTY’. 
Hence, the triangles are similar, and we have— 


OY OT res 42) 


In the limit when P and P’ coincide, the angle OTY’ 
becomes equal to the angle OPY, and OY’= OY, OT=OP. 
* Hence, OPY=OYZ and 


T 
CN * OP.OZ=OY", and the 
theorem is proved. 


In the limit when P 


and P’ coincide, the circle 
7 through OYY’T has OP as 
diameter and touches the 
PA Zz . tangent YY’ to the pedal. 
0 


Hence we obtain the 
theorem that the circle on 
radius vector as diameter touches the pedal, 


138. The Cartesian Equation of the Pedal: 


Let #(€, n)=0 be the tangential equation of a curve. 
Let any tangent to this curve cut the axes of x and y in 
P and Q respectively. 

Let (z,y) be the co-ordinates of Y, the foot of the per- 
pendicular from O on to AB, 

3 


~~ 
A 
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Tf Z POY =a, we have— 


OY=OP cos a=OQ sin a. 
But OP=1/£, OQ=1/7; 


- YE et ark 1 
at Line " Vv £2 +7? 


Then «=OY cos a=OP cos? a 
y=OY sin a=0Q sin? a 


: Be MS eee Ba 
4.6. = - and y= 
E27 +n 2 ga 





ae A 
— Hence, —— Ji — 


Substituting these in the equation of the curve, the locus 


of Y becomes— 


of — ay )=0 =... a) 


The inverse of (1) is evidently ¢(z, y)=0, which is the * 


polar reciprocal of the curve (§ 114). 
Hence, we have the definition :— J 


= The polar reciprocal of a curve is the inverse a the | 
first positive pedal, and the pedal is the inverse of the 


S rm 
* SA * — zesiprooal! — 2 






LE T 


2+, 


— —— `: 
— 


s th e point-c quation of th 16 c sur ry 


eS = 
DAP Tiber re 
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Ex, 1. The first positive pedal of the curve (2/a)"*+(y/b)*=1 is 
(x2 + y3) = (ax) + (by)*— F 
Ex, 2. Show that the first positive pedal of x3 + y3—.a3 is 
(x2 + y3)? = (æ? + y*) - 
Ex. 3. If the origin be situated on a curve, prove that its first 


pedal has a cusp at the origin. 


Ez. 4. The pedal of the parabola y27=4axr with respoct to the vertex 
is the cuspidal cubic (the Cissoid) 


x(a? +y?) + ay? =0, 


Ex, 5. The pedal of a conic w.r.t. its centre is a unicursal quartic. 


Ex, 6. The first positive pedal of the curve zt4y3—a* is 
r= +a sin @ cos ô, 


Ex, 7. The negative pedal of an ellipse te. r. t. a focus as pole is a 
quartic having the circular lines as stationary tangents. (Salmon, H. 
P. Curves, Ex. 3, p. 107.) 


139. Inverse Curves: 


In § 15, we have discussed the process of circular in- 
version, by means of which, from a given curve, another 
curve, called its imverse, can be derived. The principles 
have been explained by means of simple illustrations. We 
shall now discuss some ofthe properties fora general 
curve of order ^. 


Let fSug ty tugt...+u,=O0 ve JGR) 


be the equation of the given m-ic. 


Then, by the formulae of S 15, the equation of the 
inverse becomes— 


ity (x? + 2)" +k?u (æ? + y7)"-1 +... +tk?"u,=0 ... (2) 
which shows that the origin is a multiple point of order n 
on the inverse curve. The tangents at the multiple point 
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are evidently given by u,=0, which shows that the tan- 
gents u„=0 are parallel to the asymptotes of the original 
curve. 

The equation (2) shows that the inverse curve has also 
a multiple point of order n at each of the circular 
points at infinity. 

The following examples will illustrate some of the 
properties of inverse curves, and can easily be solved with 
the help of the formule established in § 15. 


Ex. 1. Find the inverse of a conic w. r. t. a focus as the pole. 

Ex. 2. Prove that the inverse of the curve ap, +A8pg+ypy3=@0 w,r.t. 
any origin is a curve whose equation is of the same form. 

Ex. 3. Show that to a double point on any curve corresponds 
another double point of the same kind on the inverse curve with respect 
to any origin. 

Ex4. Show that the inverse to the k-th positive pedal is the k-th 
negative pedal of the inverse curve. 

Ex. 5. ‘The osculating circle at any point of curve inverts, in 
general, into the osculating circle of the inverse curve st the inverse 
point. 

Egz. 6. Discuss the case when the osculating circle — through 
the origin. i 

Ex. 7. Find the number of osculating circles of a given curve which | 
passos through a given point. 


140. Parallel Curves : 


A 


Definition. The envelope of a line parallel to to — * 


_ tangent of a given curve at a fixed distance is — a 


_eurve parallel to the given one. - 
— this definition it í follows that, if on the normal ai 


point P to a given curve, opens is — such ¢ | 

* * — iy’ 
i ae, * 

F — tan he ¢ — J 


curves ot : ve 





ge 
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normals and the same evolute; but every normal to a 
parallel curve is normal in two places corresponding to the 
values +k. 

The two possible positions of Q corresponding to the 
values +k are, in general, branches of the same curve. 
But they may be different curves in certain cases. — 


Let fx + ny + Cz=0 


be the equation of a tangent to a curve. Then, the equa- 
tion of a parallel line at a distance k from it may be 
written as 


Ez + ny +b yE +7? =0 


the envelope of which will be a parallel curve. If then 
@(E, n, ()=0 be the tangential equation of a curve, that of 
the parallel curve is obtained by writing 


EHk +n? 
for ¢ in the given equation, i.e., the equation of the paral- 
lel curve is— 


Pl, n +e é? +n?)=0 
A parallel curve may also be regarded as the envelope 
of a circle of given radius whose centre moves along the 
curve. The methods will be clearly illustrated by means 
of a few examples. 


Ex.1. Find the parallel to the curve— 


Sy mat 
The co-ordinates of any point on this curve may be taken as— 
a cos’@, a sin*é 
The equation of the tangent is then— 
z coos 6+ y sin =a sin @ cos @ 
and that of a line parallel to this at a distance k, is— 
z cos 0+y sin 0—/k +a sin @ cos @, 


* 
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The envelope of this line is found to be— 

{3(22 + y? — a?) — 42 }3 + [27a ry —Ok(c2 + y?) — 1802k + 8k}! =O. 

In this case there are two different curves constituting the parallel 
and these are not branches of the same curve. 


The tangential equation is found to be— 
(E? + 97) C2 = {afn + k(t? + y?)} a- 
Er. 2. In the case of a circle of radins r, the parallel becomes two 
concentric circles, of radii r+ k, and these are certainly different curves. 
Er. 3. To find the tangential equation of the parallel to 
x2 /a? + y?/ b? =]. 
The tangential equation of the ellipse is HIET + by? = C2, and consequent- 
ly, that of the parallel is— 
maze? + bly? (C+ k gt tg)? 
or, { (a? — KIE? + (b? — K5)? — 2} = AKNE + a). 
Ex. 4. Show that the tangential equation of the parallel to the 
parabola y?7—4a- is 
(an? — EC)? = KIE? + y1). 


Ex. 5. The radii of a co-axial system of circles are increased by a 
constant. Show that their new envelope is parallel to their old. 


141. Isoptic Loci: 


The locus of the point of intersection of two tangents 
which cut one another at a given angle is called an Isoptic 
Locus of the given curve. If the tangents cutting at an 
angle s—a are included among those cutting at the angle’ 
a, the locus is an algebraic curve. 

The method of finding the locus will be best illustrated 


by the following examples: 


Ex.1. Find the isoptic locus of the parabola = y?=4ar. 
Let a be tlie angle at which the tangents cut one another. 


For all values of m, the line y=mz + * is a tangent to the parabola, 
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Hence the slopes of the two tangents passing through any point 
(x", y’) are given by— 


mix’ — my +a=0. 
If my and m, are the slopes, then— 


my > Migs — and mma = = 
xz 


mom, _ Vy tsal _ yt —4ax’ 
1 + mima 1e2 a+r’ 
Pa 


s.. tan a = 


*. The locus of (z', y’) becomes— 
y*—4ar=tan*a(a + r). 
Er. 2. Find the isoptic locus for xr? /a* + 12/b52=1. 
The tangential equation of the ellipse is— 
ate + b= CI is +O) 
If we eliminate ¢ between this and fx +ny =—(, the resulting equation is 
(a? — n2)e2 + (b2 — y? —2aeyin = 0 ime DEJ 


If now m=tan @= —é/n be the slope of the tangent drawn from any 
point (r, y), we obtain from (2) the equation— 


ma? — r?) + 2rym + (b2— y?) =O, 


s 
which gives the slopes of the two tangents. 


Now, m, and mg, being the slopes, we obtain— 





om 2? 2 
LLS + m= Jey è Hil) Nig = b*—y 


/ 42x? + 4a7y?—4a7h? 
phe ye — — h? 


whence — tan a= 
i.e., the equation of the locus is — 
4(b22? + a2y? —a2bd) = (22 + y? — a? — 12)" tan 2. 
The case of a general ri-ic assumes a simpler form, when the const- 
ant angle is a right angle, and will be taken up shortly. 


23 
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142. A Theorem : 

If PQ and PR are two tangents to a curve nelined at 
a constant angle, the circle PQR touches the isoptic locus. 

Let P and P’ | 
be consecutive : X * 
points on the ee 
isoptic locus, ; 
and PQ, PR and 
P’Q’ P'R’ be tan- * 
gents inclined at 
an angle a to A RANA 
each other. Then, ~ 
Q. P, P’, R are R 
concyclic, since 
ZQPR= ZQP’R, and in the limit, the circle PQR 
touches the locus of P. 

It is clear then that if the tangents PQ and PR to a 
curve are inclined at a constant angle and the normals at Q 
and R meet at 5, then PS is the normal to the isoptic 
locus. 

Since QS and RS are perpendicular to the chords PQ, 
and PR of the above circle, the point 5 lies on this circle, 
and PS is a diameter and is consequently perpendicular to 
the tangent at P to the circle and the isoptic locus, that 
is to say, PS is the normal at P to the isoptic locus. 

It can be easily shown that the isoptic locus has 
m(m—1)-ple points at I and J. 


143. Orthoptic Loci:* 

The locus of the point of intersection of two tangents 
to a curve which cut one another at right angles is called 
the orthoptic locus of the curve. 

This is a particular class of isoptic locus, when the 
constant angle is a right angle. 


* Dr. ©. Tsylor—" Note of a Theory of Orthoptic and Isoptic 
Locus,” Proc, of the Royal Soc., London, Vol, 37 (1884), PP- 198-141, 
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Cartesian Equation : 


Let (f, »)=0 be the tangential equation of the curve, 
and s +7y+1=0, that of a point P on the locus, so that 
two of the tangents drawn from P to the curve are 
perpendicular. If now we make ¢(£, n)=0 homogeneous 
in y by means of €x+yy+1=0, the resulting equation 
in €/» gives the slope of the tangents which can be drawn 
from P to the curve. 

Putting —é/y=m, the resulting equation can be put 
into the form v(m) =0 FSA 

If two tangents are at right angles, two of the roots 
my, mg of (1) must be connected together by the relation 

m,m,+1=—0 

The condition for this is that the eliminant of 

Y(m)=O0 and wv&(—m-!')=0 
should vanish, which gives a relation between «x and y, 
and this is the orthoptic locus required. 

Since this eliminant for a curve of the mth class is of 
degree (m—1) in the co-effiicients, which are themselves, in 
general, of degree m, the degree of the orthoptic locus of a 
curve of the mth class cannot be greater than m(m — 1). 

Ex.1. Find the orthoptic locus of the parabola y?—4az. 
This follows from Esx. 1, § 141, when 


Tr 
a = — 


By using the method of the present article, we proceed as follows :— 
The tangential equation of the parabola is an? = é. 
Making this homogeneous, we get 
an? + glir + ay) ~ an? + re? + yin =. 
Putting —f/y7=—m, we obtain m*z—my+a= ees (A) 
Putting m=—m l, we obtain— 
mia +my+xn=0 vee M2) 
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From (1) and (2), we bave— 


: m* = mi = 1 
—ry—ay — ry + ay 


whence {(a—x)* +y* }(x#+a)*=0 
which gives x +a=0 as the locus required. i 
Ex. 2. The orthoptic locus of > N 
z*/a* +y*/b*=1 
is found to be r + y*=—a*+4+6?, which is the director circle. 
Ex. 3. In the case of the circle 27+ y*%=r"*, it becomes o* + y? =2r* 
which is a concentric circle. 
Ex. 4. Find the orthoptic locus of the evolute of the parabola 
y* = sar 
The tangential equation of the evolute is 4ag?=27n" 
Making this homogeneous, we obtain— 
dag + 27n* (Ex + ny) = dat’ + 27arey* + 27H? =O. 


Patting—t/n=m, we get 








4am? +272m—27y=0 ere a) ; 
P Putting m= —m~* in (1) we obtain r 
27ym? +27em* +4a=0 are, A) 
Now, the eliminant of (1) and (2) will give the required orthoptic 
Ex. 6. The orthoptic locus of the evolute of #*/a* +y*/b* =1 
is (a? +b?) (2? +y’) lary? + b2x%)* = (a° —b*)*(aty*—bPe*)* 
z$ =<” * sal 5 wo D 
et up T- ‘a sextio curve. ' —— Se, 
k "i i . j ated — 


1 
ig P 






— ke 44%. Ifthe equation of the curve be ‘given in s 
* paran netric form 2=f,(t). y=felt), we may Proc cee dto = 
find t he eeiiy lence ma dollens i — — rk. 

Let t anc 4 be th the pa an t ri tor : any two points P 
and Q on . tk ne curve. — Ae OS . — 


Ee 
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Then the equations of the tangents at P and Q may be 
written in the forms— 


x +ọlt)y=y(t) and «+9(t/)y=y(v) -s (t) 
where ¢ and » are functions of ¢. 


The slopes of these tangents are— 


1 1 
—— 
ee) y p(t) 


Hence, if they are perpendicular, we must have 
p(t).p (t) +1=0 PANE) 


If now we make the substitution u=t+t/ and v=tt', 
then, by means of equations (1) and (2) we can express 
(x, y) the co-ordinates of the point of intersection of (1) in 
terms of a parameter u or v, 


Ex. 1. Consider the curve «r=at*, y=2at. 
Tangents at two points whose parameters are £ and ¢ are 
2—ty+at?=0 
2—t'y + at" =O 
Since they are perpendicular, tt’ +1=0, whence we get— 


Le g A 
— a(t*—}1) 


= 
— 
i.¢., ¢2+a=0 is the orthoptic locus, 
Ez. 2. Consider the parabola— 
gemat*+2bt +c= plt) (say) 
y= At* +2Bt +C y(t) (ery) 
The equation of the tangent at any point is— 
\ sy't) yp t = pti y ()—% OY 
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Here, pt) =—al* + 2bt +c 
=. o'(t)=2at + 2b 
Similarly, w(t) =2At + 2B. 
“> The equation of the tangent is— 
a(2At + 2B) —y(Qat + 2b) = (Ab—aB)t? +(Ca—cA)t+ (Be— Cb), 
= f(t) (say) iri 

Similarly, the tangent at another point (t) is— 

TIZA + 2B)—y(2at + 2b) = jit’). sse (2) 
Since the tangents are perpendicular, we have— 


w(t) w(t’) 

— —— ° . 7 F 1 == () s.t 

S PE + (3) 
If now we put u=—t+t', c—tt’, then, by means of equations (1), (2) 


and (3) we can find © and y in terms of u or v. 


145. Equation of the Orthoptic Locus when the 
Polar Equation of a Curve is given: 
Let r={(0) =- @) 


be the polar equation of a curve. Then the polar equation 
of its first positive pedal can be obtained, as usual, in the 
form 
r=9(a) seu Ce) 

In this latter equation r is evidently the length of the 
perpendicular drawn from the pole on the tangent, and a 
is the angle which this perpendicular makes with the 
initial line. 

Writing the equation of a tangent in the form— 


x cos a+ y sin a=P, 


we have from equation (2) 
z cos a +y sin a=¢(a) 6) 
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A perpendicular tangent makes with the initial line an 
angle 


(2k + 15 +a 
and consequently, its equation can be written as— 
=g sin a+ y cos a=(—1)*9{(2k +1) +a} —6 


From equations (5) and (4) we can express z and y in 
terms of a. 


Ex. 1. Find the orthoptic locus of the curve r“= a" cos mê. 


The equation of the pedal is— 


~~ ee 
gut = ati cog— 8. 
meel 


=+ 
or, raga To enos ~ 
mel 


Hence, the equation of any tangent may be written as— 











=+t 
x cos a +y sin a=a 2 cos— 8 
m+l 


whence, proceeding as in the article, the equation of the orthoptic locus 
can be found. 


Note. Theorems of § 142 also bold for the orthoptic loci. 
Ex. 2. Find the orthoptic locus of the Cardioid r=a(l + cosa 4). 


[The locus consists of a circle and a limacon.] 
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CHARACTERISTICS OF CURVES 


146. Plucker’s Equations: 


We shall denote the degree of a curve by n 
pac.) ! -hi a? — 
aumber of nodes PAS, p 
+ » os Cusps aT 
i » »  bitangents 1» F 
T T T stationary 9° ssc vt 


and the deficiency by p. 


The six quantities n, m, 6, k, 7, « are called Pliicker’s 
numbers or the Characteristics of the curve. 


Then we have m=n(n—1)—25—Bx«. (8121)  ... (1) 
t=3n(n —2)—G66—8x. (§112) ... (2) 


The corresponding numbers for the reciprocal curve are 
obtained by interchanging n and m, 7 and 4, « and x. 


Thus, from the reciprocal curve, we obtain— 












n=m(m—1)—27—8: Bee), 
| k=3m(m—2)—G6r—Br ams =e oe 
© From equations (1), (2), (8) and (4), we may express 
* * * 8 in terms of m, 7, t: N 7 in terms of n, ô, Ki a a ee ars 
a a * iiia T aus, 2r=n(n—2)(n? —9)—2(n?—n—6) (28+ 3v) at ie! i 4 “a 
— — ($4861) 128+ 9K(e—1) — = i 










— 





mimant oan on —6)(2r +81) — 
PW E 1 127 TOES > | r 


26=n 


BB, 


= 
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The six equations 1—6 are called Pliicker’s Equations.* 


It is readily seen that a curve has the same character- 
istics as any projection of the curve, but curves with the 
same characteristics are not necessarily the projections of 
each other. All curves with the same characteristics, 
however, are said to be of the same type. 


147. The above formula (5) is complicated in form 
and is not geometrically intelligible. We give here the 
following simpler form to the equation (5), which can be 
geometrically interpreted. 


It can easily be shown that two bi-tangents coincide 
with each of the tangents drawn from a node to 4 curve, 
three coincide with each tangent drawn from a cusp, four 
coincide with each line joining two nodes, six coincide 
with each line joining a node to a cusp, and nine coincide ~ 
with each line joining two cusps. 

Now for a non-singular curve, the number of bitangents 
is given by r=}n(n—2)(n?—9) and if the curve has 6 
nodes and x cusps, this number will be reduced. Now, 
(m—4) tangents can be drawn from each node to the 
curve, and (m—3) tangents from each cusp. 


<". 26(m—4) bi-tan- 


gents coincide with 2 2 
the tangents drawn 4 

from the nodes, and * 
3x(m—3) tangents i KI ; 


coincide with those 
drawn from the cusps. 
The number of lines joining the nodes is 435(é—1), 


® Plücker—Solution d'une question foundamental concernant la 
théorið genérale des Courbes—Crelle, Bd. 12 (1834), pp. 105-108- See 
also Cayley— Crelle, Bd, 34 (1847), p- 30, 


24 
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and consequently they 

are equivalent to 

25(6—1) bitangents. — 
The number of lines 
joining the nodes with 
the cusps is ôk, and 
they are equivalent to 
66x bitangents. Final- 
ly, there are 4x(x—1) 
lines joining the cusps, 
and they are equi- 
valent to %x(k—1) bi- 
tangents. Thus the 
number of bitangents to a curve of order n, class m, with 
ô nodes and x cusps is— 


7=4n(n—2)(n? —9) —28(m —4) — 3x(m—3) —28(8—1) 
— 68x —3x(x—1) see (5) 
This equation is, in fact, equivalent to (5). A similar 
expression may be obtained for the equation (6). 





148. The Bitangential Curve: * 


Definition: The curve which passes through the 
points of contact of bitangents of a given curve is called 
the bitangential curve. 


We can directly determine the number of bitangents of 
a non-singular n-ic with the help of the bitangential curve, 
which intersects the n-ic in the points of contact of its 
bitangents. The order of a bitangential curve for a non- 
singular curve is, in general, (n—2)(n?—9). 

* Prof. Cayley firat determined the curve passing through the points 
of contact of bi-tangente—Crelle, Bd. 34 (1847), p. 37. Another method 
for determining this curve has been given by Salmon—Quarterly Journal 
of Mathematics, Vol. III, p. 317, and demonstrated by Cayley—Phil. 
Transactions (1959), p. 193, and (1861), p. 357. 
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The roots in A/a of the equation (1) of § 63 give the 
points where the line joining the points (z’, y', 2’) and 
(2", y", 2”) meet the curve F=0. We have seen in that 
article that if (z’, 1’, z') lies on the curve and (27, EE a 
is a point on the tangent, F(z’, y', s')æF'=0 and AF =0. 
If the tangent at (z', y', z') touches the curve elsewhere, 
then, making F’=0 and AF’=0 in that equation, the 
reduced equation of order (n—2) must have equal roots. 
Consequently, the discriminant D of this reduced equation 
must vanish for (z’, y’, 2’) and (a, y”, 2"). But, as in the 
case of a point of inflexion AF’=0 and A2F’=0, and also 
4 *F’ contains AF’ as a factor, in the case of a bitangent 
the discriminant D must contain AF’ =0 as a factor, and 
the condition thus obtained is the condition that the point 
(x’, y’, 2') shall be a point of contact of a bitangent. 


Now, the reduced equation takes the form— 


oA" 2A2F “+ aia" SHO SF + ce, hp Tee =0 


The discriminant D of this contains terms of the form 
(A?E")"-SF"-%, and therefore, D is of order (n+2)(n—3) 
in (2", y”, 2”), of order (n—2)(n—3) in (2’, y', 2’), and of 
order 2(n —3) in the co-efficients of the original equation. 

But all the intersections of D=0O and AF’=0 will 
coincide with («’, y’, 2’). For, the equation of the tangents 
drawn from (a’, y’, 2’) (§ 67) is of the form KAF’+ 
D(A*F’)?=0. Hence, these tangents are intersected by 
AF’=0 in no other point than (2, y’, 2’). Thus, if we 
put AF’=0 in this equation, we see that AF’ can neither 
meet D nor A?E" in any other point than (2’, y’, 2’). 

Now, therefore, we have two curves A F’=0 and D=0 
of orders 1 and (n+2)(n—3) respectively in (2”, y”, 2”) and 
of orders (n—1) and (n—2)(n—3) in (x', y’, 2’), and the 
(n+2)(n—3) points of intersection of the two curves all 
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coincide with (2, y', 2°). Then by a known lemma,* the 
condition that the curves have other common points is of 
order 


(n —2)(n —3) + (n —1)(n + 2)(n — 38) — (n + 2)(n —3) 
i.c., of order (n—2)(n2—9) in (z2’, y’, 2’). 


This condition A =O, is therefore, of order (n + 2)(m—3) in 


the co-efficients of AF’, of the first order in the co-eflicients 
of D, and consequently, of order (n+ 4)(n—3) in the co- 
efficients of the original equation. 

Hence, the points of contact (z', y', 2’) of the bitangents 
of the curve F=0 are the points where A =O meets it, 
and their number is therefore n(n —2)(n? — 9). 

But there are two of these points on each bitangent, 
the number of bitangents is, therefore, 4n(n —2)(n? —9). 


Salmon has given an expression of the bitangential 
curve A =O for a general curve of order n.t 


149. From Pliicker’s formul# various other important 


results can be deduced : 
From (3) and (4), by eliminating + “we obtain 
k—3n=.-—3m, or, «Kk—-t=3(n—m) — CED 


= The same equation also follows from (1) and (2) by 
eliminating 5. We see, therefore, that the four equations 
are not independent, but they are equivalent to three 
equations oniy. 


n?—m*=2(8—7)+3(x—1) © . * 
nt — m= 206-7) +9 —m) ** 


‘From (1) and (3) it follows by PET that, EE 


— 
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From (5) and (8), we obtain— 
Jin? — m? + 3(n —m)) = S[2(6 —7) + 4(x—4)] 
=h—7 + 2c —2) 


or, Inin +3) —6—2e=4m(m + 3) — 7 — 2c — =) 


150. The equation (9) has a very simple geometrical 
interpretation :— 

We have seen ($ 21) that a curve is uniquely deter- 
mined by 4n(n+3) given points, or, in other words, the 
equation of a curve of the nth degree can be made to 
satisfy 4n(n +3) conditions. 

But the existence of anode reduces the conditions by 
one, and that of a cusp by two. Therefore, the number of 
points determining a curve of the nth degree, with 6 nodes 
and x cusps, is 4n(n+3)—-8—2x, and the above equation 
says that this number is equal to 4m(m+3)—7r—2:, which 
is the equivalent expression for the reciprocal curve. 


Hence, a curve and its reciprocal polar are determined 
by the same number of conditions, as is otherwise evident, 
since when a curve is given, its reciprocal is determined 
(see $ 62). 


Again we have— 
A{n2 — m? —3(n—m)} =4(n —1)(n— 2) — $(m —1)(m —2). 
The left-hand side, by (7) and (8), is equivalent to 
4[2(6—r) +2(x—ı)]=8 -r + Ke 
© $(n—1)(2—2) -8—K=}(m—1)On —2)—7-c =p (10) 


The number p is called the Deficiency of the curve. 


The equation (10) says that a curve and its reciprocal 
have the sane deficiency. By introducing the number p 
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we can write the formule in the following simple forms ;— 


fm +e—2n 


| n + ete—= 2m 
2(p—1)= . 
n(n —3) —2(6 + x) 
m(m —3) —2(r +.) i Ne 
Prof. Cayley * puts «+3n = k+8m =a 


Then all the Pliicker’s numbers can be expressed in 
terms of three only, namely, n, m, a. 
Thus, K=a— 3m, t=a—d3n 


28 =n? —n + 8m —38a, 27 = m? — m + 8n — Ba. - 


151. The Point and Line Deficiencies: 


We have seen that a curve does not, in general, possess 
singular points, unless certain conditions are satisfied by 
the constants inthe equation. But the general equation 
represents a curve which ordinarily possesses certain 
double or stationary tangents. Thus double tangents and 
Stationary tangents may be reckoned as the ordinary singu- 
larities of a curve whose point-equation is given, while all 
other higher multiple tangents may be regarded as 
extraordinary singularities, the presence of which requires 
certain conditions to be fulfilled by the constants in the 
equation. But, if the tangential equation of a curve is 
given, the curve ordinarily possesses double and stationary 
points and cusps, but no singular tangents. Hence, double 
and stationary points are ordinary singularities of curves 

y given by its tangential equation, but the presence of high- | 
* ——— points are subject to certain conditions. There- i 
eea singularities are such., that if any curve = 
T ses the one, its reciprocal will possess the —“ Piper 
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From all these considerations we are led to conclude 
that, if a curve has its maximum number of double points 
for a curve of that order, it has also the maximum number 
of double lines for a curve of that class. But it does not 
mean that the presence of double points on one leads to 
the presence of double lines on the other. The presence of 
maximum number of double points on a curve reduces its 
class to such an extent that the possible number of double 
tangents is thereby diminished, and made the same as the 
actual number, Similarly, in a curve of given class, the 
existence of the maximum number of double tangents 
reduces the order to such an extent that the possible 
number of double points is made the same as the actual 
number. Thus itis seen that for a curve of given order 


and class, the point-deficiency and line-deficiency are the 
same. 


152. Curves with the same Deficiency * 


THEOREM: If two curves have a one-to-one correspon- 
dence, i.e., are so related that to any point of one corres- 
ponds a single point ortangent of the other, they have the 
same deficiency.” 

Let S and 3S’ be any two curves of orders n and n’ 
respectively, whose classes are m and m’. Let 8 and ô 
be the number of nodes and x, x’ the number of cusps on 
them. Let p and p’ be their deficiencies respectively. 

Let A and A’ be any two fixed points in the plane, and 
P and F’ two corresponding points on 5, 5S! respectively. 
Let © be the locus of the intersection of the lines AP and 
A’P’, 

The degree of © may be determined as follows :— 

Consider any line AT through A. The number of in- 
tersections of AT with © will determine its degree. Now AT 


* This proof was simultaneously given by Zeuthen (Compt. rend 
Ac, Sc., Paris, Vol. 52, 1889, p. 742) and Bertini (Giorn. di Mat., Vol, 
Te 1869, pp- 105-106), 
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intersects 5 in » points, corresponding to which there are n 
points on 5. Consequently, the n lines which join these 
points to A’ intersect AT in » points which lie on ©. Again, 
the point Ais a multiple point of order’ on ©; for AA’ inter- 
sects 5’ in n’ points which correspond ton’ points on 5. 
The n’ lines joining these n’ points on S to A meet AA’ in 
n’ points coincident at A, which is a point on AT. Thus 
the degree of O is n+n’. 

We obtain the same result by considering the 
intersections with © of any line through A’. The degree 
can, however, be easily determined by Chasles’ Correspon- 
dence Formula, which will be explained in a subsequent 
Chapter. 

The class of @ is 2n'+m+«—l or 2n+m'+x'—l, where 
l represents the number of cusps on S corresponding to / 
cusps on S. 

Consider the tangents to © which can be drawn from 
any point A. Since A is a multiple point of order n’, the 
tangents at A are to be regarded as equivalent to 2n’ 
among the tangents which can be drawn from A to the 
locus ©. Other tangents may be determined in the follow- 
ing manner: 

Any line AP will be a tangent to © when two of the lines 
AP corresponding to AP coincide, without, at the same 
time, two of the lines AP corresponding to A’P’ coinciding; 
for in this latter case, the intersections of AP and A’P’ 
will be a node on the locus, and AP will not be a tangent 

in the ordinary sense. 


The followitg three possible cases will — arise : 


(1) AP touches the curve 5; 
(2) AP passes through a node on 5; 
pom (3) AP passes through a cusp on S”. 


| aye TD case (1) AP will evidently also touch the locus ©, 
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In case (2), according as the node on 8 corresponds to 
a node or a pair of distinct points on S’, we have, corres- 
ponding on the locus ©, a node or a pair of distinct points; 
but in neither case is AP an ordinary tangent to ©. 

In case (3), according as the cusp on S corresponds toa 
cusp or a pair of coincident points on 8S’, AP passes 
through a cusp on the locus ©, or else is an ordinary 
tangent. 

Thus ordinary tangents are obtained only in cases (1) 
and (3). 

Now the class of 5 being m, the m tangents to S will 
be the tangents to © drawn from A. 

Again, if there are l corresponding cusps on S and S’, 
the number of tangents to © in case (8) will be k—/. It is 
to be noted that there are / corresponding cusps on ®©. 
Hence, the total number of tangents, which can be drawn 
from A to the locus ®, is 2n' +m +K—l, 

i.e., the class of © is 2n'!+m+x«—l. 

Similarly, considering the number of tangents which 
can be drawn to © from A’, we find for its class 

2n + m+ «'—l. 
In! pm 4r —l = 2n+m'+x'—/, 
or, m+-e—2Qn = m' + k’—2n’. 
But m=n(n—1)—26—3x« and m’=n'(n'—1)—26/—3x"'. 
. n(n—1)—28—2e —2n=—n'(n! — 1) 28 — 2n'—2n’ 


or, 2 j= Dem?) —3—« ? = 9 J (=(=) -ëw È 


i.e. p= p". 
Cor.: The deficiency ofa curve and its reciprocal 
polar is the same. 


Ex. 1. The deficiency of a curve and its evolute is the same. 

Ex, 2. The Hessian, the Steinerian and the Cayleyun of a curve 
have the same deficiency. 

Ex. 3. A curve bas the same deficiency as ite inverse and pedal 


curves. 


25 
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153. Extension of Plucker’s Equations: 


From what has been said in § 46 about multiple points 
on a curve, it follows that if the curve has multiple points, 
the equations 1—6 still hold, subject to certain equivalent 
conditions, In fact, Pliicker’s equations are still satisfied, 
if a multiple point of order k be regarded as equivalent to 
4i:(k—1) double points (modes), and reciprocally, a k-ple — 
tangent be replaced by $k(k—1) bi-tangents. 


‘Thus, if the curve has multiple points of orders ky, ko 
... we have 


m=n(n—1)—28—8e—Sk(k—1) 
and t= 8n (n —2)—65—8x«—3Sk(kK—1) 
Reciprocally, 
n=m(m—1)—27—3:1—Sk(k—-1) 
k= 3m(m— 2) — 6r—8.—SEk(k — 
where = extends over all the multiple points and tangents. - 


It can easily be deduced that the deficiency of a curve mM 
with only ordinary multiple points with distinct tangents is 


3(m—2n +2). y cane 
For, in this case x=0, 
ie p=4(n—1)(n—2)— $3(—1) 
2p=(n—1)(n—2) — Sk (e—1) 
— 
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154. The Characteristics of the Hessian: 

We have already seen (§ 90) that the order of the 
Hessian is 3(n—2). If the original curve has no singular 
points, the Hessian ordinarily has no double points,* and 
its Pliickerian characteristics are easily found to be— 


n'=38(n—2), i/=0, ke? =O, 

r m’ =8(n—2)(83n—7) 

r! =47t(n — 1)(n —2)(n —3)(3n —8) 
and t =9(n — 2) (3n — 8) p!=4(3n —7)(8n—8) 
where n’, m’, 6’, «’...etc., denote the Pliicker’s numbers of 
the Hessian. 

If, however, the original curve has nodes and cusps, 

each node is a node onthe Hessian and each cusp isa 


triple point. Hence, these numbers must be modified 
accordingly, if the original curve has nodes and cusps. 


155. The Characteristics of the Steinerian: | 

There is a (1, 1) correspondence between the Steinerian 
and the Hessian. Hence, the deficiencies of the two 
curves must be the same. We have already found ($ 96) 
that the class of the Steinerian of a non-singular m-ic is 
3(n —1)(n—2) and its order is 8(n—2)?. 

A point will be a node or cusp on the Steinerian, if itis © 
a point whose first polar has two nodes or two cusps. The 
number of first polars having a pair of nodes (S 98) is— 


§ (n—2)(n—8)(8n2—On—5) 


and the number having two cusps is 12(n—2)(n—3). 


® Pexzo—Napoli, Rend, Vol. 22 (1883). Multiple points on the 
Hessian have been studied by T. R. Holeroft—Bull. of the American 
Mathematical Soc., Vol. 33, p. 90 (1927). . 
+ Steiner—'‘Allgemeine, etc."’, Crelle, Bd., 47, p- 4. 
8 
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Hence, the characteristics of the Steinerian of a non- 
singular curve are— 


n'=3(n—2)? m!=3(n—1)(n—2), 
ò = 8 (n —2)(n —3) (3n? —On — 5) 
K! =12(n — 2)(n —3) 
7! =§(n —2)(n —3)(3n?—3n —8) 
t! =3(n —2)(4n—9) p'=4(8n—7)(3n—8). 


156. The Characteristics of the Cayleyan:* 

This curve has evidently a (l, 1) correspondence with 
the Hessian and with the Steinerian, and has, therefore, 
the same deficiency. 

We have already determined the class of this curve 
($101) which also touches the inflexional tangents of the 
original curve. It has no inflexions, in general, and thus 
we obtain the following characteristics of the Cayleyan: 

rn’ =3(n —2)(5n —11) m' =3(n —1)(n—2) 
ô = 8 (n —2) (Sn —13)(5n*—109n + 16) 
x’ =18(n—2)(2n—3S), *0 
7’ =8(n —2)?(n2?—2n—1), p'=1(38n —7)(3n —8) 


157. The Characteristics of the Inverse Curve: 

From what has been said with regard to the process of 
inversion (§15) and the properties of inverse curves 
($139), it follows at once that a curve and its inverse 
have a one-to-one correspondence and consequently, the 
characteristics of the latter can be easily determined. 

If fmug +u,t+ugt...t+u,=0 R Pa N 
be the equation of a curve, that of its inverse tł is 

uy (w? +2)" + k?u, (z? +y?) It... Pu, =O ... (2) 

* Clebsch—*' Ueber einige von Steiner behandelte Curven "'— 


Crelle's Journal, Bå., 64, pp- 285— 93, 
t A. S. Hart—Camb. and Dublin Math, Journal, Vol. VI (1)0853). 
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Hence, the inverse curve has a multiple point of order 
n at each of the circular points I and J, and has also an 
n-ple point at the origin. 

The degree’of the inverse curve (2) is evidently 2n. 
But if the origin is a k-ple point on (1), the degree of the 
inverse (2) is 2n—k, The degree will be further reduced, 
if uy», Un» te., contain some power of r as a factor, #.e., 
if the curve (1) has multiple points at I and J. 

Then, as before, n'=2n. 

But, if the origin is a multiple point of order k, the 
degree of the inverse will be 2n—k. 

A node on the given curve inverts into a node on the 
inverse and in addition, each of the points I and J and 
the origin is an n-ple point on the inverse. Each of these 
three points is then equivalent to 4n(n—1) nodes. 

Hence, 6 =+ jn(n—1). 

Again, a cusp inverts into a cusp, so that we have 
n =: 

From these, the other characteristics of the inverse 
can be easily calculated. 

Thus, m'=n'(n'’—1)—28' — Be’ 

=2n(2n — 1)—26—3n(n —1)—3x 
={n(n—1)—26—3x} + 2n 
i =m + 2n 
t= Sn (n —2)— 608'—8x' 
=6n(2n—2) —65—9n(n —1)—8x 
=8n(n—2)+3n 
=i +4 9n 

Similarly, '=2n (2n—7) + 4mn + 2r 
and p =p. 

It is to be noted, however, that in these investigations, 
the curve is supposed to have only nodes and cusps and 
no other higher multiple points. 


—— 
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It will be shown later on that the foci of a curve 
invert into the foci of the inverse curve, and that, if the 
origin is a focus on the curve, the circular points are 
cusps on the inverse. 

If I and J are each a multiple point of order f, and 
the line at infinity a multiple tangent of order g, and f", 
g° denote reciprocal singularities, then the above results 
have to be modified. 


Thus, n'=2n—2f—g’ 
m'=m + 2n — 2(2f + g')—(2f' + g) 
=3(n—2f)(n—2f—1) + (n—f—g')(n—f —g'—1) +8 
and so on. 


Ex. 1. A 2n-ic with n-ple points at I and J inverts into a curve 
of the same type. 

Erz. 2. Show that a biveowent inverts into acircle having double 
contact with the inverse. Hence, find the number of circles passing 
through a given point and having double contact with a curve. 

Ex. 3. Prove that an inflexional tangent inverts into a circle of 
curvature of the inverse. Find the number of circles of curvature of a 
given curve which pass through a given point. 

Ex. 4. Shew that the curve 


C (a? + y*)? + (lar + my) (a? + y?) + ax? + hey + by? + gr + 2fy—0 


inverts into a cubic through the points I and J. 
Exe. 6b. Prove that through any point O on the above curve, nee 
real circles of curvature pass, besides the circle of curvature at O, and 
the! three points of osculation lie on a circle through O. 





158. The Characteristios of the Pedal: 
Fr om what has been said in articles 197-80, i = 
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in the results of that article, we have simply to inter- 
change n and m, 4 and -,:.andx«. Thus, 


n’'=2m,* m =n+2m, 6=Him(m—1)+r 
K =t, r =2m(2m—7) + 4mn + 24, 
o=8m+n, + p'=D. 


In case of higher singularities, these numbers require 
to be modified according to the nature of the singularity. 


If f, g. f', g’, etec., have their significance as in § 157, 
we have— 


n'=2m—f'—g, m'=n + 2m —2(g + 2f')— (2f +g’) 
and so on. 


Taylor defines the pedalt of a pair of curves as 
follows :— 


The locus of the vertex of aright angle whose arme 
envelop two curves of class m and class n respectively 
may be called the pedal of the two curves, or of the one 
w.r.t. the other, and the corresponding locus generated 
by the vertex of any other constant angle may be called a 
skew pedal. When one of the curves in the former case 
degenerates into a point, we obtain the ordinary pedal of 
the curve. 


F 


- 


* Taylor says that the lines OI and OJ may be regarded as perpen- 
dicular to every one of the m tangents of a given curve of class m, 
which can be drawn from I and J respectively. 

Each of I and J, therefore, is an m-ple point on the pedal and this 
having no other point at infinity is of order 2m. When O is at @ focus 
each of the lines OI and OJ is a tangent and also perpendicular to 
itself. Hence, these lines making up the point-circle at © belong to 
the locus and the remaining factor is of order 2(n—1L). 


Taylor—Messenger of Math., Vol. 16 (1887), p. 4. 


+ Dr. C. Taylor—Proc. of the Royal Soc. of London, Vol. 37 
(1884), pP- 139, 
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Ex. 1. Find the characteristics of the second, third, ete., pedals 
of a given curve. 

Er. 2. Find the characteristics of the firat negative pedal, 

(This may be regarded os the polar reciprocal of the inverse curve 
with respect to any point; and hence, the characteristics may be 
obtained from the results of £157. 


n’=m+2n, m’<—2n 
5’ = 2n(2n —7) + 4mn + Qr, ete.) 


Ez. 3. Find the characteristics of the locus of the centre of a cirele 
passing through a given point and touching a given carve. 

Ex. 4. Find the characteristics of the envelope of a circle which 
passes through a given point and whose centre moves on a curve. 


159. The Characteristics of the Evolute: ⸗ 


In order to determine the degree of the evolute, it is 
sufficient if we examine the number of points in which the 
line at infinity meets the evolute. 

Now, the points at infinity on the evolute arise (1) from 
the points at infinity on the curve, (2) from the existence 
of points of inflexion on the curve. 

Corresponding to a point at infinity on the curve, we 
have a cusp on the evolute, with the line at infinity as the 
cuspidal tangent. 

Let M be any point on the line IJ, and M’ its — 
conjugate, then the normal at M is the line IJ (§ 127 
But if the consecutive points of the curve, antecedent id 

subsequent to M be L and N, their normals are LM’, NN a Se 

= Hence, M’ is a point through which three consecutive — 

normals. i.e., three consecutive tangents to the evolute — * 

—— ease, and is, therefore, a cusp with IJ for its tangent. py 

* a _ Now, the cuspidal tangent meets a curve in three a 
* —* Yj — »on secutive points at a cusp, and the n points at Da ae — 

oft hi — — e to te same number — — ni 
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on the evolute, which are then met by the line at infinity 
in 8n points. 

Again, a point at infinity on the evolute is the point of 
intersection of two consecutive normals to the given curve 
which are parallel. The corresponding tangents to the 
given curve will therefore coincide, and the point of con- 
tact will be an inflexion on the given curve. Therefore, 
the « points of inflexion on the given curve give rise to 
« points at infinity on the evolute. 

Hence, the line at infinity intersects the evolute in 
t+3n points, or in other words, the degree of the evolute 
is t+3n. 

If the curve passes through either I or J, these give 
rise to no points at infinity on the evolute, and conse- 
quently, the degree will be diminished by 8. 

If, again, the line at infinity IJ touches the curve, the 
normals for the two consecutive points in which it meets 
the curve coincide with IJ , and consequently two conse- 
cutive tangents to the evolute coincide, i.e., there is a point 
of inflexion on the evolute, having IJ for its tangent. 
But this takes the place of two cusps which we have when 
IJ meets the curve in distinct points, and the degree of 
the evolute is reduced by three. 

Hence, if each of the circular points is an f-ple point 
on the curve and the line at infinity touches it at g points, 
the degree of the evolute is— 

n!=.+ 3n —3(2f +g) 
=a —83(2f +g) 


160. The Class of the Evolute : 

The class of the evolute may be determined by consi- 
dering the number of tangents which can be drawn to it 
from any point, or what is the same thing, by considering 
the number of normals which can be drawn from any 
point to the given curve. We may examine the case when 
the point is at infinity. 


26 
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Now, the number of normals, distinct from the line at 
infinity itself, which can be drawn parallel to a given line, 
is equal to the class m of the curve. Again, the n nor- 
mals, corresponding to the n points at infinity on the 
curve, coincide with the line at infinity, and consequently 
also pass through the assumed point. 

Hence, the number of normals which can be drawn to 
the given curve from any point is equal to the sum of the 
order and class of the curve, i.e., equal to the sum of the 
order of the curve and its reciprocal. 

Thus, the class of the evolute m'=n +m, 

If the curve passes through a circular point, the nor- 
mal at that point does not coincide with the line at 
infinity, and consequently, the number of normals is one 
less than in general. If either of these points be a mul- 
tiple point of order f, the number will be reduced by f. 

If, again, the line at infinity is a tangent to the curve, 
the number of finite tangents which can be drawn through 
a point at infinity is one less than in general, and conse- 
quently, the number of normals is also one less. 

Thus, if the line at infinity touches the curve at g 
points and the curve has f-ple point at each of I and J, 
the number of normals is m+mn—2f—g, i.e., the class of 


the evolute is 
m!=m+n—2f—g. 


It is to be noticed that, in general, no two consecutive 
normals of the curve coincide. For, in that case, the 
corresponding tangents coincide with their normals and 
with each other ; and this can happen only in the excep- 
tional case where the original curve has an inflexional 
tangent passing through I or J. Consequently, two con- 
secutive tangents to the evolute cannot coincide, or in 
other words, there is no inflexional tangents of the evolute. 
Hence, «’=0. 

_ If, however, the curve touches the line at infinity, 
there is a point of inflexion at infinity on the evolute, 
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and the curve passes through I or J, the evolute has an 
inflexional tangent passing through the same point. 
Hence, in this case, fo =2f +g. 
We can now easily calculate the other characteristics 
of the evolute by means of Pliicker’s formuls, 


Thus, c= Sn! +e! — 3m! —=3(. + Bn) +e —3B(m+n). 
Since, J =0, «/ =9n —3(m +n) + 3c =3{2n —m +1} 
When the curve touches the line at infinity at g points 
and has f-ple point at each of I and J, we have— 
a! = 3n! + 1! — 3m! 
= 8{e+ 3n —3(2f + y)} + (2f +g) —3(m +n —2f —g) 
=3a—3(m +n) —5(2f +q) 
where a=t+38n 
And l = 4{n!*—n! + 8m! —3a'} 
r'=4{m!'? — mi! + 8n! —Ba!} 
where a/=c' + 3n!’=3a—8(2/f +9). 
Finally, p!=4{n' +t 2m} +1 (§ 150) 
=4{.+3n—2(m+n)}+1 
=p i 
Ez. 1. Find the characteristics of the evolute of oa y?=<°5, 
 n'=8, m’ =8, p=0. 


Ez. 2. Find the number of points on a curve where the osculating 
circle has a contact of the third order. 

[The existence of a cusp of the evolute not lying on the line at 
infinity indicates the coincidence of three consecutive tangents of the 
evolute, and consequently of the coincidence of three consecutive 
normals to the curve, or in other words, corresponding to such a cusp 
on the evolute, we bave a point on the curve where three consecutive 
normals coincide, f.e., the osculating circle bas a contact of the third 
order. Thus the number of such pointa =x'—n, since the n cusps on 
IJ do not give any such point. 

K —n=5n—J3m+ 3s, ] 
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Ez. 3. How many lines are normal to a curve at two points? 
A bitangent on the evolute corresponds to such a normal to the curve. 


(Hence, there are r’ such points. But the n normals corresponding 
to the n points 4t infinity on the curve coincide with the line at infinity. 
Therefore, excluding these gn(n—1) normals, corresponding to these n 
points, which coincide with IJ, there are then 


v'—Jdn(n—1) = (m? + 2mn—4m— x) 
points. | 


Ex. 4. Find the number of normals common to two curves of ordere 


n, and na, and of class m, and m, respectively. 


[Evidently such normals are the common tangents of their evolutes, 
whose classes ure m, +n, and m,+n,. 
Hence the required number=(m, +n ,)(m, +n,).] 


Ex. 5. Find the Plicker’s numbers for the curve 
(E 4 y) +(x—y)* = Oy" 


[This is the evolute of the curve x34 y$ =a.) 


1461. The Characteristics of Parallel Curves: 


To determine the degree of the parallel curve, we put 
k=0 in the equation (§ 140), which does not affect the 
terms of the highest degree in the equation. The result 
of putting k=0 is, however, the original curves written 
twice together with the two sets of m tangents drawn 
from the circular points I and J to the curve. 


Hence, n'=2(m +n). 


Again, the number of tangents which can be drawn 
parallel to any given line is double that which can be so 
drawn to the original curve, i.e., m’=2m, 


To each inflexional tangent on the original correspond 
two on the parallel curve, and therefore «/=2:. 


From these we can easily calculate the other charac- 


á 


>. 
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Thus, =! +3(m!—n’) 
= 2. + 3{2m —2(m +n)} 
= 9a 
and so on. 


The parallel curve and the original curve have the 
same normal and the same evolute. 


Er. 1. Find the characteristics of a parallel curve, when the 


original curve touches the line at infinity, and the points I and J are 
multiple points on the curve. 


Ex. 2. Find the characteristics of the parailel to a parabola. 
Ex. 3. Interpret the tangential equation of the parallel to the curve 


—— 


[The parallel is (E* +n?) = {agn tkil? +y*)*} J 
Ez. 4. Find the characteristics of the envelope of a family of circles 
whose centres lic on a given curve and which touch a given circle. 
Ex. 5. Find the pedal of the parallel curve and show that it is the 
same as the locus of a point Q taken on the radius vector OP of the 


pedal of the curve, such that PQ= +k. (This locus is called the 
conchoid of the pedal.) 


162. The Characteristics of the Orthoptic Locus:* 


In order to determine the degree of the orthoptic 
locus, we have to examine its intersections with the line 
at infinity. The line at infinity meets the locus only at I 
and J and in no other point, and each of I and J isa 
multiple point of order 4m(m—1). For, m tangents can 
be drawn to a curve from each of the circular points I and 
J and these may be taken in pairs in 4m(m—1) ways, and 
every pair may be regarded as at right angles to one 

-another. Each of the points I and J is, therefore, a 
multiple point of order 4jm(m—1), and these are, in 
general, the only points at infinity. | 


* Taylor—*' On the Order of Orthoptic Loci "—Messenger of 
Math., Vol. XVI (1887), pp. 1-5. 
40. Zimmermann calls this curve ‘“* Oribogontle '—(Crelle, Bd., EA 
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For, let A and B be two points on the line IJ, harmo- 
nic conjugates with respect to I and J. The two tangents 
from A and B intersecting at C are then perpendicular, 
and consequently, C lies on the orthoptic locus. If then 
A and B approach I, C also approaches I, while C(IJ, AB) 
remains harmonic. 

If the tangents from A and B are not consecutive, 
C becomes the point of contact of either tangent. 

Now proceeding to the limit, we see that to each pair 
of tangents to the given curve from I corresponds a branch 
of the orthoptic locus through I, and the tangent to this 
branch is harmonic conjugate to IJ with respect to these 
tangents. Since the class of the curve is m, the m 
tangents through I may be taken to constitute Jm(m—1) 
such pairs of tangents, and consequently, there is the 
same number 4m(m—1) of branches of the curve which 
pass through I; or in other words, each of the points I 
and J is a multiple point of order 4m(m—1). Further, 
it can be easily seen that there is no other point of the 
locus on LJ. 

Hence, the degree of the orthoptic locus is— 


n’'=m(m—1). 


163. Class of the Orthoptic Locus: 


To find the class of the orthoptic locus, it is sufficient 
to find the number of tangents which can be drawn to 
the locus from J, 

Since each of I and J is a multiple point of order 
4m(m—1), there are m(m—1) such tangents at J ($ 65) 
which are to be regarded as tangents drawn from J to the 
curve. In order to find the other tangents we proceed as 


follows: 


In the figure of § 142, let PP’ pass through J; then 
QR passos tbrovgh I, for P(QR, IJ) and P'(QR, IJ) are 


| (Ait ate is. 
= : 7 EAT — 
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In the limit, Q, R become the points of contact of the 
perpendicular tangents PQ, PR: and the tangent at P to 


the orthoptic locus passes through J, while QR passes 
through I. 


If a line through I intersects the given curve at Q 
and R, and the tangents at Q and R meet in O, let L be 
a point on IQR, such that O(QR, IL) is harmonic. Now 
consider the envelope of the line OL. Every tangent 
from J to this envelope (distinct from IJ) will bea 
tangent to the orthoptic locus. Hence, the number of 
tangents to the orthoptic locus drawn from J (points of 
contact not lying on IJ) is equal to the class of the 
envelope of OL, which is evidently equal to the number 
of its tangents drawn from I. 


It is readily seen that OL cannot pass through I, 
unless IQR touches the given curve at Q but not at R, or 
vice versa, 


In this case then IQR will touch the envelope at a 
point K, such that (IK, QR) is harmonic. Therefore, each 
tangent from I to the curve is an (n—2)-ple tangent to 
the envelope, and consequently, the class of the envelope 
is m(n—2). * 


Thus, finally the class of the orthoptic locus is— 


m =m(m—1) + mn — 2) =m(m+n—3). 


In order to determine the number of cusps, it is to be 
noticed that, since a cusp may be considered as arising 
from the coincidence of two consecutive points on the 
locus, the points of intersection of an inflexional tangent 
to the given curve with a perpendicular tangent are cusps 
on the orthoptic locus, and in general, there are no other 
cusps. But, there are m perpendicular tangents to each 
inflexional tangent of the given curve. Consequently, the 
number of cusps on the orthoptic locus is =m, 
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From these we can easily calculate the other charac- 
teristics of the orthoptic locus. 


Thus, o=«/—3(n'—m’) 
=im —3{m(m— 1) —m(m+n—3)} 
= m(t + 3n — 6) 
=t + Bn! =m + 3B(38m — min — m) + 8m(m —1) 
28! =n’? — n! + Bm! — 3B! + Bn’) 
=n!? —10n! + 8m — 3 
waa = m2(m—1)? —10m(m—1) + 8m(m +n —8) 
—3m(c + 8n—6) 
=m{(m + 1)(m —2)* +27} 
2r! = mM’? —m! — 8n! —3( + 3m’) 
=mi{m(m+n)* — (6m? + bmn +n?)— m + 22 + 28} 
The deficiency is given by— 
2p!'=m!+«'—2n'+2 (8135) 
=m(m+n—8)+e—2m(m —1)+2 








=(m—1)(m — 2) + 2mp 
— < pl=4(m—1)(m—2) + mp. 

464. There is no difficulty in seeing how these 
numbers are to be modified, if the original curve touches 
the line at infinity’ or passes through the circular Botnte 
at infinity. | 

yus, if the line at infinity touches the curve tg 
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line at infinity, the absolute term will not appear in its 
tangential equation, and the co-efficients in the eliminant 
are of degree (m—1), and the degree of the orthoptie locus 
is, therefore, (m—1)?. 

Hence, the orthoptic locus of a circle is a circle, while 
that of a parabola is a straight line (the directrix). 

If, however, the linear as well as the absolute term 
are absent, the line at infinity is a bitangent or a station- 
ary tangent, and the co-efficients in the eliminant are 
of degree (m-—2), and the orthoptic locus is of order 
(an —2)(m—1). 

And generally, if the line at infinity is a multiple 
tangent of order g, the degree of the orthoptic locus of a 
curve of the mth class is (m—gq)(m—1). 


In a similar manner, the class is found to be— 
m!=(m—g)(m+n—3—gQ). 

The tangential equation of the evolute of the parabola 
is 4a&5=277*. 

Here the linear and the absolute terms are absent, 
and the orthoptic locus is a parabola. 

The line at infinity is a bi-tangent to the evolute of the 
ellipse, and hence the orthoptic locus is a sextic curve. 

Dr. C. Taylor in a note, published in the Proc. of the 
Royal Society of London, Vol. 37 (1884), pp. 138-141, 
propounded a number of theorems on the isoptic and orthop- 
tic loci of a curve, where he remarks that these had been 


verified by analytical methods in an unpublished paper 
by one Mr. J. S. Yeo. The theorems stated here are 


taken from the said note. 


In @ similar manner, the Plicker’s numbers are to be 
modified when the curve passes through I and J, or has 
multiple points at those points, 


27 
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Ez. 1. Show that the orthoptic locus ia a circle, when the curve jg 
a central conic for a circle). 


Ex. 2. Show that the orthoptic locus is a atraight line, when the 
curve is a parabola. 


Ex. 3. The orthoptic locus of s quartic curve of class 3, touching the 
line at infinity at two points dividing IJ harmonically, is a straight line. 


Er. 4. Find the characteristics of the orthoptic locus when the 
inflexional tangents of the curve pass through tbe circular points. 


[n= (rm + 1)(m—9Q), m'=m(m+n—4), «=im—4.] 


Ee. 5. Find the characteristics of the orthoptic locus of the evolute 
of a curve. 


(The locus is the same as the locus of intersections of perpendicular 
normals of the curve. Hence, 


n’ = (m—1)(m +n—2), m' =(m—1)(4m +«—6), etc. J 


165. The Characteristics of an Isoptic Locus : * 


Since each of the circular points is an m(m—1)-ple 
point on the isoptic locus, proceeding in a manner similar 
to that in $162, it is found that the degree of the isoptic 
locus is— 


n!=2m(m—1). 
To find the class, the tangents at I are regarded as 
2m(m—1) tangents which can be drawn from I to the 


curve; and proceeding as in §168, it. will be found that 


there are other 2m(n—1) tangents which can be drawn 
from I to the curve. 


Thus, m/=2m(m—1)+2m(n—1)=2m(m +n—2) 
Also, K= Ime. 
From these we may calculate the other characteristics, 


—— Taylor—" Note on a Theory of Orthoptic and Taoptic Loci * a 
‘Proc. of the —— ‘Soc, s — Vol. BY (1964), pp. 188—41, 
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Thus, ôl = m (2m —3)(m? —m—1) + Qmr, 
r= m{2m(m +n)? — (8m? + 8mn + nr?) — 2m + 12 + 28}. 
i! = 2m (Bm + «x —3) p'=(m—1)? + 2mp. 


ke, 1. Find the characteristics of the envelope of a chord of a 
curve which subtends an angle of given magnitude at a given point. 

Ex. 2. Prove that the envelope of a circle which passes through a 
fixed point and subtends a constant angle at another is a limaçon. 

Ex. 3. The isoptic locus of a parabola consists of the line at 
infinity twice and a central conic (Taylor). 


Ex. 4. Prove that the points of contact of the tangents drawn 
from the circular points to any curve are single points on the orthoptic 
locus, and double points on Isoptic locus (Taylor). 


166. Other Derived Curves: 


Besides the curves discussed in the preceding article, 
a good number of others might be derived from a given 
curve by means of various known processes. But separate 
discussions of such curves are not considered necessary. 
Properties of such curves may be discussed independently 
as occasion arises. We shall, however, conclude this 
chapter with a few examples, which the students are 
required to work out for themselves. 


Ex. 1. If on the radius OP of a straight line, we measure off 
distances PQ= +k, the locus of Q is a curve having a node at O 
and a tacnode at infinity with the given line as tangent. 


[The locus is called the Conchoid of Nicomedes. ] 
Ex. 2. Find the locus of a point Q taken on the radius vector OP 
to aciccle through the point O such that PQ= Łk. 
(This locus is called Pascal's Limagon. | 
Ex. 3. Discuss the nature of the origin in Ex. 2. 


Ex. 4. Any atraight line OP intersects two given curves at P; and 
Py. Find the locus of a point P such that OP=OP,—OPy. 


[This curve is called the Cissoid of the curves for the pole 0.) 
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Ezr. 5, Find the characteristics of the locus in Ex, 4. 
fn’ = 2nyNa, m’ = ry Tite + nemi + Inine, x =a nixa + Mj, 


where ni, Mi, Ki, etc, and mg, Mz, xq, etc., are the characteristics of 
the two given curves. ] 


Ex. 6 Find the locus of P and its characteristics, if in Ex. 5, 
OP =k, OP, + kgOP2, where ki, kg are constants. 


Ex. T. Show that the cissoid of two circles, one of which passes 
through the origin, is a quartic curve having a node at the origin and 
two nodes at the circular points (A bi-circular quartic). 


Ex. 8, If on the radius vector OP of a curve, PQ= +k is measured 
off, where k is a constant, the locus of Q is the cissoid of the given 
curve and the circle with centre O and radius k. 


(This curve is called the conchoid of the curve. Cf. Ex. 1.] 

Ex. 9. Find the conchoid for the conic given by the general 
equation of the second degree. 

Ex. 10. Show that the characteristics of the locus of the centre 
of a circle orthogonal to a given circle and touching a given 2n-ic 
with n-ple points at I and J are the same as those of the reciprocal 
to the given 2n-ic. 
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CHAPTER VIII 


Kocrt OF CURVES. 


167. Plucker’s Conception of Foci: It is shown in 
Treatises on Conic Sections* that the foci of conics are 
the points of intersection of the tangents which can be 
drawn to the conic from the two circular points at 
infinity. This conception of the foci of a conic has been 
extended by Plicker,{ who gives the following definition 
of the foci of a curve in general :— 

Foci of a curve are the points of intersection of the 
tangents drawn to the curve from the circular points at 
infinity. 

Theorem : A curve of the mth class has, in general, m? 
foci, of which only m are real. 

Since m tangents can, in general, be drawn toa curve 
of class m from any point, m tangents can be drawn to 
the curve from each of the two circular points at infinity. 
These tangents are all imaginary, and they intersect in 
mm? points, which are the foci of the curve. 

But m, and only m, of these points will be real, if the 
curve is real; for, if one of the tangents drawn from the 
circular point I be of the form A+iB=0 (A and B being 
linear functions of the co-ordinates), one of the tangents 
drawn from the other circular point J will be of the form 
A—iB=0, these two intersecting in the real point A=0O, 
B=0, All the other J-tangents will be of the form 
C—¢D=0, none of which can intersect the I-tangent 
A+iB=0 in a real point, unless C/A=D/B, in which case 
A—iB=0 and C—iD=0 become indentical. 


* Salmon—Conics, § 258, p. 238. 
+ Plicker—Crelle, Vol. X (1882), pp. 84—91. Also Cayley—Coll. 


Papers, Vol. VI, p. 515. 
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Therefore, a real focus of the curve is the intersection 
of an I-tangent with its conjugate J-tangent, and hence 
the number of real foci is m. For example, a conic has 
four foci, of which only two are real. 

168. In the preceding investigation, it is assumed 
that the points I and J have no special position with 
reference to the curve. But if the curve passes through, 
or has singularities at, these points, the number of foci 
must be determined by a special method. 


Theorem: If the line at infinity is a multiple 
tangent of order g, i.e., touches the curve at g points, a 
curve of the mth class has (m—g) real foci. 

Let the line IJ touch the curve at g points A, B, C, 
etc., distinct from I and J. Then IJ is to be regarded as 
gy of the tangents from I or J tothe curve. Then the 
I-tangents are made up of the line IJ counted g times and 
(m —g) other tangents. Similarly, the J-tangents consist 
of the line IJ counted g times and (m-—g) other tangents. 
Then the foci of the curve, which do not lie at infinity, are 
the (m—g)? intersections of the (m—g) I-tangents with 
the (m—g) J-tangents, and of those only (m — g) are real. 

Again, the point I counts as g(m—g) foci,* for, it may 
be regarded as the point of intersection of g J-tangents 
(IJ) with the (m—g) I-tangents. Similarly, the point J 
counts as g(m—g) foci. Then again, the g I-tangents (IJ) 
intersect the g J-tangents in g? points, of which only g 
are real, and these are the g points of contact of IJ with 
the curve. Thus the foci of a curve, which lie at infinity, 

- consist of g(m—g) at each of I and J, and g? on * of 
= which only g are real. 


a 

| * The foci of ⸗ curve are i be distinct from the circular pointa 
Therefore they sro not to be counted as í foci. There are 
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Hence, the foci of the curve are—({1) (m—g)? finite, 
(2) g(m—g) at I, (8) g(m—g) at J, (4) g? on IJ, the total 
number being (m—g)?+29g(m—g)+q2=m?: of these 
(m—g) are real at a finite distance, and g at infinity. 


Ez. The parabola is touched by the line at infinity. Its class being 
2, it must bave two real foci, of which one is at a finite distance and one 
ia at infinity, i.e., at the point of contact with the line at infinity. 


169. Theorem: Ifa non-singular curve of the mth 
class passes through the circular points at infinity, the 
curve has (m—2) real single foci, and one real double 
(singular) focus. 

Since from a point on the curve, not more than 
(m—2) tangents (exclusive of the tangent at the point) 
can be drawn to the curve, when I, J are points on the 
curve, (m—2) tangents can be drawn to the curve from 
each of the points I and J, exclusive of the tangents at 
these points. Thus the curve has (m —2)? finite foci, of 
which (m-—2) only are real. 

The two tangents at I and J are the limiting positions 
of the four tangents which can be drawn from the 
imaginary points I’ and J’ in the neighbourhood of I and J 
respectively. These four tangents intersect in four points. 
of which two are real and two imaginary. But when I’ 
and J’ move up to coincidence with I and J, the two real 
points coincide into one and form a double focus. This 
point is not usually included among the ordinary foci, and 
is called a singular focus. 

In fact, the four points of intersection coincide into 
one, which, therefore, should properly be called a 
quadruple focus, but if we regard this as a real focus, it 
must be considered as a double one. Thus, the intersec- 
tion of the tangents at I and J is a real double focus. 

The foci of the curve then consist of :— 

(1) (m—2)® finite foci, (2) 4 foci at the intersection 
of the tangents at I and J, (3) 2(m—2) foci at the 
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intersections of the (m—2) I-tangents with the tangent 
at J counted twice, (4) 2(m—2) foci at the intersections 
of (m—2) J-tangents with the tangent at I. 

The real foci are then (m—2) single foci and one double 
focus, which is the singular focus. 


Ex. The circle passes through I and J and its class is two. The 
centre is the resl (double) singular focus, or a quadruple focus, 
considering the imaginary foci also. 


Combining this with the theorem in the preceding 
article, we obtain the theorem :— 

If a non-singular curve of the mth class passes through 
the circular points at infinity, and the line at infinity is a 
multiple tangent of order g, the curve has (m —g—2) real 
single foci, one (double) singular focus, and q real foci at 
infinity. 


170. Theorem: If the circular points are nodes on a 
curve of class m, the curve has m—4 real single foci and 
two real (double) singular ones, which are the two real 
points of intersection of the nodal tangents at the circular 
points, 


When the points I and J are nodes on a curve, the 
number of tangents which can be drawn from each to the 
curve is m—4 (exclusive of the nodal tangents). There- 
fore, the number of real single foci is m—4. Again, any 
one of the tangents at I intersects its conjugate nodal 
tangent at J in areal point, which is a double focus, and 
it intersects the other nodal tangent at J in an imaginary 
point. Since there are two pairs of conjugate nodal 
tangents, there will be two real singular foci. Hence, the 
real foci of the curve are (1) m—4 single foci, (2) two 
(double) singular foci. 

In general, if each of the points I and J is a multiple 
_ point of order k on the curve, it can be shown, in a similar 
way, that pure are k? singular foci, each of which counts 





FOCI OF CURVES 217 


as four, and of which only k are real; and since only m—2k 
tangents can be drawn from each of I and J to the curve. 
there are (m—2k)* ordinary foci, of which m—2k are 
real single foci. À 

If the line at infinity is a multiple tangent of order g, 
the number of real single foci is m — g — 2k, and that of the 
real singular foci is k, and there are g real foci at infinity. 


171. Theorem: If the circular points are cusps or 
inflexional points on a curve, of class m, it has m—3 real 
single foci and one real triple focus, which is the inter- 
section of the cuaspidal (or inflexional) tangents at the 
circular points. 

From a cusp or a point of inflexion, m—3 tangents, in 
general can be drawn to the curve, distinct from the 
cuspidal (or inflexional) tangent. Therefore, from each of 
the points I and J (m—3) tangents can be drawn, and 
consequently, the number of real single foci is m—3. 

Each of the cuspidal (or inflexional) tangents at I and J 
counts as three tangents, and therefore, their point of 
intersection counts as nine intersections, of which only three 
are real and the point is regarded as a real triple focus. 
Thus, the real foci of the curve are: —(1) m—3 real single 
foci, (2) one triple focus. * 

When the line at infinity is a multiple tangent of 
order g, the number of real single foci is m—g—38, and 
there is a triple focus. 


172. In all these investigations we have assumed that, 
except at the circular points, the curve possesses no other 
singularities. But, every line joining the circular points 
to a double point has a contact of the first order with the 
curve at the double point, which can, therefore, be regarded 
as satisfying Pliicker’s definition of a focus, in which no 
distinction is made between contact and tangency. If, 
therefore, a curve has 6 nodes and « cusps, exclusive of 


+ 28 
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the circular points, these points should be included in 
the number of foci, and in the above formule, giving real 
single foci, m should be replaced by m+28+3x, 


173. The Co-ordinates of the Foci: 


The co-ordinates of the foci of a curve can be deter- 
mined by forming the equation of the tangents which can 
be drawn from the point I to the curve by the method of 
5 67. The equation thus obtained will be of the form: 


P+1Q=0 
and the corresponding equation for the point J will be— 
P—iQ=0. 


The intersections of these two systems of tangents will, 
therefore, be determined by the equations 


P=0, Q=0. 


Thus, if f,, fg denote the first differential co-efficients 
of f with respect to z and y, and f,,,. f,o, ete., denote the 
second differential co-efficients, then the equation of the 
system of tangents drawn from the point (1, i, 0) to the 
curve f=0, is obtained by forming the discriminant of the 
equation. X | 


A" HA" Nf Fifa) 0 


The foci are then determined by equating the real and 
the imaginary parts of the discriminant separately to zero. 

In actual practice, however, the following method is 
very convenient : 

Let F(, 7, 0=0 be the tangential equation of a curve 
of class m. 

The condition that the circular line 2 —a2!+i(y—y/)=0 
through a focus (2’, y') should touch the curve is obtained 
by putting 1, 7%, (@’+iy’) for £ m t respectively in the 


given equation. F(E, 7, 0 =0 of the curve. 


. Oe 


* 


— kad 





FOCI OF CURVES 219 


Equating the real and imaginary parts of this separately 
to zero, the co-ordinates (z’, y') of the foci are determined 
as the intersections of two loci. 


Ex. 1. Find the foci of the conic defined by the general equation 
of the second degree. 
The tangential equation of the conic is— 


A? + Bn? + OC? + 2F nO + 2G + 2HEn —0. 


Substituting 1, i, —(#’ + iy’) for, n, C in this equation, and equating 
the real and imaginary parts separately to zero, we obtain for the locua 
of (x, y )— 

Ciz? — y*) + 2Fy—2Gr + A —B=0 


Czy —Fr—Gy+H=0 


which represent two rectangular byperbolas. From these equations 
the co-ordinates of the foci can be determined. The chord of contact 
is evidently the directrix. 

By analogy, the chord of contact of the two circular lines through 
a focus of any curve may be called the corresponding directrix. 

Ex. 2. Find the real foci of the curve given by— 


422n?—3e2 +1=—0 


Makiog the equation bomogeneous by introducing powera .of 
£; we have — 


4g7n?—3e7¢2 + C1 = 0 


Now, putting f=1,9=i and ¢=—(x"+#y’), the resulting equation 
gives us— 


(2° +17? =4 or, (£ + iy)? = —1 
Hence, we have either x'+iy'=+3 or x2 +1y'= +1 


The frest solution gives r= +2, y’ =0 


The second gives 2 =O, y= +1 
^. The foci are (+2, 0) and (0, +1). 
Ex. 3. Find the real foci of the curve ¢4+ 2n?7=0 
Putting = =l, a=i, C= —(e' +iy’) 

we obtain (2° + iy')f=1 


(2 + ty’P=—+1, whence z'+iy' = +1, or, 2 +ty’= +1 
which give the foci (+1, 0) and (Ô, +1,) 


- 


=a — Let f E. n, ()=0 be the tangential equ 





220 CHAPTER VIII 


Ex. 4, Find the foci of :— 
(i) C3 + nC? + 2k? —2n*e + Bing + 2&2 = 0 
[Fou (1, +1), (0, DJ 
(it) 27kn* + 48=—0 
[Focus (—2/k, 0)]. 


174. From what has been said above, it follows that if 
the tangential equation of a curve be given, the co- 
ordinates of the foci can be determined for special forms of 
the equation. Using tangential co-ordinates, let a, B, y,... 
denote the foci and w, œ’ the two circular points at 
infinity. Then, since the lines aw, aw’, Bw, Bw',...are 
tangents to the curve, the tangential equation must be of 
the form aßyð... =ww'p, where ¢ is an expression of order 
m —2 in tangential co-ordinates. 

Now, for a curve of the second class, ww’ is constant and 
the equation becomes a =ww'=constant. The geometrical 
interpretation of this is that the product of the perpendi- 
culars drawn from the two foci on any tangent ts constant, 

The equation of a curve of the third class can be 
similarly put into the form aßy=ww', and the geometrical 
interpretation of this equation is that the three tangents 
drawn from the foci a, 8, y (besides the circular lines) are 
concurrent in a fourth point 5, and therefore the product 
of the perpendiculars from the three foci of a curve of the 
third class on to a tangent is in a constant ratio to the 
perpendicular drawn on the same tangent from a fourth 
point ô A similar interpretation can be given | in _the 


general case. 

175. Equation of Confocal Curves : 
— of @ curve 
— 






— class m. Then the equation ofa } curve 
— i as the given —— be written — * 
Qh f 7 n lri +o Guth meL —— ae 
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where ww’ is of degree 2 and represents the circular points 
at infinity, ¢(€, 7, t) =0 represents a curve of class m —2. 
Considering the two circular points as constituting a 
degenerate curve of .class 2, a curve confocal with the 
given curve must touch the 2m common tangents to 
ww’=0 and f=0. Hence, the tangential equation of a 
curve confocal with f=0 must contain— 
gm (nt +3) — 2a = Aim (m — 1) 
arbitrary co-efficients. | 
Since there are 3m(m—1) co-efficients in », the equa- 
tion (1) represents a curve touching the common tangents 
of f=0 and ww'/=0, 
Cor: In the Cartesian system 
f(E., y)=0 and F(Ê, n)=0 
are confocal, if f(E, y)—F(E, n)=(€2+72)¢(E, n). 


176. Determination of Singular Fooi: 


The singular foci of a curve are the intersections of 
the circular lines which are asymptotes of the curve. If 
then the asymptotes are found by the usual method, the 
singular foci can be easily determined. 

Let (a—2’) +i(y—y'=0 
be an asymptote to the curve; then 

(x -2')—t(y—y')=0 
is also an asymptote. These two evidently intersect in 
the point (2, y') which is a singular focus of the curve. 


Ex. 1. Find the singular focus of 
2r(r? +y*)=a(Sx* —y?) 


Two circular asymptotes are © + iy =a, and «—iy-«a 


which evidently intersect at the point (a, 0), which is a singular focus, 
To find the ordinary focus, we consider the intersection of the 
line yw ix +e with the curve, 
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By putting yeiz+e in the equation of the curve, we ind— 
42*(tc =a) + 2exrlc + fa) + ac* =0 
one root of which is evidently infinite, as it should be. 


The other two roots will be equal, 


if de*(e+ia)*=—16 ac*(ic—a) 
or, if (c + 1a)(c —3ia)=0 
i.e., if c= =n or, e=3ia 


¢=—14 gives another infinite root, which gives the singular focus. 

If c= dia, the line y= ix +3ia is a tangent, or, (x +3a)+iy=0 is a 
tangent. Hence (r+3a)—iy=0 is also a tangent. They intersect in the 
ocus (—3a, 0). 

Ez. 2. Find the fociof 2(2°*+9")=ay’ 


The line y =ir +c intersects the curve in points given by— 


rix’ + (ir +c)?} —aliz +e)’ 


or, x*(a + 2ic) + x(c* —2iac)—ac*? =0 oy ah 


one point of intersection is evidently at infinity. The other two points 
are given by equation (1). 
These will be equal, if (ce? —Qiac)* +4ac*(Qic+a)=0 
i.¢., if c+dai=0, whence c= — 4as. 
Hence, the ordinary focus is (4a, 0). The singular focus will be obtained 
by making the co-efficient of ©* vanish, f.e., by making Qic+a=(). 
Hence, the singular focus is (—{a, 0). 


Ex. 3. Show that the following two curves have no foci, singular 


or ordinary : 
(i) A curve of class m touching the line at infinity at the circular 


points and m—3 other points. 
(ii) A curve of class m touching the line at infinity at the circular 


points and m—4 other points, and having cusps at the circular pointa. 
Ex. 4. Find the foci of the curve defined by #s=at’, y=at"**. 
The lines y= +ix+c meet the curve, where 
attt = + ilat") +c — OD 


Ate consecutive point, we bave— 
: — ———— 6 
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From (1) and (2) we obtain (p+ q)at"*"-' = +japt”-: 


— 
ip \q—2 


TF [%2 ce — -( 
tp+ą — ry 


Hence, the point of contact is given by— 


z= — — — =a ( + om 9 —2 
a( + "2 -) ters t, +q 


Substituting these in the equation of the lines, we obtain — 





q 
Rtg — 
Puttiug kom — we get aki — 2 +iakI—* +e 
q—2 — 


whence 2 
c=ak iak 1—7 


ett À —— 
qg—2 q—-2 
Hence, the lines are— y — ak = +i] rak 


— p+ 
-. The foci are ( tak" A ak? ~*) 


Ex, 5. Find the foci of the following curves : 


(i) (x? +y*)*—S(r* —y") +15=0 


(Singular foci (+2, 0), ordinary foci (+ “15/2, 0)] 


(is) (e+ y)(e* +y’) + 22(e—-y) =O 
[Singular focus (0, 1), ordinary foci 


(—8FaVV72+1, -Fav 3- ] 
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177. A new Theory of Foci :* 

If in the equation F(1, i, —x—iy)=0 of § 173 we put 
2=x2+1y, F may be considered as a monogenic function 
of a complex variable z, and consequently, the theory of 
foci of algebraic curves reduces to the algebra of binary 
forms. 


If then F breaks up into n factors of the forms— 
(z—a, —i18,)(2 —ag—ifa)...(2 —a, —i8,)=0 “aur ae 

it also breaks up into n other factors of the forms— 
(z —a, +i12,)(z—ag+iBe)...(2 —a, +i8,)=0 wey (2) 


If now we take one factor of each along with one factor 
of the other, and put each equal to zero, then, since these 
can be taken in n? different groups, there are in all n? 
foci, of which n are real with co-ordinates 


(ais B1)» (ae, Be), (ag, Barean: Bn) 


and n(m—1) are imaginary, as has already been shown. 
These latter foci are so arranged that they lie on the 
perpendiculars drawn at right angles to the lines joining 
the real foci through their middle points. 


Writing the equation F (€, 7, ()=0 in the form— 
En —nP,¢"-! _ ie —}) Patr- —...+(—1)"P, —() (1) 
2] $ 
where P,, Pg,---P, are functions of Ê, 7, and putting 
t=0, we find that 
P =p, é" +7 6" n+ pe" n? +... Pan" = e s.s (2) 


© This method of treatment was given by Siebeck—‘* Ueber cine 
neue analytische Bebandlungwise der Brennpunkte''—Crelle, Bd. 64, 
pp. 175—182. He has shown that from known properties of complex 
functions many interesting results on the properties of foci can 
easily be deduced with the help of this new method of treatment. See 
also ien Bd. 126 (1903), pP- 171, T 


i8 
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gives the tangents of the angles which the tangents drawn 
from the point (=0 make with the axis of x. 

If a, ag,...a, be the angles, we have— 
tan Sa= (Pı —P3+Ps—..-)+(Po—Pat+P4—.--) (3) 


Again, the foci are obtained by putting (1, i, —z) for 
f+ n» č, so that the equation giving the foci becomes— 


— —— n(n—1 a 5 
— nP ar -i+ 2e- l) Par.. +(—1)"P, =0 
where P, =(Po— Pa +P —.---)+i(Pi— Ps tPs —---) 


If 8,, &g,..-8, be the angles which the radii to the foci 
make with the axis of z, we have — 


IIr cos =8=(—1)” (Po —P2+P4—-.-) 
Ir sin TB=(—1)"(P1 —Ps + Ps—---) 
<. tan S@=(p,—Ps + Ps—.--) = (Po—P2t+Pa—---) 
=tan da 
=. DaS +n. 


Thus we obtain the theorem :— 


The tangents drawn from any point to a curve make 
with a fixed line angles whose sum differs from the sum of 
the angles made by the lines joining the same point to the 
foci by a multiple of =. 


Ex. 1. If P,=p.icos w. +f sin w.), p. is the product of the dis- 
tances of the n real foci from the origin, aud +, is the sum of the 
angles which the radii to the foci make with the c-axis. 

Ex. 2. Tangeots sre drawn from any point to two confocal curves. 
The tangents to one curve make with any fixed line angles whose sum 
differs from that of the angles made with the same line by tangents to 


the other curve by a multiple of r. 
29 
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178. In finding the co-ordinates of the foci of a curve 
in § 173, we obtained two equations of the forms P=0O, 
Q=0, which, when geometrically interpreted, will lead 
to very interesting results. 


Writing the condition that the line 
(2—2') + p(y —y') =0 
should touch the curve in the form— 
ap" +bp"-!+ep"-2+ |. =0 


where a, b, c,...etc., are functions of 2’, y’, it is evident 
that — b/a, c/a, etc., are the sum, the sum of products in 
Pairs, etc., of the tangents of the angles, which the tan- 
gents to the curve through (x', y’) make with the axis of zæ. 

If now we put p=i and equate the real and the imagi- 
nary parts to zero, we obtain the two equations: 


Pea—c+e-—...etc. =0, Q=b—d+ f—...etc.=0 


Now, if aj, ag, ag, ...be the angles which the tangents 
make with the axis of «, we have— 


tan Ja“ —— 
a—c+eée-—... 

Hence, from the first equation P=0, we obtain the theo- 
rem: 

The sum of the angles made with the axis of x by the 
tangents through (a', y') is an odd multiple of 4r. 

Also the second equation expresses the fact that the 
sum is either zero or a multiple of ~. 

Thus, if the sum of the angles be given, i.e., if ta=@6, 
we obtain the following theorem : 

The locus of a point, such that the sum of the angles 
made with a fixed line by the tangents through it drawn 
to a curve of the nth class is given, is an n-ic, 


* Hobson—Plane Trigonometry, § 49, p. 47. 
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If the fixed line is taken for the axis of «, the equation 
of the locus is found to be— 


(a—c+e—...) tan 6=(b—d+ f—...) 


where a, b, c,...ete., are functions of order n in (x, y). 


It follows then that the locus passes through the foci 
of the curve. 


Ex. 1. Find the distances of the real foci from the origin. 


Let f(£, 7)=0 be the tangential equation of the curve, and (7, 4) the 
polar co-ordinates of a focus. Then (e — cos®)+ify—r siné)—O0 are 
tangents whose co-ordinates are— 


1 $i 


—re x"? -re +” 





Substituting these values for £, y in the given equation, we obtain— 


(eas ew? ae) 6 ye 


and fear? — — > e y= 
Eliminating 0 between these equations, we obtain an equation giving 
the values of r. 


Ex. 2. Prove that every focus of a curve is also a focus of its evo 
lute. [Tangents through one of the circular points coincide with the 
normal. ] 


179. Fooi of Inverse Curves: 


If a curve be inverted from any point, the inverse points 
of the foci of the original curve are the foci of the inverse 
curve. 

A focus of a curve has been defined as an indefinitely 
small circle which has double contact with the curve. 

Now, if C is a circle which has double contact with 
a curve at two points P and Q, and if the origin of inver- 
sion be not on the circle, the inverse of the circle C will 
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be another circle having double contact with the inverse 
curve at the inverse points P’ and Q’. If further C bea 
point-circle, its inverse will also bea point-circle. Hence, 
the focus of a curve is inverted into an indefinitely small 
circle having double contact with the inverse curve, or in 
other words, the inverse of a focus is a focus of the in- 
inverse curve. 

The inverses of the lines joining J to the intersections 
of the curve with Cl are tangents at I to the inverse curve. 
Hence, when C is a focus of the curve, two tangents at I 
to the inverse curve coincide, and we obtain the 
theorem :— 


The inverse of a curve with respect to a focus has cusps 
at the circular points. 

For instance, the inverse of a conic with respect to one 
of its real foci is a limaçon, which isa quartic curve 
having cusps at the circular points and a node at the origin 
(focus), 

Ex. 1. The inverse of any curve with respect toa singular focus O 
bas also a singular focus at O, 

Er. 2. A limaçon is self-inverse with respect to the circle through 
the node with its centre at the ordinary focus. 

(The ordinary focus of the limaçon r=a+b cos 8, with node at the 


le, is 
* {(62—a*)/2b, 0} 


The equation of the curve with the ordinary focus as pole is— 
4b?r2 — 4br(a? cos 6 +b?) + (a2? —b2)2?=0) 


180. Reciprocal with respect to a Foous: 


The reciprocal of a curve with respect to a_ focus is a 
curve through the circular points, and the directrix reci- 
procates into a singular focus. 

If we reciprocate with respect to the focus O, ie., a 
circle with O as centre, the lines OL and OJ reciprocate 
into the points I and J; and consequently the points I, J 
sre on the reciprocal curve, i.e., the reciprocal passes 
— the circular points. Y 
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The directrix is the chord of contact of the tangents 
Ol and OJ, whose points of contact reciprocate into the 
tangents at I and J. Hence, the reciprocal of the direc- 
trix is the point of intersection of these tangents, which 
is a Singular focus. 

It will be noticed that the reciprocals, with respect to 
any point O, of the foci are the lines joining the intersec- 
tions of the reciprocal curve with OI and OJ. 


Ex. The reciprocal of a conic with respect to a focus is a circle, the 
directrix reciprocating into the centre of the circle. 


181. Foci of Circular Curves: 


The locus of the singular focus of a circular curve of 


order n, passing through in(n+3)—3 other points, is a 
circle .* 


Since 4n(n+3)—1 points in all are given, an infinity 
of curves can be drawn through them, any particular 
member being determined by an additional condition. 
If then we are given a point consecutive to I, i.e., if the 
tangent at I is given, the curve is determined, and conse- 
quently its tangent at J also. Thus, if F is a singular 
focus, i.e., the intersection of the tangents at I and J, 
when IF is given, JF is determined. Hence, the singular 
focus F is the intersection of the corresponding rays of 
two homographic pencils, whose vertices are I and J. 
Consequently the locus of F is a conic through I and J, 
and is therefore a circle. 

Cor: The locus of the centres of a coaxal system of 
circles is a straight line. For, the circle which is the 
locus of the singular foci breaks up into two right lines 
when to IJ corresponds JI for the other pencil, and IJ 
cannot be a tangent to the circle. 


* Salmon—Higher Plane Curves, § 145. 
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Er. 1. Prove that the locus of the focus of a curve of class m, 
having given the line at infinity for an (m—1)-ple tangent and — 
other tangents, is a circle. 


[To be given that IJ is an (a —1)-ple tangent is equivalent to 
gm(m—1) tangents, and thus mim—1) + (2m—1)=—jm(n+3)—1 tan- 
gents are given, ] 


Ex. 2. Being given three tangents to a parabola, the locus of the 
focus is à circle. 


Ex. 3. The locus of the focus will be a circle for o curve of the 
third class, having the line at infinity for a bitangent and five other 
tangents. . 


Ex. 4. If four foci of a curve are concyclic, there are three other 
sets of four concyclic foci. 


[The pencil of four tangents from I has the same cross-ratio as the 
pencil of four tangents from J, and the ratio remains unchanged by two 
interchanges in the order. ] 


Ex. 5.’ Prove that the coaxal family of circles through two foci of = 
curve have two other foci as limiting points. F. 


[Given two real foci A, A’ of a curve, the lines AI, AJ; — 
meet in two imaginary points B, B’ which are also foci of the curve; 
the relation between the two pairs of points is that the lines” AA’, BB’ 
bisect each other at right angles. Any circle through A, A’ cuts set 
circle through B, B’ at right angles. The points B, B’ are are c 
antipoints.] — 











CHAPTER IX 
TRACING OF CURVES 
Section I : Approximate Forms of Curves: 


182. Analytical Triangle: * 


In order to determine approximate shapes of curves, 
defined by given equations containing a finite number of 
terms, near particular points at a finite or at an infinite 
distance, a geometrical method, which consists in repre- 
senting the equation on the Analytical Triangle, is often 
very useful. This triangle isa modification of Newton's 
parallelogram, which was an arrangement of squares, like 
those on a chess-board, each square being allotted to one 
term of the general equation of any degree. The fact that 
all the terms ofa complete equation of any degree are 
contained in squares which occupy half of Newton's 
Parallelogram, led De Gua to replace the parallelogram by 
a triangle containing one more square on each side than 
the degree of the equation. 


183. First Approximation: 

An equation is said to be placed upon the triangle 
by making a definite mark (*) in the centre of each 
square, which corresponds to a term of the equation. 
The use of the triangle as an analyser lies in the fact 
that. if the different marks representing the terms 
be joined, so as to form a polygon, no mark lying 
outside it, then the locus of the equation, formed by 
retaining only the terms which correspond to any side, is 


* Fors complete discussion the student is referred to Frost's Curve 
Tracing, Chap. IX, pp- 130-45, 
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one or more simple parabolic curves or right lines, each of 
which is a first approximation to the form of the curve— 

either (1) at an infinite distance, if all the rejected 
marks lie on the same side of the line as the right angle 
of the triangle, 

or, (2) near the origin, if they lie on the opposite 
side, in which case the equation contains no constant 
term. 

The case when the sides of the polygon are parallel to, 
or coincident with, the sides of the triangle is to be except- 
ed. Thus the equation— 

ax* + bei y + cary? + dx®y + exy + fe? + gy +hx?y?2=0 





is placed on the triangle, as shown in the figure. A, B, C, 
D, E, F, G, H represent the different terms of the equa- 
tion. so that we have the polygon ABHCGF, no mark 
lying outside it. 

The equation corresponding to the side CG is— 


czy? +gy=0 or cry+g=0, 
which represents a hyperbola to which the curve approxi- 
mates at infinity, since all the rejected marks lie on the 
same side as the right angle; with this relation between 
x and y (being very great) every other term will vanish 
compared with the terms retained. 
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The equation corresponding to the side GF is gy + fr? 
=0, and this represents a cubical parabola to which the 
curve approximates at the origin, since the rejected marks 
lie on the opposite side. With this relation between æ 
and y, every other term vanishes, compared with any one 
of the terms retained, when x and y are very small. 


Lastly, the side FA is parallel to Ox, and therefore it is 
excepted. 


184. Practical Method: 


The following method of considering the triangle is 
much more convenient in fixing more accurately the posi- 
tion of the marks which correspond to fractional indices. 

Take a right-angled isosceles triangle, whose sides are 
in the directions of Oz and Oy. Divide the hypotenuse 
into as many equal parts as the degree of the equation, and 
through these points of section draw lines parallel to the — 
sides of the triangle. The triangle is then divided into a 
number of smaller triangles, the vertices of which may be 
appropriated to the. terms of the equation. If a fractional 
index occurs in the equation, its appropriate position is 
obtained by the intersection of the two lines parallel to 
Oy, Ox drawn through the corresponding points on the 
sides Ox and Oy respectively. 


485. Properties of the Analytical Triangle: * 


When all the terms of the equation of a curve are 
represented upon the triangle, the following properties 
hold :— 

(1) If all the terms be rejected, except the terms which 
lie in the given line, the resulting equation gives one or 
more. constant values of the ratio y*:x”, the values of p 
and q depending only on the direction ofthe line, and 
consequently the same for all parallel lines. 


* See Frost's Curve Tracing—§§ 150, 151, pp. 192-34. 
30 
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(2) When the line meets both sides of the triangle or 
those sides produced beyond the hypotenuse, with the 
relation y?/x”=constant, the terms of the original equa- 
tion, corresponding to the marks which lie on the same 
side of the line as the right angle, will be less, and those 
corresponding to the marks on the opposite side will be 
greater, than any of the terms corresponding to the marks 
on the line, when z and y are indefinitely great. When « 
and y are indefinitely small, the reverse is the case, and 
there is no mark at the right angle. 

(3) When the line is parallel to one side of the triangle, 
the equation obtained gives one or more right lines paral- 
lel to the other. 

(4) If all the other terms be rejected, except those 
which lie on a side of the triangle, the resulting equation 
determines the points of intersection of the curve with the 
corresponding axis. 

All these properties of the analytical triangle lead at 
once to the properties of the analytical polygon we have 
mentioned before. Thus itis seen that if any line gives 
the first approximation to an asymptote, the terms to be 
taken into account for the second approximation are 
obtained by moving the line parallel to itself, until it 
passes through another mark which corresponds to the 
additional term that has to be taken into account. 

Thus, in the figure of §183, the side GF gives a first 
approximation, while the second approximation is obtained 
by moving the line GF parallel to itself until it passes 
through another mark E, and the form is given by— 


exy+ fr? +gy=O0, and so on. 


Ex. 1. Consider the curve (y?— <x")? + 2ary? —5ax1=0, 
The homogeneous form of the equation is— 
(y? — x)? + Zaxry*z—S5axiz=0, 
Place the equation on the Analytical ——— as — in the figure. 
The polygon is ABCDE. 
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ay The side AED gives at an infinite distance (y*—x*)* =0, i.c., the 
points at infinity on the curve are in the direction of the lines y +z=0 
and these points are double points on the curve. 





: 
The next approximation to the curve atinfinity will be obtained by © 
moving the line AED parallel to itself, until it passes through one other 
term, f.e., it is given by 


(y? —2*)*—5ar*=0 or gy? =z + /bax*. 


Len y= +z thv iar. 


The side AB gives the shape at the origin (TIF), i.e., y* + 2ar=0, which 
is a parabola. n 

The side BC gives the shape atthe origin of another branch of the 
curve, which is given by a2r(2y*—Sx*)=0, 
i.c., the origin is a triple point, the tangents at which are 

s=O0, Vay “5¢=0. 

The side ©D gives for the points of intersection with the axis of = 

the equation a*—far*=O0O or w*(2—5a)—0, 


which gives three coincident pointa st ITI and one pointat += ba, 


The next approximation, at the point += 5a, is obtained by moviny 
the line OD parallel toitself until it passes through another point E.. 
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The equation thus obtained ia «©*(«—5e) + 2ary®? —2e2"y"* —0, which 


gives y* = SEA (x — 5a) ast the point x= 9a, 


Ex. 2. Find tbe approximate shape at infinity of the curve— 
ety? + ryt —y’ =r =O. 


Ex. 3. Employ the analytical triangle to find the form of the branch- 
es of the curve xf + y* —(c24+y)rc* =0, near the origin. 


186. Use of the Analytical Triangle in Three 
Variables: 


In the case of three variables we proceed as follows :— 

The sides of the triangle, supposed equilateral, are 
divided each into as many (n) equal parts as the degree 
of the equation, and through the points of section lines are 
drawn parallel to the sides. In this way we obtain 
A(n+1)(n+2) vertices of small triangles in which the 
fundamental triangle is divided, each of the vertices being 
associated with one term of the equation. 

When an equation of the nth degree is to be placed on 
the triangle, the highest powers of the variables x, y, z 
are associated with the vertices of the original triangle. 
The other terms are arranged successively in order, This, 
in fact, is the same as given in the preceding article, since 
the Cartesian is a special system of homogeneous co- 
ordinates, when the third side is at infinity ; and the 
system is rectangular when the angle at the third vertex 
III is aright angle, i.e., when we take a right-angled 
isosceles triangle, as has been done. 

The aggregate of terms on a side gives the intersections 
of the curve with the corresponding side of the funda- 
mental triangle. 

If one vertex be free, the curve passes through that 
vertex, which may be oonsidered as one of the intersec- 
tions on the =z axis or the y axis. 
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If the next following terms on both the sides be 
present, the aggregate of these terms gives the tangent at 


this vertex. If only one be present, one of the axes is a 
tangent. 


If both the next following terms are absent, the vertex 
is a double point on the curve, and the next three terms 
lying on a line give the tangents at the double point. 


The method will be best illustrated by the following 
example : 


Ex. Consider the equation zy + y?2—22"—2rye—0. 


Place the equation on the Analytical Triangle, as shown in the figure. 
Since all the vertices are free, the curve passes throngh the vertices 

of the fundamental triangle. The tangents at these points are 

reapectively y=0 (at TI), 

z=() (at IT), s=0 (at IIT). T 


In order to determine 
approximate ahapes of 
curves at any of the 
vertices, we must first 
put that co-ordinate 
equal to unity, whose 
highest power stands at 
the vertex. Now the first 
approximation to the 
curve at the vertex II is 
the tangent given by 
y*2z and y*x, but since y*x 
is absent the tangent is given by y*a=0, f.c., <= 0, putting y= L. 

To determine the approximate shape of the curve, we must turn 
the line about the point y*= till it passes through another term +*y, and 
the next approximation to the corve is y*s+2*y=0, or 2° + z=0, 
obtained after putting y=—1. 

Thus the shape of the curve at II is that of the parabola 2° +2 =O. 

If we determine the three points in which this parabola intersecta 
the curve by putting the equation in the form y(ye + 2*)—2z2(2y + z)=0, 
we sce that two of these lie on the line Jy + z=0, while the third coin- 
cidea with the vertex II. 

In the same way, for the vertex IIT, we have for the next approxi- 
mation the equation y*s—22*=0, or y*—2=0, 
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This is a parabola to which the curve approximates near the vertex 
[It and the two finite points of intersection lie on z= 22. 

For the approximation at the vertex I, we obtain the parabola y =2*, 

The two finite points of intersection of this parabola with the curve 
lie op the line y =2z, 


187. Newton's Method of Approximation: 


In order to determine the approximate forms of a 
curve near the origin, we may conveniently make use of 
the process given by Newton.* 

When the curve passes through the origin, we have to 
transform the curve so that one of the axes may be 4 
tangent, i.e., if the origin is an ordinary point on the 
curve, we may assume the equation in the form 


y= Ax + Bar? +... 
or, if it be a multiple point, the form to be assumed is 
p= Agr + Be’**s +r i a. 


where T, Tı» f,-.-are positive. 


In order to determine the nature of the origin and the 
form of the curve in its neighbourhood, it is convenient to 
determine the first terms of this expansion. The form of 
the curve near the origin resembles the curve y=Ar’, 

In the equation of the curve, put y=Az’, and deter- 
mine the positive quantity r by the condition that the 
indices of two or more terms shall be equal and less than 
the index of any other term. We may often do this by 
trial, by equating the indices of each pair of terms, and 
observing whether the resulting value of r is positive, and 
these equal indices are not greater than the indices of 


some other term. 


* Newton—Methodus Fluxionum et Serierum infinitarum, eto., under 
the title De reductione affectarum equationum (opuse. ed., Castillon, 


Vol. J, p- 37) Newton gives the rule by moons of a dinta oiaoi 


a 
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Thus, having found r, we may obtain the value of A 
by equating to zero the quantity multiplying the terms 
with equal indices, r and A being thus determined, the 
first approximation is given by y=Az", The next appro- 
ximation is obtained from y=Azc’+Bz2x'*',, by finding 
the values of r, and B by a similar process. 


Ex, Consider the curve ri —ary? + yf = 0, 
Evidently the origin is a triple point with the axes as tangents. 
Writing y=Ax’ in the equation, it becomes 21—uA%ct’*! + Airt = GO, 


Firat, let 4=2r +1, which gives 4r=6. Hence the equal indices 
até less thao the index of the other term. The equation then becomes 


z'(L—aA?) + A= 0. 


Now determine A so that the co-efficient of <x! vanishes, 


ES :. -& 
iť., put A=1/ va. The equation then becomes y= — + higher 





terms, whose indices are greater than 3/2. We conclude therefore 
that the form of one branch of the curve near the origin resembles 
that of the curve ay?= 2% (semi-cubical parabola). 


Next, make 4=4r, i.c., r=1, and the remaining index is J, which is 
less than the equal indices, We must, 
therefore, reject this case- 

Finally, let us assume 2r+1=4r, 
or r= 4, the equation becomes 

24—(aA?—At)x? =0 


The equal indices are less than the 
remaining index, and putting Afa=A‘, 





we have A?=—a, of, A= Ja 


Thus the equation becomes y = v” ax, t.c.,y? ar, which ia a parabola. 

Hence another branch of the curve resembles a parabola at the 
origin. 

Since it is symmetrical about the axis of », the form of the curve 
is shown asin the gure. (The vertical line representing the z-axis.) 
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188. Application of Newton's Method in Three 
Variables: 

The above method is equally applicable to the study of 
approximate forms of curves in the neighbourhood of 
the vertices of the fundamental triangle, when the curve 
is defined by its homogeneous equation. In this case we 
have to put one of the variables equal to unity. 

In fact, what we have said above is really equivalent 
to finding the points of intersection of y=Ax" with the 
given curve and then determining those which lie very 
near the origin. Forthis purpose, we have to consider 
those terms for which the index is small as compared 
with those of the remaining terms. Thus, from the term 
zy? we obtain A*2”?*?%". 

We have now to put p+qr=A, where A is less than any 
of the indices, since for small values of x, higher powers 
must be neglected. The terms which have this equal 
index A give the geometrical representation, 

Since p+gqr is constant for all these terms, they lie on 
a right line, and A is proportional to the length of the per- 
pendicular drawn from the origin on to this line. Since A 
is less than any other index, the line is nearest the origin, 
and the terms which lie along this line give an approxi- 
mate form of the curve in the neighbourhood of the 
origin. Thus appears the truth of the statement in $ 185, 


189. Infinite Branches: 

The method adopted by Newton can conveniently be 
applied for determining the infinite branches of the curve 
as well. In this case y is expanded in descending powers 
of x, i.e., in the form y=Az'+Bz"~"':+Cx"~", ~"st... 
and the equal indices should be made greater than any of 
the remaining indices. In fact, in this case p+gr=À, 
where A is greater than any of the other indices, i Crs wè 
have to consider the terms which lie on a line furthest 
from the origin. ` = 


eo “a Camme 
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Ex. Conaider the curve tË + 2aty— ys =O. 

Place the equation on the Analytical Triangle as shown in the figure. 

The sides of the triangle ABC determine the approximate forma 
of the curve. The curve passes through the origin (ITI) and the 





vertex (IT), and not through (I). The origin is a triple point. The 
shape at the origin is given by AB and BC. AB gives a point of 
inflexion and the side BC gives a semi-cubical parabola. 

The side AC gives x*—y3=0, or, x2=y, which is the form of 
the curve at infinity in the direction of the axis of y. The same result 
is obtained by applying Newton's method of approximation, namely, 
putting y=Ax" and proceeding as before. The next approximation 
is obtained by putting y= Ar” + Br°~"1, and so on. 


190. Branches with Higher Singularities: 


Consider the system of curves x4 +14—4271+Ay?2=0. 
None of these curves have real points at infinity. 


For zx=0, we obtain y? ly? +A)=O. 


At the points y = + /“—A, they are symmetrical with res- 
pect to the horizontal tangent. Therefore, an essential 
distinction must be made between the curves for A>0O and 
A<0 between which A=0 lies. The adjoining diagram 
gives an example of each, > G 


31 


the parabolas have external contact, one lying upward 
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For y=0, we have z*=0. This point, however, can- 
not be a point of undula- 
tion, because for 7=0, we 
have also y?=0. As an 
approximation we obtain 
the aggregate of three 
terms 

Ay? — 4r? y + a*=0, 
which breaks into two 
parabolas 


Ay =x? (2+ /4—)) f 



















These are no more intersected by the curves. Since 
the two parabolas touch each other, the two branches of 
the curve must also touch each other at the origin. Hence 
we have a tacnode. From the two parabolas we can also 
see the distinction between the curves for positive and 
negative values of A. Since for A<0, we have “4—A >2, 


and the other downward (for instance A=— 1). 

If 4>A>0, the parabolas have internal contact, one 
lying inside the other (for instance A= +1). 

If A=4, the origin is the only real point of the curve, 
which now breaks up into two imaginary conics with 
four-pointic contact at the origin: 

(z? +- i472 —2y) (a? —iy?—2y)=0 

If A>4, the curve is wholly imaginary, when A= +œ, 
it reduces to the axis of æ counted twice, whence for 
very great negative values of A, the forms with external 
contact follow again. 

We have further to consider the case A=0. Here in 
the analytical polygon, the term y? is suppressed and — 

we have the dotted periphery. We obtain as above a 
parabola <°—4y=0 as an approximation for the branch, | ; 
which touches the z-axis, and the parabola y3- 2" =U 
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for the other branch, which therefore is perpendicular to 
the first and has a cusp. In fact, each of the curves has 
a triple point at the origin with the tangents r?y=0. 
If, however, we consider the horizontal tangent, then 
the curve is bounded by the two parabolas and the hori- 
zontal tangent, and we are in a position to obtain their 
shapes for each value of A. 


If, again, ð f/ O02=42° —8ry =4x («?—2y)=0, 
we have besides «=O, as already found, points which lie 
on the parabola 27 =2y. 


Putting this in the equation, y= /“4—A will be positive 
for real contact, otherwise «=.+’2y becomes imaginary. 

The ling y= “4—A is a bi-tangent of the curve ; and 
y=—v4—A is a bi-tangent with imaginary points of 
contact. 


191. Determination of the Asymptotes: 


The aggregate of terms on a side of the Analytical 
Triangle gives an equation which is obtained by putting 
the corresponding variable to zero. This equation deter- 
mines the points of intersection of the corresponding side 
with the curve and gives the equations of the lines joining 
the opposite vertex with these points. When the third 
side is supposed to lie at infinity, these give the directions 
of the lines joining the origin to the points at infinity on 
the curve. It is then necessary to determine the tangents 
at these points, which are called the asymptotes of the 
curve. 

If, for such a point at infinity, we put y/r=m, this 
gives also the direction of the asymptote, t.e., an asymp- 
tote is of the form y=ma-+c, where c is to be determined 
by the condition that it passes through another consecu- 


tive point at infinity. 
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For this putpose, wo put y=mæ+o in the equation of 
the curve ; the resulting equation must have two roots 
infinite ; (or in the homogeneous form y=mz+cz, one 
value of z =0 and two values of «= 2), 


Ez. 1. Consider the cubic p?— aty + 9y’: + dyo? teat 0O n (D 


Puiting #=0 in this equation, we obtein y'—2*y=—0, which gives 
the directions of the lines joining the origin with the points at infinity 
on the curve. These are the lines ge OO, yten’. 

If we put y= in the equation (1), we see that all the terms vanish, 
except zař, which cootains 2* ss » factor. Hence 0 itself is an 


a1) Ditote. 
Next put ge r¢cein (1). We bave then— 
(2 + ee P— le + es) + Bele + cn)? + Ale + cs) 24 + 2? ~ 0, 
or, (2o + Dhets + (30? + be 5) re? a(d + doF e dc) a <9 sos 0) 
This equation must have one root infinite, Le., we must have 
Ze+2=-0 of c= —], ; 
and the ssympitei« you e—l. 
5 Similsriy, by petting ge —z+c, we obtain c= =i, 
` The otber asympicte is y+ z+l~O0 
Ez. 2 Find the asymptotes of the following curves : 
i) Pepe (#) Ay Deery 
(ii) (2 +y)’ (e + By + 2) — 2 + Oy —2. 
Ez. 3. Find the asymptotes of the curve— 
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asymptotes of the curve and the points where they meet 
the curve again lie on the curve ¢. 

Thus we have the theorem: The n(n —2) points where 
the aaymptotes of an n-io meet the curve again lic om a 
curve of order (n — 2). 

The equation of a curve can always be put into the 
form— 


(y—m,2)(y — m92)...,.... ly —m gt) 4,42 


oF, (y — my rtcye)(y—mgz+cg2) — (y—m — ⸗. 
The terms of the nth degree in z and y sre the same 
for both sides of the equation, and the » quantities c}, 
Cg--¢, are determined by comparing the co-efficients of the 
terms of order (n—1), which must be the same in both. 
The following illustrations will explain the process : 


Be. 1. Consider the curve : 
(x + 2y) r + 2y)(e—y) + of det — Lg? —T zy) @ Pic og) «0, 
OT, (2 + Iy + ctae + Dy tapia y + cyt) + As & By +C <0 
whence Sey +oy+3eg~3, ⸗ + Boge —7, —Bey —Geg + by — 10, 
> ġel, e Tat ñ —], 
Thus the asymptctes are — 
z+Jy+s=0, the + Jy + 2a, —— —— 
Notice that the values of c1, 05, ¢ satisfy the equation— 
sted a #— y) — — 
aod therefore, in general, the values of ĉi, ĉp ĉj .. f, «fe determined by 
potting aad into partial fractions. * 
Ez & The n exyenpictes of on nár poss through sponi O. Show 
that O is the mean centre of the points where soy line Uhroagh O merie 
the curve. 





* For a deteiled esmecet of Ube different meibais for determining 
the aaymptetes of a curve, the reader is referred to Bidwaerd’s , DiE. Cale, 
Chapter VIII, and Salmons H. P. Curves, Chap. I. § 52. 
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Er. 3. Show that the four aayroptotes of the curre 

xy (a? —y?) + (z? + y?) =a? 
cut the curve again in eight concyclic points. 

Ez. 4. Find the equation of a cubic through (a, b) baving the lines 
z=0, y=0, y =x, as asymptotes which cut it in points lying on the line 
xs+y=a. 

Er. 5. Prove that the mn intersections of two curves of the mth 
and mth orders and the mn intersections of their asymptotes lic oa 
curve of order (m+n—2). (Math, Tripos, 1876.) 


193. Asymptotic Curves: 


Suppose there are two curves which approach each 
other continually, so that for the same value of the 
abscissa (or ordinate) the limit of the diffeence of the 
ordinates (or abscissae) is zero, when the common abscissa 
(or the ordinate) is infinite. These two curves are said | 


to be asymptotic to each other. 
The two curves azł+br?—zry+cr+d=0 
and ax? +ba2+c—y=0 k 


are asymptotic. 
For, these equations can be written as— 


y=az? tbr +c + and y=axr*+bat+c. 


The difference of the ordinates at any point æ is d/s, 
whose limit is zero, when t= 220, 


Er. 1. Show thet the carve 22y=29+27+2+1 has a hyperbolic 
asymptote. > 


5 1 
The equation can be written as yrotl+—-+-, 
Hence, the equation of a curve asymptotic to this is the hyperbola 


J — 


y=z+1+} , or, 2?—ry+r+l=0, 


whose rectilinear asymptotes are y=r+1 and «s=0, t a 
Ez. 2. Show tbat the curve y3—7y—1=0 has a parabolic asymptote. 
1 


The equation can be written as = 0 — 


+. The parabola z=y" is asymptotic to the curve.  — 2 J 
Ez. 3. che that the curve azy =y3—o has » parabolic asyinptote, aF A 








4 
E «4 


a 





Q 
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194. Parabolic Branches :* 
Suppose the equation of a curve is thrown into the form 
(y =mz)?p +2% +...=0 


i.e., the terms of the highest degree in x and y has a double 
factor. Itis evident from the equation that the line at 
infinity touches the curve at a point in the direction of the 
line y= mr. 


The equation may be written as— 


(y— mr)? + Sey tss =0 
rp 


y y 
If we’ put a for — » and b for Lt. PE when x and 


y become infinite in the ratio 1: m, the curve ultimately 
approximates to the parabolic form— 


(y— max)? + arz + bz? +...=0 fon Ay 


This parabola is a first approximation to the shape of 
the curve, but is not in general asymptotic to it, and serves 
only to suggest the method of closely examining the para- 
bolic branches. In practice, it is found more convenient 
to adopt a method of successive approximation to obtain 
the ultimate form of the parabolic branch at an infinite 
distance. The method will be best illustrated by the 
following examples :— 


Er. 1, Examine the form at infinity of the carve 2° + 2z3y—y3=0, 


There are no asymptotes parallel to the axes. The only infinite 
branch is, where y : zis large, of the farm 2?=y, where z*y varies as z, 
and may, be neglected compared with the term zë retained in the first 
approximation. 


* For a detailed discussion of curvilinear asymptotes, the reader is 
referred to Frost's Curve Tracing, Chapters VII and VIII. 
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The parabola 2*=¥ is not a proper asymptote, but serves to suggest 
the direction of the infinite branches. The proper asymptotes may be 
obtained by approximation : Thus, from the equation we have— 


tan ( 14-2. ) 
=< 
= r? 2y aY” 
T EE ee 


By putting Sui, the second approximation is y= ( + d ) 
x 


The third approximation is y=a2? 41+ of igs ar ey e, 
3x, ss 3 G27 


r 


= gi +r, 
.. The proper parabolic asymptote is y+ ł=(x + 4)’. 


Ex. 2. Show that the curve y+x+a= — 
ur 


is asymptotic to the Folium of Descartes 19 + y? =8ary. 
Ez. 3. Examine the parabolic branch of the curve— 
x3 +aby—ary =0. 


195. Circular Asymptotes: 


When the equation of a curve is given in polar co- 
ordinates, it may happen that @ being increased indefinite - 
ly, the value of r tends to a fixed limiting value, and the 
curve approaches more and more nearly to the circular 
form at the same time. The equation takes the form of 
one in r representing one or more circles. Such a circle 
is called an asymptotic circle of the curve. i 


Er. 1. Consider the curve +r—aé?/(@?—1). 
The equation may be written as r=a/(1—1/8*) 


. Now, when ® becomes very large, 1/6 ia very small, and the curve 
approaches indefinitely near the limiting circle r= a, 
* Ee. 2. Find the asymptotic circles of the curves ; 








() rea * (i) r= 4, +b (iii) roe 
að +b 





: Ez, 8, Find the circular asymptote tothe curve r=- 7g ° 
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* 


@ Section II: Tracing of Curves: 


196. Curve Tracing in Cartesian Co-ordinates: 


If we give any value ‘a to x, the resulting equation 
in y can be solved and will determine the points in which 
the line z=a intersects the curve. By giving a set of values 
to x, we determine a corresponding set of values of y, and 
thereby obtain a number of points on the curve, sufficient 
to give a fairly good idea of the shape of the curve. 

In particular, we may easily determine the points where 
the curve cuts the axes of co-ordinates, by putting z=0, 
and y =0 respectively in the equation. Again, if y becomes 
imaginary for any value of «x, we guess the existence of 
an oval, or that. the curve is limited in any direction. 

The value of ðy/ðr at any point gives the direction 
of the tangent at that point, and where its value becomes 
Zero OF infinite, the tangent, and consequently the direction 
of the curve, is parallel or perpendicular to the axis of z. 
In some cases the equation of the curve suggests simpli- 
fications and taking advantage of these, we can more 
easily obtain a fairly accurate shape of the curve. 

For illustrations the student is referred to Frost's 
Curve Tracing and to Cramer's Introduction to the Ana- 


lysis of Curves. 


197. Curve Tracing in Homogeneous Co-ordinates: 


In - tracing curves whose equations are given in homo- 
geneous co-ordinates, we have to determine the points in 
which it intersects the sides of the fundamental triangle. 
One advantage in this system is at once evident. Instead 
of two lines we have three sides and three vertices, any 
one of which can lie on the curve. Hence the form of the 
equation gives more information about the curve than in 
the Cartesian system, On the other hand, there is one 
disadvantage that homogeneous co-ordinates cannot be 


32 
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used in the measurement of actual lengths. Conseguently, 
this system can be used in studying the general nature of 
a curve, but it gives us no information about its metrical 
properties, The prosess of tracing curves in homogeneous 
co-ordinates may be illustrated by a few examples : 


Ex. 1. Trace the curve Ti + 7242 — ylz? O. 

Here r=0 gives y*27=0. Therefore the curve passes through the 
vertices Band C. The vertex B is a double point, since the co-efficients 
of yf and ware absent. The tangents at this point are— 


zt¥—z2=(), ie., c+2=0. 


Similarly, there isa double point at C, the tangent at tbis point 
being y= 0. 

Since y= 0 gives r‘=0, all the four points on AC are coincident at 
C; also z=0 makes 2z°(x?+y?)=0, ond consequently two points on AB 
are coincident at B and two other are imaginary on the lines <+iy=0. 

To determine the shape of the curve, we place the equation on the 
analytical triangle. 

Consider the vertex C (ITI). The equation after putting ==1 





(§ 188) becomes x!+27y?—y?=0, and the shape at C is given by 
Smead jt., by <7 +y=0. 
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Hence at © there are two parabolic branches z? + y =0 forming a tacnode,* 
and the tangent at C has a four-pointic contact. 


Similarly, to determine the shape at B, we put y=1 snd the equation 
becomes 24+ 2?—2?—0, The tangents at B arez+z=0 and the shape 


is given by zlezi(L+x?) or 2=2r4 425+... 

.. £—2 is an inflexional tangent. Similarly, s+ z is also an inflex- 
ional tangent. 

Hence the point B is a biflecnode + on the curve. Again, since the 
equation may be written as st=y?(z+2)(z—x), it follows that z+ and 


z=% must always have the same sign. Thus the curve cannot lie in the 
shaded parts of the plane, as shown in the adjoining diagram. 


Ex. 2. Draw the curve ein gic— yiz =), 
The curve evidently passes through the vertices Band C. The tangent 


at Bis 3s=0, îe., the side AB. The point O is a conjugate point on the 
curve, the tangents being z +iy=0. 





The curve meets z=0, where yiz=0, i.c., y2=O and «=0. 
~ When y=0, we have c7(c¢—2) =0. 


. A tacnode is formed by the union of io nodess 
ł Bee § 58. 


= ⸗ é 
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~". The side AC meets the curve at C and at the point y=0, z=, 
When s=0, 2) =0, or the side AB is an inflexional tangent at B, 


The frst approximation to the shape at Bis given by «3—yz=0, i.e., 
=z =), which is » cubical parabola. The point B is an inflexion. 


Again, the equation can be written as ct = 2(n? +y?) 
Ja aand s must always be of the same sign. 


Also z?(r—z)=y?z. .'. x—z and z must be of the same sign. Hence 
the curve cannot lie in the shaded parts of the plane, and its form is 
shown in the figure. ‘The line z—x=0 is a tangent at the point y=0, 
z—x=0. The asymptote of the cubic is imaginary. 

Er. 3. Trace the following curves : 


(i) y(a—az)?*=2(y—daz)? (if) 25—adc2zg3 + =O 
(iit) azal(y—2)? —yt=Q, 


Ex. 4. Trace the curve ry?=4a? (Qa—z). 

(This curve was discussed by Prof. Muria Gaetana Agnesi of 
Bologna, 1748 and is called the Witch.) - l 

Ex. 5. Indicate how a curve can gbe traced by points in polar 
co-ordinates, and trace the curve r=a+b6 cos 8 (Limagon of Pascal). 


A 








CHAPTER X 


RATIONAL ‘TRANSFORMATIONS 


198. In Chapter I, we have discussed particular 
methods of transformations, such as Reciprocation, Inver- 
sion, Projection, etc., and thereby from known properties 
of one curve deduced those of another derived from it by 
any of these processes. In the present chapter, however, 
we shall study the general principles of these methods, 
which consists chiefly in instituting a relation between any 
two points P and P’ in the same plane, or in differ- 
ent planes lying in a common space. The case of 
different planes properly belongs to space-geometry, and 
consequently without any reference to space, we shall 
regard the planes as superimposed one upon the other, so 
as forming a single plane, Thus we shall have to consider 
two figures consisting of points, lines, etc., in the same 
plane, instead of two figures in different planes. 


199. Rational and Birational Transformations: 


If (a, y, z) and (z’, y', z') be the homogeneous co-ordi- 
nates of two points P and P’ in two planes (or same plane), 
a and 8 respectively, then the transformation, expressed 
by the equations 


wry! : t=fy(r, y, 2) : falt y, 2): fale. yu, 2)... (1) 
where f,, fg, fa are known functions of zx, y, z, each of order 
n (say) without a common factor, indicates that to any 
system of values of «, y, 2, there corresponds a single 
system of values of z’, y', 2’ ; but toa given system of 
values of 2’, y’, z’ there will not, in general, correspond 
a single system but a finite number (D=>1) of values of 
Zz, Ys 4. 

Thus, when f» f2» fa are rational, there is an algebraic 
relation between (x, y, =) and (x’, y', 2’) expressed by the 
equations (1), which is called a Rational Transformation, 
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if, however, D=1, i.c., if to a given system of values 
of x’, y’, 2! there corresponds a single system of values of 
=, y, 2, expressed by— 
s: y: s=F, (2%, y’, 2) : Falz, y’, 2"): Fala, y’, 2h) ... (2) 
Fi. Fa, Fs must also be rational and of order n, and when 
such mutual expression is possible, the relation is called a 
Birational Transformation, or Cremona Transformation, 
after the name of Cremona who first studied it.* 


200. Lanear Transformations: 


Derinition: Any transformation by which two figures 
are so related that any point and line of one correspond to 
one, and only one point and line respectively of the other, 
and conversely, is called alinear homographic transforma- 
tion. 

Since the correspondence must be (1, 1), the required 
expressions cannot contain any radicals. 


Thus, as y's S= fy . fo: fs 


where /,, fg. fs are algebraic functions and polynomials in 
x, y, =, having no common factor. 
Since, to any straight line [z’+my'+n2'=0 corresponds 


if, +mfo+nf,=0, 


which must be a right line for all values of l, m, n, the 
functions f,. fa, fa must be linear in x, y, « 

Thus z’: y’: s'=as+by+cz: a'x+blyt+e'z: a"x+b"y- 
+c"s, whence z, y, z can be expressed linearly in terms 
of z’, y', 2. 

Hence, assuming proper triangles of reference and the 
ratios of the implicit constants, we may write, without loss 


f generality, 
— * —AV : 4s. 


* Cremona—Bologna Mem. (2) Vol. 2 (1863), p. 621, and Vol. 5 
(1864), p. 3, or, Giorn. di mat., Vol. 1 (1863), p. 305, Vol. 3 (1865), 
— — i 
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The above transformation contains eight independent 
constants, and consequently, any four points (or lines) of 
one figure can be made to correspond to four points (or 
lines) in the other. Therefore this transformation leaves 
the cross-ratio of any four elements unaltered. so also the 
order or class of a curve remains unchanged. 

The method of projection explained in § 12 is a parti- 
cular case of linear homographic transformation, which 
involves only five constants, the vertex and axis of projec- 
tion reducing the constants by three, 


201. Collineation: 


The linear transformation admits of a double inter- 
pretation. It may be regarded as a transformation of co- 
ordinates, or as a relation between the points of two 
different (or superimposed) planes. Let us imagine that 
the planes are infinitely near one another (or super- 
imposed) and suppose that the points are referred to the 
same triangle of reference, 

If then P(z,.y, 2) and P'(2’, y', 2’) represent points in 
the two planes respectively, the linear equations— 

a’ =ar+bhy+cz 


y'=a'zr 4 b'y+c's R EE i. 
z'=a" x + b"y + o"z 


establish between the points of the two planes a (1, 1) 
correspondence, which is called ‘* linear affinity ° or colli- 
neation,® such that to each point P of one plane corres- 
ponds a point P’ (point-image of P) in the other. This 
relation, however, is not reciprocal, i.e., to the point P’ 
does not, in general, correspond the same point P, but 
the corresponding point in the first plane is obtained by 


e This was first discussed by MSbine—Barycentric Calculus (1827), 
p. 266—and afterwards by Magnus—Anfgaben and Lebrs&tze sus der 
analytischen Geometrie, Berlin (1839), 
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solving the equations (1), provided the determinant A of 
the co-efficients does not vanish. 


Thus, Aw= Az'+ Biy' + Ce’ 

Ay A’a’ + B'y' +C's’ 

Az=A*r' + B"y'+C"2' 
where A, A’, A", etc., denote the minors of a, a' a", etc. 
These formule are evidently the same as for the transfor- 
mation of co-ordinates, where the variables are the co- 
ordinates of the same point referred to two different 
triangles of reference, while in the present case, they are 
the co-ordinates of two different points referred to the 
same triangle. 

Thus it will be seen that if P describes a curve in one 
plane, P’ describes the corresponding curve of the same 
order in the other plane, and in particular, a straight line 
corresponds to a straight line, arange of points or pencil 
of lines corresponds to a projective range of points or 
pencil of lines respectively. 


202. Collineation treated geometrically : 


The geometric determination of collineation is contain- 
ed in the following theorem : 

If to four points of one plane, no three of which are 
collinear, there correspond in the other four points, no 
three of which are collinear, the linear relation, i.e., colli- 
neation between the points of the two planes is completely 
determined. 

For, if we are given four pairs of corresponding points, 
the equations (1) of the preceding article are uniquely 
determined. 

The following geometrical construction is useful and 
interesting : 

To the line joining any two points of one plane =, 
corresponds, in each case, the line joining the two 
corresponding points of the second plane Sa. and to the 


+ 


| 
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point of intersection of two lines in $; corresponds the 
point of intersection of the corresponding lines of So. 
Now, the four points of 5, determine six lines, which 
again determine three new points, namely, the diagonal 
points of the complete quadrilateral. To these then 
correspond the three points of the plane =, obtained by a 
similar construction. If now the lines joining the three 
points of =, are produced to meet the six sides of the 
complete quadrilateral, we obtain new points of =, whose 
correspondents in 5, are constructed exactly in a similar 
manner. Thus, the entire plane will be covered over by 
a net-work of lines, and by the continuous crossing of the 
meshes of these nets, we shall obtain a point indefinitely 
near to a point of =,. If the corresponding nets are con- 
structed in So, the respective collineation of the indivi- 
dual points of the two planes is established by the nets, 
and consequently the collineation is completely deter- 
mined,* 


203. The Dualistic Transformation: t 


We have thus far considered only linear transforma- 
tions in which a point corresponds to a point and a line 
toa line; but there are transformations where a point 
corresponds to acurve, for example, in Reciprocation a 
point corresponds to a line and vice versa. Such a trans- 
formation is called * Skew Reciprocation *’ or ** Linear 
Dualistic Transformation.’” MReciprocation as described 
before is a special case of this more general linear dual- 
istic transformation and differs from it only by a linear 
transformation, 


* Mibius—Bar. Oal., p: 273. For analytical treatment, the student 
is referred to Scott—Modern Analytical Geometry, §§ 225-26, 

+ For a detsiled account of the theory, see Salmon's H. P. Curves, 
§§ 332-42, or Scott—ibid, §§ 253-56, 


33 
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Let (x, y, 2) be a system of point co-ordinates and 
(€, 4, 0) a system of line co-ordinates in the same or in 
different planes. Then, a point in the first system corres- 
ponds toaline in the second, if the co-ordinates of the 
point are proportional to the co-ordinates of the line, 
i.e.n 22 y: s=: n: t and consequently, to any line 
lz+-my-+-nz=O0 corresponds the point lé+mny+nt=0. 

In the general dualistic transformation, however, the 
co-ordinates of a line are functions of the co-ordinates of 
the corresponding point, and the transformation is linear 
when those functions are linear. 


Thus, E=a,;n+b,y+c,2 
n=l + boy + C52 | ADOD 
t=aäzt tby +C32 


where to a point” (z, y, =) there corresponds the line 

(€,,%) in the same or different planes. If, however, 

we put— 

w: y's z'=at tby +c: agt tHboy+coz: agatbgyt+cy2 

i.c., if a point (x', y’, z') is obtained corresponding to the 

point (z, y, 2) by a linear transformation, there is a ⸗ 
| correspondence between the point (z', y', 2’) and the line j 
TE 7 $), and we have, as stated above, the a T 


— E E E a: ‘ 





hus, — linear 5455 transformation 


rdinates only by a 


— —— =,” 
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204. Dual System : 


=~ If we solve the equations (1) of the preceding article 
for z, y, 3, we obtain the following relations: 


Aaw=A E+ Agni t+Azl 
Ay=Bıf t Bont Bat — — 
Az=C ,€4+Cant+C,C 
where A}, B}. etc., are the minors of a, bı, etc., in the 
determinant A of the co-efficients in (1). 
The system (2) is said to be ‘* dual *' of the system (1). 


Now consider the point (æ', y’, 2’) in the first system. 
Its corresponding line in the second system is then :— 


a! (aye+byyt+oyz) + y'(agr+ boy + coz) 
+2" (a,n+bgy+cC32)=0 
or, (az + azy’ + azz’) + y (bya! + boy! + bas") 
+2(c,2/+cgy!+c,2!)=0 ... (8) 


The equation (3) expresses the relation between any 
point (x, y’, 2’) of the first system and any point (r, y, #2) 
on a corresponding line of the dual system. If now 
(x, y. z) is considered fixed and (2’, y’. 2‘) variable, we 
have for the line of the first system, corresponding to any 
point of the second, 

x(a 2! + byy! + 0,2!) + y(dgr! + bay’ + ca") 

+ 2(agzr!+bsy'+cg2)=0 ... (4 

The lines (3) and (4) do not, in general, coincide; 
hence, in the general dualistic transformation, every point 
has a different corresponding line, according as the point is 
regarded as belonging to the first or to the second system. 

The conditions that the lines (3) and (4) should coin- 
cide give three values of (2, y', 2’). Hence there are 
three points in the plane associated with their correspond- 
ing lines in a definite way, regardless of the system to 
which they belong. 
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One of these points, however, is given by— 
and the other two are real or imaginary. 


The two lines (8) and (4) will coincide for all points of 
the plane, if for all values of 2’, y’, z', we have 


at + biy tca: doz! + boy! + Cg: agt + bgy! + Cga 
=04 T + agy’ + aga’: bytt boy’ + bga: C1 + Cay! t Cga! 
which requires Co=—bs, cy=az and ag=by,. 


Hence, the transformation formule reduce to the 


forms— 
E=axn+hy+gz 


y=ha+ by + fz 
G=gur+fy+cz 

This shows that the point and the line are associated 
with each other as pole and polar with regard to the 
general conic 

az? + by? + cz? + 2fyz + 2gzx + 2hay=0. 

Thus it is seen that in case of reciprocals with regard 
to a conic, thesame line corresponds to a point, whether 
that point be considered as belonging to the first or the 
second system. 


205. Pole and Polar Conics: 

The case of a point lying on its corresponding line is 
interesting and deserves consideration. 

Since a point (z, y, 2) lies on its corresponding line 
s+ ny + «=O, the locus of such points is obviously— 

(a,0+b,y+cC,2)@+ (agr+ boy +coz)y 

+ (azs + bgy + Cg) =0 
— a,c? + boy? +327 + (bs +cg)yz 
+(@3+¢,)ar+(ag+b,)ey=0... (1) 

and this is the same conic, whether the point be 
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considered as belonging to the first or to the second 
system, and is called the *' Pole Conic.” 

On the other hand, the envelope of lines which pass 
through their corresponding points is a conic called the 
Polar Conte. 

The co-ordinates of the point ure expressed in terms 
of the co-ordinates of their corresponding lines by the 
equations (2) of $ 204. Therefore the required envelope is 

(A, E+ Aogy + AiE + (B E+ Bon t+ BgQy 

+ (Cy E+Cagy +CV =0 
E.C. A$ + Ban? +050" +(By+Co)i6 
+ (A; +C,)E0+ (Ao+B,)Ej=0 ... (2) 
where A,, B,, C,, cte., have the significance asin § 204. 

Jonversely, the same pole and polar conics will be 
obtained, if the points of the second system correspond to 
the lines of the first system. 

The pole and the polar conics have double contact, the 
intersection of the common tangents being -the point 
(bg—C€o), (Ci —a@y), (@g—b,). The chord of contact is 
found to be the line (B.,—Cg), (Ci — A), (Ao — B1). 

It will be seen that the pole and polar conics are 
identical, if by =ao, bs, =ce and C; =a ,.* 


206. Quadric Inversion: 


The process of circular inversion has already been 
described in § 15; but in this section will be described a 
more general process in which a point corresponds to a 
point, while a line, in general, corresponds to a conic. 
This transformation can easily be effected by a geometrical 
construction and was given by Dr. Hirst.t In this 
process a fixed point is taken as origin and a fixed 


* Scott—loc. cit., § 256. 
t Hirat—‘' On the Quadric Inveraion of Plane Curces,"" Proc, of 
‘the R. Soc. of London, Vol. 14 (1865), pp. 91-105. 
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à fundamental conic as ‘‘ base.’* Points collinear with 
the origin and conjugate with respect to the base are said 
to be inverse. If the base is a circle and the origin its 
centre, the points are ordinary inverse points with regard 
to the circle. It is, in fact, the circular inversion general- 
ised and is called Quadric Inversion. 

Let C be the fixed origin and S the base-conic. 
Through C draw a trans- 
versal cutting the base in R 
the points Q, R. Then, 
if P, P’ are points on the 
transversal, such that 
(PP’, QR) is harmonic, 
then P and P’ are inverse 
points. 


Thus, to determine 
the inverse of a point P, 
we have to find the point P’, where CP intersects the polar 
line of P ‘with regard to S. It follows hence that to any 
position of P corresponds a single definite position of P, 
and vice versa. 
If P traces out a locus 5, P’ will trace out a locus 3, 
and is said to be derived from = by quadric inversion. 
Ai 
207. Analytical Treatment : TAE a 
- Let CA and CB be the tangents to the base, and eboose- —* 
ABC as the triangle of reference. Then the equation | of a TS 
the base-conic may be written as— * ae 
=," y =a * — 
r -Let (x, Y» 2) and (2', y', 2') be the co-ordinates of — 
$ — ae sE line of P’ is— e 
— Pı fe — Now, the polar 
F pa Y — e — — 
* — oris POP TAKAO 
— ay! —aly = 
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whence x : y : =a! : y! : afy!/z! 
at lal P 2 : 
wig’ i y'a! . — a = — (4) 
If f(x, y, 2)=0 is the locus of P, the locus of P’ is given 
by the equation— 


| I l 
AE — tgi )=0. 


Applying the linear transformation z’: y’: S =y; 2: z, 
i.e., interchanging the vertices A and B of the triangle, 
we may express the result (4) in a more symmetrical form, 
and the locus of P’ is now given by— 


1 1 1 
1 ( x! J y" ’ at )=0. 


The formule of transformation can, however, be 
written under the form of bilinear relations— 


rail, yy'=1, z2'=1, 


208. Quadric Inversion as Rational Transformation: 


Let the formule of transformation in § 199 be put into 

the form— 

as y’: z'=fi: fe: fs 
where /;, fa» fa are rational functions of the second degree 
in x, Y, 2. 

To the lines #/=0, y/=0, 2!=0 will then correspond the 
three conics {,;=0, fo=0, f;=0; and in general, to a 
curve of order » corresponds one of order 2n, obtained by 
putting fi» /g/ fs respectively for x, y, zin the equation 
of the n-ic. 

The simplest case presents itself in the form— 


a sy! : a=? : y? : 22, 


* These formulæ sre deduced on the supposition that the base is a 
proper conic and the points A, B, C are distinct. Modifications are 
necessary when the base isa degenerate conic, and two or more of 
A, B, C are coincident, 
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To the line /x+my+nz=0 corresponds the conic 


lyr +mvy +n/2 =O inscribed in the triangle ryz. 
Similarly, to a conic there corresponds a curve of the 
fourth order, and so on. 

It is to be noticed, however, that this transformation 
is not birational in general. For, although 2’, y’, 2! are 
expressed rationally in terms of (v, y. z), the latter are 
given in terms of x’, y', 2! by the equations— 

fy =la Ja 

wm oy ——— 
which are not rational and represent conics having four 
common points; and consequently, corresponding to any 
position of (x, y', 2’), there are four positions of (2, Y, 2). 

But if f}, fg. fs. have one common point, since it 
is independent of the position of (#’, y’, 2"), it may be 
ignored, and to any position of (2, y’, 2’) there will 
correspond only three points (+, y, z). Similarly, if f}, fo, 
fa have two points common, to any position of (2, y!, 2’) 
will correspond only two positions of (T, y, 2). Finally, 
if fi» fa. fs have three common points, the conics have, 
besides the three common points, only one other common 
point, and to any position of (x, y’, 2!) there corresponds 
only a single position of (a, y, 2), and vice versa, and the 
transformation is birational. 

Since it is perfectly legitimate to take three conics 
of the form If, +mfotnfs instead of fi, fa fs, the three 
line-pairs joining each of the three common points to the 
other two may be taken for fi» fa: fa» and the farmulæ 
become: 

E EE EA e A sala! s wy! 
and af sa 3s glows e Er 2 Ty. 


Hence, the quadric inversion is only a particular case of 
the general birational transformation. 
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Other special cases may arise from the coincidence of 
two or more of the common points. 

Thus, when two points coincide, we may take the com- 
mon tangent as the side y=0 and the point (z, æ) as the 
third common point. The equations of f}, fs. fs will be of 


the form ax? + 2fyz+2hay=0. 


Taking z?, yz, zy as the three conics, the formule 
become 
as y'al =y 2 2? ya 


and zs y > eal y! = a? ya 


Similarly, when the three points coincide, the equations 
of fi» fa» Is will be of the form— 


by? + 2hay + 2f(yz—m2r?)=0 


Hence, taking y?, ry, yz— mr? for f1, fa, fg respectively, 
the formule become: 
g! yj! > 2say : y? : ya —ma* 


and ws y: sary: y'2 e y'a! — mx’? 


209. Inverse of Special Points. 


It has been stated in § 206 that the inverse of a 
point P is a single definite point P’. But there are excep- 
tional positions of P for which the inverse point P’ is not 
in general determinate. The inverse P’ is indeterminate, 
(i) P is at C, P’ is any point on AB, 

(ii) P is at B, P’ is any point on BC, 

(iit) P is at A, P’ is any point on CA, 

(iv) P is any point on AB, P’ is at C, 

(v) P is any point on BC, P’ is at B, 

(vi) P is any point on CA, P’ is at A. 


Hence it appears that if P is at any vertex or on any side 
of ABC, the ordinary laws of correspondence do not apply. 


34 
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210. The Inverse of a Straight Line: 
The inverse of the straight line lz + my +nz=0 


wee Ly 
is the locus defined by the equation (§ 207) 


ljy+mj/r+n/2e= — 6 


which evidently represents a conic circumscribing the 
triangle ABC. 

The following special cases are to be noted: 

(i) If the line (1) passes through C, n=O and it is its 
own inverse, 

(ii) Ifthe line passes through A, /=0 and theinverse 
is the line mz+nx=0, which passes through B. 

(iii) If the line passes through B, its equation is 
lx+ nz=0, and the inverse is the line [z-+n1=O through A. 

Thus, it is seen that the inverse of a right line is, in 
general, a conic through A, B, C; but in special cases it is 
a right line. 


211. Proper Inverse: 


Let O be the pole of a line meeting the base-conic in Q 
and R. Then the inverse of the line is the conic ABCOQR. 
But ifthe line passes through C, then the pole O lies on 
AB, and the conic has three points on AB, i.e., the conic 
consists of AB and the given line CQR. The line AB 
presents here as a part of the inverse simply because the 
inverse of C is indeterminate, being any point on AB. 

When the line passes through A or B and meets the 
base-conic in another point K, the inverse is a degenerate 
conic composed of CA, BK or CB, AK; for the pole O is 
now on CA or CB. 

Hence the points C, A, O on the conic are accounted 
for by the line CA or CB and the remaining points B or 
A and K give the other line. 

Similarly, if a curve passes through A (or B), the line 
CA (or CB) presents itself as part of the inverse. These 
factors, however, occurring in the inverse are not regarded 


J 
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as forming the proper inverse and are rejected. The 
remaining factor gives the proper inverse. 


Ex. Consider the conic fyz+gzer+hzy—0 
The inverse of this, by the formule of § 208, is— 


Joy's’ + gey z + hry z? <0 
i.e., Ly ZUT + gy +hz j0 


i€., the sides AB, BC, CA and another line. Hence, rejecting the factor 


“xy 2, the proper inverse is the line jz + gy +hz=0. 


212. The Inverse of the Line at Infinity : 
The equation of the line at infinity being ar+by+c2 
=0, its inverse, by the formule of § 207, is the conic— 


azx+ bys +cry=0 Soa a 


which is evidently a conic circumscribing the fundamental 
triangle. 

The pole O now becomes the centre of the base-conic, 
the points Q, R (§ 211) are the points at infinity on the 
same. The polar of the point © at infinity on AB passes 
through C and the line CQ is parallel to AB. There- 
fore the inverse of O is consecutive to C on the line CQ, 
or in other words, the tangent to the inverse (1) at C is 
parallel to AB. Thus OC is the diameter conjugate to AB 
and the tangent at C is parallel to AB. It may be noticed 
further that if the line drawn through A parallel to CB 
meets the base-conic in K, BK is the tangent at B. 


G 


* 
a — — j (S) 


Nee ot 
a — = á 
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Similarly, the tangent at A may be constructed. The 


inverse to the line at infinity is represented in the figure 
by the dotted line. 


213. Inversion of Special Points on a Curve : 


Let = be the curve and ¥' its inverse. The following 
special points are to be noticed : 


If à meets AB in P, =’ touches CP at C. For, the 
inverse of P is on CP by definition, and as the polar of P 
passes through C, the inverse is indefinitely near to C on 
CP. Hence CP is the tangent at C. Similarly, if = cuts 
AB atn points, other than A, B, the inverse has an n-ple 
point at C. For instance, if the curve cuts AB at two 
points P, and P,, there is a node at © with CP, and 
CP, as tangents. When P, and Po. become consecutive 
points on &, i.e.. AB is a tangent to = at P,, the two 
tangents CP,, CP, coincide, and there is a cusp on &’ 
at C, with CP, as the cuspidal tangent. 


To the tangent to X at P corresponds the conic osculat- 
ing &' at C and passing through A, and B. 


For, if Q is a point on = consecutive to P, the inverse 
Q' is consecutive to C on =’ and the limiting position of 
CP’Q' (i.e., CP) is the tangent to 3’ atC. Now the 
inverse of PQ is a conic through A, C, B, Q', touching 
>’ at C (Q' being the point on 5’ inverse to Q). If then 
Q approaches P, PQ becomes the tangent to = at P, and 
the conic ABCQ’ becomes the osculating conic of 5' at C. 


If, however, CP be the tangent to = at P, the inverse 
has CP as an inflexional tangent. 


Again, if P and P" are inverse points, as CP gradually 
turns about C and ultimately coincides with CA, P 
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approaches and ultimately coincides with A. Hence AP” 


becomes the tangent to the 
inverse of the locus of P. 
But AP’ and BP intersect 
at a point H on the curve. A 
If AP is the line ma +nzr=0, A 

its inverse is the line AP’ — — 6 
defined by my+nz=0, and 

they intersect at a point H 

on the conic whose equation 

is zy=s*, (§ 210.) Thus, Cc 


if + meets CA at P, the inverse 5’ touches at A 
the line AH, i.e., the line through A corresponding 
to BP. Similarly, if = meets CB. Hence, to every 
intersection of = with CA (or CB) there corresponds a 
branch of X through A (or B), and conversely. 

Thus, if an n-ic & cuts CA (or CB) in n points, there 
is an n-ple point on 5 at A (or B). When & touches CA 
(or CB), the two tangents to S/ at A (or B) coincide, and 
consequently, A (or B) is a cusp on X7. 


f 


214. Effects of Inversion on Singularities: 


From what has been said above, it follows that, in 
general, an ordinary point inverts into an ordinary point. 
But if three consecutive points at the given point and the 
three fundamental points A, B, C lie on a conic, their 
inverses are collinear on the inverse curve, and there is, 
therefore, an inflexion on the inverse. Thus the inverse 
of an ordinary point may be either an ordinary point or an 
inflexion. Similarly, an inflexion is inverted into an 
ordinary point, unless the inflexional tangent passes 
through any of the fundamental points. 

‘Again, a double point, in general, inverts into a double 
point of the same nature ; and consecutive double 
points invert into consecutive double points, but 
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the appearance may be slightly altered. Thus a tac- 
node inverts into a tacnode, an osecnode inverts into an 
osenode, but if the three nodes are initially collinear, the 
osenode on inversion loses this property, unless the tan- 
gent passes through a fundamental point. Similarly, a 
curved oscnode may be straight on inversion. 

In the case of a bitangent, the inverse becomes a conic 
having double contact with the inverse, unless the bitan- 
gent passes through a fundamental point, and then it 
inverts into a bitangent. Conversely, a bitangent may be 
gained on inversion. 

Thus it follows that as regards points and lines, not 
belonging to the fundamental triangle, the point singular- 
ities of a curve and its inverse are the same, but line sin- 
gularities are changed, Hence inversion can conveniently 
be used for analysing singularities on curves. 


215. Effects of Inversion on a Curve: * 


Let the curve > be an n-ic having a q-ple point at A, 
an r-ple point at B and an s-ple point at O. Then, = 
meets AB, BC, CA respectively at n—q—r, n—r—s, and 
n—qq—s other points. The inverse =! has therefore an 
(n—q—r)-ple, (n—r—s)-ple and (n—q-—s)-ple point res- 
pectively at C, A, B. 

Again, the q intersections of the tangents at A to = 
with BC are points on 5’. Similarly, =’ meets CA and 
AB in r and s points respectively other than A, B, C. 

Since =' meets AB in {(n—r—s)+(n—q—s)+s}, 
i.e., (2n—q—r—s) points, =’ is of order (2n—q—r—s). 

Thus, the inverse of an n-ic 5X with a q-ple point at 
A, an r-ple point at B and an 2-ple point at C is a curve 
©’, of order (2n—q—r—s), with an (n —r—s)-ple point at A, 


* Effects of inversion on higher singular points will be fully 
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an (n—q-—s)-ple point at B and an (n—q-—r)-ple point 
at C, 


Putting n =2n—q—r—s, q'=n—r—s, 
f= n —q—s, s'=n—q—r, 
we may establish a reciprocal relation between 5 and Y. 
Thus, n=2n!— q'—r!'—s' q=an'—r'—s * 
r=n!—q'—s' s =n! —q!—r' 


We shall now show that, in general, the deficiencies of 
the two curves % and © are the same. 


Since a q-ple point is equivalent to 4¢(q—1) nodes 
the deficiency p of the first curve = is given by— 
p=4i{(n—1)(n—2)—q(Q—1) —r(r—1) —8(s—1)} 
and p!'=4{(n’ —1)(n’ —2) —q'(q'—1) —r'(7r’ —1) —8"(s' —1)} 
=4{(2n —q —r—s—1)(2n —q —r—8—2) 
—(n—r—s)(n—1—8—1) —(n—q—8)(n—q—s—1) 
~(n—q—-1)(n—q~r—1)} 
=4{(n —1)(n—2)—9(q—1)—1(r—1) —9(s—1)} 
=p. 


i.e., the deficiency of a curve is unaltered by quadric 
transformation. 


216. Application of Quadric Inversion: 


The process of quadric inversion affords a very con- 
venient method of investigating the properties of one 
curve from known properties of another. The following 
examples will illustrate the method. 
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Er. 1. Consider a conic cutting the sides of the fundamental 
triangle in three pairs of points. 


Let ax + by? + cz* + Qfys + 2gz2 4+ Qhay=0 — >) 


be the equation of the conic cutting the sides BC, CA and AB in the 
pairs of points A,, A, ; B,, B, and C,, C, respectively. 

The inverse of (1) is the quartic curve— 

a/x*+b/y* +e/2* + 2f/yz+2q/2r +2h/ry=—0. 

The points A, B, C are evidently nodes (§ 213) on the curve with 
the lines AA,, AA, ; BB,, BB, and CC,, CC, as nodal tangents. 

But these lines all touch one and the same conic, and they are 
inverted into themselves. Hence we have the theorem :— 

The nodal tangents of a trinodal quartic touch one and the same 
conic, 

Again, the pairs of tangents drawn from A,B,C to the conic are 
also inverted into themselves, ond their invyerses are tangents to the 
trinodal quartic. Hence, the siz tangents drawn from the three nodes 
to a trinodal quartic touch one and the same conic. 

Fjnally, the four bitangents of a trinodal quartic are obtained by 
the same process from the fact that through three given points, there 
can be drawn four conics having double contact with a given one, while 
the inflexional tangents are obtained from the fact that through three 
given points can be drawn six conics, having three-pointic contact with 
a given conic. 


Ex. 2. Show that the three cuspidal tangents of a tricuspidal 
quartic are concurrent. 

If in Ex. 1, the pairs of points A,, As; B, B,; C,, Ce are 
coincident, then the lines joining the vertices to the points of contact 
of the inscribed conic with the opposite sides are concurrent. The 
inverse of the conic is evidently a tricuspidal quartic, baving the cusps 
at the vertices, and the joining lines are inverted inte themselves, 
which are again the cuspidal tangents, whence the truth of the theorem 
follows. 

Ex. 3. Through any point can be drawn two lines touching a 
trinodal quartic and passing through its nodes. 

This follows immediately from the fact that from any point only 
two tangents can be drawn to any conic. On inversion the conic 
becomes the trinodal quartic and the two tangents invert into two 
conics through the nodes touching the quartic, and these evidently pass 
through the inverse of the given point. 


— 
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217. Circular Inversion :* 


A particular case of quadric inversion is the trans- 
formation by reciprocal radii the principles of which have 
been explained in $ 15. If we take k=1, the relations 
between the rectangular co-ordinates of P and P’ are— 


Bea Sy a ee LA 
r=+y? x? + y? 
w * y' 
sud —— — 
‘po, oe E Sse Ft ae 
whence me -+y = — — , x! —ty! = —____- 
— ney 
Writing X : Y : Zer—ty > o+iy : 1; 
and X: Y : Howl tiy’ : miy: 1 


we obtain the relations X’: Y: Z=YZ: ZX : XY, 
or in other words, the transformation is a quadric inver- 
sion. 

The geometrical significance of these transformations 
will be best understood from the figure of § 206, if we 
consider that the points A and B are circular points at 
infinity, so that the base-conic S now becomes a circle 
with centre C, and P, P! are inverse points with respect 
to the circle. In fact, we have taken the circular lines 
through the origin and the line at infinity as the sides of 
the triangle of reference. Hence, circular inversion is a 
particular case of quadric transformation. and quadric 
transformation is a generalisation by projection of the 
process of inversion. 

We may deduce a number of theorems from the results 
established in the preceding articles. Thus, the inverse 
of a circle is a circle, that of a straight line is a circle 
through C, and so on. 


* Moutard—Sur la transformation par rayons vectetrs reciproques— 
Nouv. Ann, $. 3(2), (1864), pp. 306-309. 


35 
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The inverse of a conic, in general, is a trinodal 
quartic, the nodes being the origin (C) and the circular 
points at infinity. If the origin be the focus of the conic, 
the inverse is a limaçon ; if the origin be on the conic, 
the inverse is a nodal circular cubic, the origin being the 
node. 


An osculating circle to a curve will invert into an 
osculating circle of the inverse, but when the circle 
passes through the origin, the inverse is an inflexional 
tangent. | 


218. Special Quadric Transformations: 


In $ 206 we have discussed the general case of quadrie 
transformation ; but special cases arising from special 
positions of the points A, B, C or the nature of the 
base must be considered for a systematic treatment of 
the subject. 


Case I: One special case presents itself when the 
points A and B coincide (§ 208). 

In this case, any line through C, the line CA, and the 
polar of Care taken as the 
sides of the triangle of 
reference. The base-conic 
is now a pair of lines, 
whose equation, by a 
proper choice of co- 
ordinates, can be put as 
22—z?2=0. The polar of 
any point P’(z’,y',2’) is the 
line 2z2/—2z2'=0 and CP’ is xy'—2z'y=0, whence the 
inverse point P is given by— 


wey: sal sy! 2 gjama ; y's! : a? 





C . 


is . wis y! : s= : y3 : sIs=sz y: t?s. 


PERGA Pie 
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Hence, if f(x, y, =)=0 be the locus of P, that of P’ is 
f(z, y, z? /s)=0. ; 


[tis to be noticed that this transformation is equi- 
valent to the three transformations in succession, in 
which the pole is the point C(O, 0, 1) and the bases are 
the three conics. 


r? —ry +z? =0, 2? —y? + 22=0 and r? + 2y—2?=0, 


Case II: When the three points A, B, C coincide 
at ©, any chord through C, the tangent at C and the 
tangent at the other extremity of the chord are taken as 
the sides of the triangle of reference. 

The bas-conic is now of the form 2yz—mzx*=0, where 
m is at our disposal, 

The polar of P’'(#’, y', 2) is y's + yz'— mz2’=0 and CP’ 
is the line xy! —2'y=0, whence P(z, y, z) is given by— 


Ee >yise=az'y!’ : y’? : mat? — y's! 


and wos ys: afoazy : yY? : mzt—ys (§ 208). 


219. Nother’s Transformation: 


We have so long used tho same triangle of reference 
for the curve and its transform; but if we take CBA in- 
stead of ABC as the triangle of reference for the trans- 
formed curve, this amounts simply to the interchange of 
x and s in the transformed equation. Hence, the curve 
f(z, y, 3)=0 is transformed into f(z, Y, 22/2) =0. 

Writing this equation in the form /f(x/2, ry/=?, 1)=0 
we see that in the Cartesian system, the curve f(z, y)=0 
is transformed into f(r, «y)=0. 

Hence, the formule of transformation become— 
eiyi:l=a': æ y: 1, i.c. t=, y=o'y' and y'=y/z, =z, 


triple point (§ 213) whose 
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This form of transformation was given by Néther * and 
was used by Newton and Cramer for the analysis of bigher 
singularities. A series of successive transformations ure at 
times required for complete analysis. 


Er. 1. Examine the singularity at C on the curve gy? = z". 

The inverse by the formule is 2%y%~2%, and consequently 
the proper inverse is y=", 
which bas at C’ (2, y’) a cusp 
with © «0 for tangent. 


Consequently, the singulanty 
at C on the original curve is sa 


apparent form is that of an 
inflexion, but the penultimate 
form is shown as in the figure. 


Er. 2. Verify the following : 





(1) The inverse of a line through C or B is a line through C or B, 
(ii) The inverse of a line is a conic through C touching AB at A. 


Er. 3. Examine the singularity at the origin on the curve y'= xf. 


220. Cremona Conditions: y 


As explained in $199, the general — — 
2: y' : a'=f, : fe: fa is not birational, i.c., from this 
system it is not, in general, possible to deduce another of 
the form z : y :s=F’, : F’9 : F's where F’,, F'g, Bs 
are rational ——— ——— in 2, y’, af. vy 

Luigi Cremona t has investigated the conditions und 
which such mutual expressions are possible. 


* Nother—Uber die singuläreo Wertsyateme siner a 
_ Fanction und die singuldren Punkte einer — — 
Ann. Bd. 9 (1876), pp- — | 
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If in the one system we are given z’ : y’ > =a :b:¢, 
then the corresponding points in the other are given as 
the intersections of the curves— 

hale al r 

Now, since f,, fy. fa nro polynomials of the nth degree 
in (x, y, 2), the number of intersections will be »«*. But 
if fi. fas fa intersect in p common points, the curves (1) 
will evidently pass through these common points, and the 
remaining n*—p points will then correspond to the given 
point (a, b, c). 

When p=n*—1, the curves will intersect only in one 
variable point, that is to say. sll but one intersections of the 
curves (1) being known, the co-ordinates of the only remain- 
ing point will be determinate, and thus rational functions 
of (a, b, c,), ie., of z’, y’, 2, and we shall have— 


zi piask’, F: Fs 


Hence we see that this will be a birationa! transforma- 
tion, if the three curves /,, fə» fa have n»*—1 common 
points of intersection. 


This again is not a suficient condition. For, if 
fa» far fa be cubic curves having eight common points, 
they certainly have a ninth point common, and conse- 
quently there is no variable intersection. But here again. 
if we suppose that the cubics have one node common to 
all, they intersect in four other ordinary points, and since 
to be given a node is equivalent to three conditions, seven 
of their intersections are known, and therefore, only two 
more conditions are required to determine any curve 
af, +6/,+cef,=0. Now, the common points are equi- 
valent to eight intersections, the node counting as four. 
Hence, one variable point is obtained corresponding to the 


a s 


given point. 
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In fact, the system of curves af, +bf, +cf,—0 corres- 
ponds to the system of lines ax’+b1'+c2’=0,* and should 
therefore be perfectly general and must not be determi- 
nate except when a : b : c are given, which is equivalent 
to two conditions. 

Therefore, the number of conditions to be satisfied by 
fi» fs» fs must be at least two less than the number of 
conditions determining a curve of order n. 


221. From the above considerations it follows then that 
n being greater than two, f,, fa, fs cannot have n*—1 
common points, for then they have another common point 
and no variable point of intersection. If, however, 
fa: fa» fa have a, ordinary points, a, double points, a, 
triple points, etc., common, such that these are equivalent 
to n*—1 intersections and the number of conditions thus 
implied be less by 2 than the number necessary to deter- 
mine acurve of order n, we obtain one remaining variable 
point of intersection corresponding to the given point and 
the transformation becomes rational. 

Since, to be given an r-ple point on a curve is equiva- 
lent to 4r(r+1) conditions and two n-ics intersect in 
r° points at an r-ple point on each, we may state the 
above two conditions as follow: 


a, +2%a, +370, +t. trta =n" el ph (1) 
and a, +3a, +6az t+... +àr(r+ 1), =4n(n+3)—-2 ... (2) 


Combining (1) and (2), we may state the second condition 
in a simpler form : 
Gr ‘naa, + dagt s.s... +ro, =d3in—1) $.. (2) 
Positive integral values of «,, a,---Satisfying the equa- 
tions (1) and (2') will then determine the transformations, 


| æ See Montessno—Napoli Rendi, Vol. 11(3), (1905), p. 259. 


— 1 


A b 
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provided the number of higher singularities assumed 
to belong to the curves does not exceed the proper limit. 
Cremona has tabulated all the admissible solutions, for 
cases up to n=10, of the above equations, which are often 
referred to as ‘‘Cremona Conditions.” 

For a detailed discussion of the theory, the student 
is referred to Cremona’s Memoir and to Cayley’s paper 
above referred to and also to his paper —‘‘Note on the 
theory of the rational transformation between two planes 
and of special system of points,’’ Coll. Works, Vol. VII, 
pp. 253-55, 


222. Theorem : 


Every Cremona transformation may be reduced to a 
number of successive quadric transformations,* and 
conversely, each birational transformation of a plane into 
another is equivalent to a finite number of quadric 
transformations. 

Consider the transformation : 

zo: y =f, ifs: fs 
where f,, f.. fg are curves (polynomials) of order n, 
having @, ordinary points, a, double points, ete., in 
common. Then, there are three of these pointst (one q-ple, 
one r-ple and one s-ple, say) the sum of whose orders 
exceeds n, so that 
Gtr+s>n., 

Now, take these three points as principal points 

of a quadric transformation. Then the degree of the 


* Vide Prof. Cayley’s paper—'On the Rational Transformation 
between Two Spaces, “* Coll. Works, Vol. VII, pp. 189-240. 

For other proofa see Nother, Ueber Flächen, ete., Math. Ann. Bd., 
3(1871), pp. 161-227; Segre, Un'osservazione relativa, ètc., Torino Atti, 
Vol. 36 (1901), pp. 645-651; and Castelnuovo, Le transformazioni, 
oto,,"’ ibid, Vol. 36 (1901), pp. 861-874. 

+ Vide Salmon, H. P. Curves, § 356. 


ka 
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transformed curve is, by §215, 2n—q-—-r—s, which is 
certainly less than n, i.e., the degree of the given curve is 
reduced, and by a second quadric transformation, the degree 
of this curve may be further reduced. Proceeding in this 
way, we shall ultimately obtain right lines corresponding 
tothe n-ics. Thus the Cremona transformation is reduced 
to a number of successive quadric inversions. 

But, it was proved that the deficiency remains unalter- 
ed by quadric transformation, and consequently, it remains 
unaltered by any Cremona transformation. 


223. Deficiency unaltered by Cremona Transforma- 
tion : 


Let F=0 be a curve of order k and let us apply the 
transformation to this curve. If now fi» fa, fs have a 
point A in common, the line corresponding to A will meet 
the transform in / points. all corresponding to A, which 
then becomes a k-ple point. In general, any of the r-ple 
points becomes a kr-ple point. Hence, if the given curve 
has no multiple points, the transform will have none except 
at the principal points, i.e., at the common points of f}, 
fo and fs. 

Thus, the degree of the transform is nk and the 
corresponding maximum number of double points, as 
usual, is (nl —1)(nk—2). Also the multiple points at 
the principal points are equivalent to— 

Nap k(k—1) + Mag. 2hk(2k —1) +... + fa,rk(rk —1) 
or Ik? (a + 22a, +37 ay + “+ +Prta,) 

—bk(ay +2ag + Bagt+...+ ra,) 
which, by equations (1) and (2/) of § 221, is equal to 


bk2(n2 —1)—$k.3(n—-) = 4k2(n® —1) — k(n —1). 
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Hence, the deficiency of the transform becomes— 
(nk —1)(nk —2) —{4k?(n?—1)—B8kin —1)} 
=4(k—1)(k—2), 


the same as that of the original curve. 


If, however, the original curve has other multiple 
points, the transform will have corresponding multiple 
points of the same order and the deficiency will remain 
unaltered (§ 222). Further modification is necessary 
when the original curve passes through any of the princi- 
pal points. 

Again, when the curve F=0 passes through the princi- 
pal points ay, ag,... the degree of the transform will be— 


Naenk—a, —2ag—Sag... — Ta p. 
224. Riemann Transformation : 


We have hitherto considered the Cremona transforma- 
tions which are birational with regard to points of the 
whole plane, under certain conditions. But there are 
other transformations that are birational* only as regards 
the points of a curve of the plane, but no such conditions 
are necessary in this case. 

Let F=O0 be a given curve and apply the transforma- 
tion 

as y's 2=fy: fa: fa» 
where f» fe, fa are homogeneous functions of the nth 
degree in xz, y, z, not necessarily satisfying Cremona’s 
conditions, which have no common factor. The above 
equations are not by themselves sufficient to express x, y, # 


* For the birational transformation of a curve into itself, see H. A. 
Schwarz, Crelle, Bd. 87 (1875), p- 189; also F. Klein, Uber Riemann’s 
Theorie der algebraischen Functionen (1882), p. 64. 


36 
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rationally in terms of z’, y', z'; but when they are com- 
bined with the equation F=0 of the curve, it is possible 
to express v, y, — rationally in terms of 2’, y', 2‘ by the 
folowing equations: 


T: yY: 2=9',: oe: o's 
where ¢';, $9, #3 are homogeneous functions in 2’, y', 2! 
of the same degree n, without a common factor. 

In fact, when x, y, 2 are eliminated between the equa- 
tions of transformation and F=0, we obtain an equation 
F'=0, which is the condition for the co-existence of the 
system of equations. When this condition is satisfied, 
x, y, z can be determined rationally in terms of x’, y', z.'* 

Definition: An algebraic transformation that is bira- 
tional as regards the points of two curves but not as 
regards the points of the whole plane is called a Riemann 
Transformation, 


Ez. 1. Consider the two curves— 
2 (y2+22)=25 and 2‘y=z% 
both of which have the deficiency zero. We can determine a transfor- 


mation which will transform the two curves one into the other. 
Any point on the first can be expressed as— 


æ: yi 2=(1L4+A2) : A(L4A%2): 1 
and any point on the second is given by— 
ziy zrat: AS: 1, 
If now we associate the points of the two curves which bave the 
same parameter, i.e., A= A’, then 


r 5 and ———— 


whence es y: z= (z +2’): y (z +2"): 22". 
and also T’ : y’: 2’ =a2l2—z) : y(T— z) : 2r. 

If, again, A and A’ are connected by a bilinear relation of the form 
Aaa’ + BA + Ca’ + D=0, we may, in a similar manner, express 2’: y’: 2 
in terms of z, y, =. 


* Salmon’s Higher Algebra, Lesson X, 
2 è 


(EN 
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Er. 2. Consider the two curves— 
ery: c=: t: 1+0 
and we: y: 2=—t(®—1) : (®—1)? :¢. 
Associating the points which have the same parameter, we shall 


show that x, y, z can be expressed rationally in terms of z’, y’, 2, and 
vice versa. 





| — fe ate 
In the first curve, = t and — — — ORD 
In the second curve, — and = =t- 1 ese (S) 
=. 2 g? x t? r +g 


ye 4 





, ee wets 22> 2 tae 
whence T: yiz | at * xa! 
= pU +2") : y'a (a + 2’) : Pla +22"). woe, (CH) 
Again lbw — 
ya P-L 
and z = {l — Í =g? fy? —1 = (2? — y?) /y? 
zi_y? 


, # 2 
=r: gy’: 2’=1: — : cy), (B) 


Thus, by Riemann transformation the two given curves can be 
transformed one into the other. 
Ex. 3. Consider the curve a + yI + eC) 
Apply the transformation 2 : y’ : s =a2?: y?: 2%. 
Now 2: yy: c=Qrty323 : Qxtyizd : Brtyizt 
= pig’ + QytzI— s") : yify’ + 22%2cI—y") > 
: 24(z6 + Qrty3— 26) 
= rifo" + 2y323— (y3 + oF)2} : yt fy? + Bete — (23 + 232} 
> fa + Qr3y3— (x3 + y3)?} 
= wt {O28 — (26 + y5 + 28)} sy {D8 — (28 + yê + 2®)} 
> xt{Q26— (z + yf + 2%) } 
mark} i 2y k} = Qe I—kp 
P where k= +y, 
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Thus x, y, = have been expressed rationally in terms of x’, y’, = with 
the help of the equation of the given curve. 

Now applying this transformation to the given curve, we have for 
the equation of the transformed, after rejecting a factor, 


p'ê + y6 + 62— r y =O 


which gives the reciprocal polar curve of 23 +y5+23=0, and as is 
known, there ia (1, 1) correspondence between the points and lines 
of two reciprocal figures. 


225. Reduction of the order of the Transformed 
Curve :* j 

From what has been said before, it follows that if 
we apply the transformation of § 221 to the n-ie F, the 
order of the transformed curve will be N=nk—a,—2ag.... 
etc., where a), ag, etc., denote the number of single, double, 
etc., points common to the k-ics fi» fe, fa lying on F. 
We shall now consider how this transformation can be 
applied so as to reduce the order of the transformed curve 
as low as possible, i.e., to make N a minimum. 

Now, the curves fı» J2, fa can be made to satisfy, 
as has been seen in § 221, 4k(k+3)—2 conditions. 

Hence, N will be a minimum, if f}, fe, fa be assumed 
to pass through as many as possible of the double 
points of the given curve F. 

If then the deficiency of F be denoted by p, the 
number of its double points is— 


4(n—1)(n—2)—p, i.e.. şm(n—3)—p +1. 
(i) Suppose k=n—1. 
Then, f1» f2, fs, may be made to pass through 
Lk(k +8) —2=}(n—1)(n+2)—2 
=In(n+1)—3 points only. 


_*Cj. Salmon, H. P. Curves, § 365. $ 
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Therefore, besides the double points, the curves 
fi. fo, fa can be made to pass only through 
| {dnin +1)—3}—{in(n—3)—p+1} 
f t.€., 2n+p—4 ordinary points on F, so that we may take 
ay=2n+p—4 and ags=in(n—3)—p+l1. 
Therefore, the order of the transformed curve is 
N=nk—a,—2ag 
=n(n —1)—(2n + p—4)—2{inin —3)—p+1} 
=p+2. 
(ti) Put k=n—2, (n>2). 
As before, we may take e4,=4n(n —3)—p + 1, so that 
ay={dk(k+3)—2}—{in(n—3)—p+1} 
={4(n—2)(n +1) —2} —{Ain(n —3)—p +1} 
=n+p—4, 
N=n(n—2)—a, —2a,g 
=n(n —2)—(n +p —4)—2{4n(n— 3)—p +1} 
=p+ 2. 
(iii) Put k=n—8B. 
We take ayg=4n(n+3)—p+i1, and consequently, 
a,=p-—8 as before, so that p is to be taken always 
greater than 2. 


Hence i N=p+l., 
Since the transform has the same deficiency as the 
\ given curve, we may summarise the above results in the 
`N following theorem : 
= A curve of order n with deficiency p may be trans- 


`~ formed into a curve of order p+2 with deficiency p or 


with Lp(p—1) double points. 
If p>2, the order of the transform may be p+1 with 


deficiency Pp, or with 4p(p—8) double points. 
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If, however, p=0, the curve may be transformed 
into a conic, which however can be further transformed 
into a straight line. 


If p=1, the transform is a cubic, and so on. 


For a detailed discussion, the student is referred to 
Brill-Néther’s paper—‘‘ Ueber die algebraichen Funcktion- 
en and ihre Anwendung in der Geometrie’’—Math. Ann. 
Bd. 7, pp. 297-398, and also to Cayley’s paper—‘‘On the 
Transformation of Plane Curves," Coll. Works, Vol. 6, 
pp. 1-9. 


226. Reduction of a Curve with Multiple Points : 


The following formal proof for the general ‘case of a curve with 
multiple points was given by Scott." 

Let F have multiple points of orders ry, fg, 73, etc- and at these 
points let the curves fı; fz, fs bave multiple points of orders 
Pis Pa, P3 --- ete. (where any of the r’s or p's may be zero or unity). 

It is required to determine k and p's, so that the order of the trans- 
formed curve N=nk—Zr.p, may be s minimum, i.c., fora given value 
of k, =r.p, is to be made a maximum, 

The curves fi» J2, fs cam be made to satisfy §k(k+3)—2 conditions 
only, but if a p-point of the f's is placed at an ordinary point of F, the 
number of conditions imposed is $p(p +1), while the point counts as p 
intersections. 

Evidently plp +1)>p, according as p>1. Hence, an ordinary point 
on F will count as most intersections, if it be an ordinary point of 
f's, i. e., if p=1. 

Again, if a p-point is placed at an r-point, the number of conditions 
is jplp +1), while the number of intersections is rp, and rp— jplp+1) is 
certainly a positive quantity, if r>1 and p=1, and generally, the 
difference between the number of intersections and the number of 
conditions is to be made a maximum. 

Since the multiple points are supposed independent, the existence 
of other multiple points will not affect the number of conditions imposed 
upon fi, fa, fay by supposing the p-point at the r-ple point of F. Hence 


* Scott, “Note on Adjoint Curves,"’ Quarterly Journal of Matb., 
_ Vol. XXVIII, pp- 377-381. p 
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at every r-ple point of F we have to make the difference a maximum 
i.e., to make rp—ġplp +1) or, ip(2r—p—1) a maximum. 

Now the sum of the two factors being given, the product will be a 
maximum when the two factors are as nearly equal as possible, 
i.e., When the factors are r and r—1. Thus we may take p=r or 
=r—1, and in either case the above expression —4r{r—1). 

Hence, at every r-ple point of F we may take p=r, or p=r—1, and 
then take other o ordinary points on F sufficient to make up the 
number of conditions necessary for the tranaformation-net. 

But since an r-ple point of J's may be regarded as an (r—1)-ple 
point with r of the o other conditions, the case per may be included 


in the case p=r—1. Hence we may summarise the result as 
follows :— 


The reduction of the order of a general curve as lowest as possible 
must be effected by means of a transformation in which the transfor- 
mation-curces shall have an (r—1)-ple point at every r-ple point on F, 
and shall pass through other o ordinary points on F, sufficient to make 
up the number of conditions required for the net, or, in othet words, 
the transformation must be effected by means of Adjoint Curves. 


Definition : 


An “‘adjoined"’ or “adjoint’’ curve is one which has an (r—1)-ple 
point af every r-ple point of an n-ic. 


We shall next show that beat results can be obtained, in general, by 
using adjoints of order kK=n—3, i.e., we sbalil find the value of k 
which will minimise N=nk—=r.<p,—o¢, where p=r—1, and @« gives 
the number of ordinary points on F that may be chosen arbitrarily 
for the determination of fis Ja, fs. 

But there is a limit to the value of a. For the number of points 
on an n-ic of deficiency p which can be chosen to determine a curve 
of lower order k is nk—p, and the remaining points are thereby 
determined, if k>n—2. But if kgn—3, there is no such limitation, 
Hence, for the net of adjoints, if k>n—2, the number of intersections 
used in imposing conditions falls short of the total number by p+ 2, 
which shows that =r{r—1)+ce=nk—p—2 


ig N=nk—Zrlr—D—c=p+3, when k>n—2. 
If, kon—3, we have $2r(r—l)+o=—ghkl(k+3)—2 
f.e., o= }klik +3)—4(n—1)(n—2) + p—2 


which implies that the expression must not be negative. 
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Now, writing kK=n—3+t, we have 2o=t? —6n + 2nt —3t—6 + 2p, 
which shows that 2p<6—t(2n—3+8), iê., the value of n depends 
upon », Which therefore is a special case and is not to be considered, 

. t must be zero for the general case, and hence k=n—3, 
r=p—3 and N=p+1, subject to the condition p43. 

Thus, in general, the lowest possible order of the transformed curve 
is obtained by means of adjoints of order n—3, passing’ through certain 
ordinary points of the given curve. 

The question of further reduction of the order, by a proper choice 
of the ordinary points, should be discussed separately. 


227. Adjoint Curves: 


From what has been said above about transformation 
curves, it is seen that the special class, called ‘‘adjoints’’, 
which is so familiar to the student of function-theory. 
plays no unimportant a part in the geometry of plane 
algebraic curves. As we have seen, the adjoints of order 
lower by three than the original curve are important from 
the fact that they always transform into corresponding 
adjoints of the transform curves. Adjoints to the adjoints 
of a curve are called Second Adjoints, and soon. The 
use of successive adjoints as a means of investigation 
is due to 5. Kantor and G. Castelnuovo.* | 

Now, the fact that a curve has (r —1)-ple point at a 
given point is equivalent to 4r(r—1) conditions (§ 50). 
Consequently, the co-efficients in the equation of the 
adjoint (n—3)-ic must be connected by =S4r(r—1) relations 
extending over all the multiple points of the n-ic, and 
its equation therefore contains he ie! A arbi- 
trary co-eflicients. Zak. 

mt ag. jn@ -9 — r 6 —2 “Sine D}—1 
| =p—1 ($ 53). ate — 


Y Thus we ma m nay “state that the deficiency of an n n: io is 
“hore than h number of arbitrary «í co-eff oe 
= equation of the most “general adjoint (n- ic. a 


1 iz x ie 
Pi A . r. » an i» 
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It is to be noticed, however, that for n=1 or 2, p=0; 
and for n=8, p=O0 or 1, according as the n-ie (cubic) has 
or has not a double point. 


228. Intersection of a Curve with its Adjoint: 

Since at every r-ple point the adjoint has an (r—1)-ple 
point, the point counts as r(r—1) intersections, and the 
fact that the adjoint bas an (r—1)-ple point is equivalent 
to }r(r—1) relations between its co-efficients. 

Hence we obtain the theorem: 

The number of intersections of an n-ic and an adjoint 
at the multiple points of the n-ic is double the number of 
relations between the co-efficients of the adjoint curve. 

If the adjoint be an (n—S)-ic, since there are p—} 
arbitrary co-eflficients, the number of relations between its 
co-efficients is n(n —3)—p+1l=—}(n—L)(n—2)—p. 

Ez. Show that the identity (1) of § 38 holds, if Om, Cas Ci, Cy’ 
are adjoints to C.. 


229. Intersections with a Pencil of Adjoints: 

Let k be the order of a curve adjoint to the n-ic, with 
multiple points of orders T}, ro, 73,... Then the multiple 
points count as =r(r—1) intersections and the co-efficients 
of the adjoint k-ic are connected by }=r(r—1) relations. 

Therefore the k-ic requires 4k(k+3)— }=r(r—1) other 
conditions to be uniquely determined, i.e., we may take 
1k(k+-3)—2r(r—1) other ordinary points on the n-ic 
besides the multiple points, so as to completely determine 
the adjoint. 

Now, the two curves intersect in nk points. Hence 
the number of remaining intersections 

=nk—Sr(r—1) — {4k(k +3) —JXr(r—1)} 
=nk —SSr(r—1) —Ak(k+3) 
=nk+p—4(n—1)(n—2) —dk(k +3) 
=\(2nk —n? — k? +-3n—S3k)+p—1 
=4(n—k)(k—n+3)+p—1. 


37 
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This result shows that if we describe a pencil of k-ics 

through the multiple points and through 
{dk(k+3)—1}—LSr(r—1) 

other ordinary points on the n-ic, then this pencil will 

meet the n-ic in 4(n—k)(k—n+8)+p variable points. 

Hence, we may state the theorem : 

Any curve of a pencil of adjoint k-ics, through the 
multiple points and other ordinary fixed points on the n-ic, 
will meet the n-ic in 4(n—k)(k—n+8)+p variable points. 

If k=n—1 or n—2, this number is p+1; if k=n—3, 
it is equal to p. 

Thus, any adjoint (n—3)-ic through the multiple points 
and through J4n(n—3)—1—4(n—1)(n—2)+p, i.e.. p—2 
ordinary points on the n-ic will meet the n-ic in p other 
variable points. 


Ex. A pencil of adjoint k-ics has its base-points on an n-fe. 
Show that (n—k)(k—n +3) +4p—2 curves of the pencil touch the n-fe at 
points other than a base-point. 


230. Transformation by Adjoints : 


Let there be a, double points, a, triple points, and a, (r+1)-ple 
points on the given n-ic F=0, so that the adjoint k.ics have common 
a, single points, a, double points, ...a, r-ple points on F. 

If p’ denotes the deficiency of the adjoints, by § 53. 


p =$(n—1)(n—2)—gEr(r + 1)a, ree meh 
p’ = i(k—-1)(k —2) —g2rr =- l)a, s (2) 
Now, p = §(n—1)(n— 2) —j2r(r—1)a, —(a, + 2a, +... +ra,) 


= }(n—1)(n—2) —$2r(r—1)a, —3(k—1). (§ 221.) 
 pm—p= {ek —1)(k—2) —g2r(r—1)a,} 
—{g(n—1)(m—2)—g2r(r—1)a, —3(k—1)} 
= 4(k—1)(k —2) — p(n —1) (n—2) + 3(K —1) 
it, p’=4(k—1)(k—2)—3(n—1)(n—2) +3(k—1) +p- 
Hence, if k=n—1, p'=2n+p—4—oumber of ordinary points, | 
If k=n—2, p’=n+p—4—nomber of ordinary points. 
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Ifk=n—3, p'=p—3<c@number of ordinary intersections. Since 
it ia a (1,1) correspondence, there should be no ordinary intersection 


on F. 
n e=p—3=p =, ic., the adjoints must be unicursal. 


That this is a sufficient condition can be shown as follows - 
As before, hir(r + l)a, =j(n—1)(n—2)—p — (3) 
and 4Sr(r—lL)a, =§ (k —1)(k—2)— p ves (4) 


and if q be the number of free intersections besides the multiple and 
other points on the given curve, then 


q=k*—=r°a,—o¢ ecw l ED 
(7) If k=n—3, c= p—3, and (4) can be written as 
g2r(r—1)a, = §(n —4)(n—5)—p’ „~ (6) 
From (1) and (6) we bave Zra, =n*—6n4+11—p—p’ 
~ q=(n—3)? —(n?—6n + ll —p—p’)—(p—3)—p’ +1. 
(ii) If k>n—3, we have c=nk—p—2—Z2r(r+1)e.. Substituting 
this value of e and that of r"a, obtained by addition of (1) and (2) 
in equation (6), we obtain— 


q=k*? —nk—}(n—1)(n—2) — Hk —1)(k —2) + p +2 
=(n—k)(n—k—3)+p'+2 
=iMn—k—1)(n—k—2)+p’ +1. 


-~ JTfk=n—1 or n—2, g=p' +1, the same as above. 


Hence, by means of adjoints of order £n, but {[_n—3, and deficiency 
p’, the plane is subjected to a (q, 1), ie.. (p +1, 1) transformation. 

.. It will be a (1, 1) Cremona transformation, if p'=0, ie., if the 
adjoints are unicursal. ; 

Thus the mecesasary and sufficient condition that the transformation 
by adjoints is a (1, 1) transformation is that the adjoints be unicursal. 

It ia to be noticed, however, that the number of free intersections of 
a net of curves (not necessarily adjoints) of deficiency p’, passing in 
a specified manner through fixed points is p’ +1, and this is a particular 
case of a theorem due to Segre.* 


* Segre, Rendiconti del Circolo Matematico di Palermo, Vol. t 
(1887), p. 217. 





CHAPTER XI 
UNICURSAL CURVES 
231. Parametric Representation : 


It has already been said that a curve is rational or 
unicursal when its deficiency is zero, and conversely. In 
the present Chapter, however, will be discussed certain 
properties of all curves, the co-ordinates of whose points 
can be expressed in terms of a single variable parameter. 

The real significance of the two co-ordinates of a point 
in the Cartesian system lies in the fact that a point has 
two degrees of freedom in the plane, and is practically 
contained in the two statements : 


(1) The point lies on a certain locus; 

(2) The point has a particular position on this locus. 

Hence, the homogeneous co-ordinates must be expres- 
sible in terms of two independent parameters in the form 


r: y: =f,(A. p): fals u): fs, m) 
where /,, fo. fa represent rational, integral functions of 
order » without a common factor. 

When one of the parameters (u) is given, one degree of 
freedom is lost, and the point is restricted to lie on the 
locus »=const. and the co-ordinates * are defined by 

x: y: 2=f,(A): falà): faQ 
where A is a variable parameter. The elimination of A 
from these equations leaves the position of the point on 
the curve undetermined, but still the point lies on the 
curve, and we obtain the equation of the curve.} — 
* Brill, Math. Ann. Bd. 5 (1872), p. 401. See also the papers by 
Luroth, ibid, Bd. 9, Pasch, Bd. 18, and Humbert, Bull. Soc. Math, de 


France t. 13 (1885), pp. 49 and 59. 
+ Cj. J. E. Bewa Bull. Am, Matb. Soc., Vol. 23 (1917), pp. 304-308. 
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232. Clebsch Method: 


If the n-řc is of zero deficiency, it has Ain —1)(n —2) 
double points. Through these double points and through 
Mke(ke + 8) —I(n —1)(n—2) other points on the curve (k <n), 
a curve of order k can be drawn, which intersects the n-c 
in only kn points. Since each double point counts as two 
intersections, we must have 


Ake (ie + 3) + 4 (mn —1)(n —2)=kn 
which requires that k=n—1 or k=n—2. 


Therefore, if we construct a pencil of (n—1)-ics 
u—Av=O0 through the double points and through 2n—3 
other points onthe given n-ic, then each curve of the 
pencil will intersect the n-ic in one point whose co-ordinates 
can be rationally expressed in terms of A. 

In a similar manner, if a pencil of (»—2)-rfes be drawn 
through the double points and »—3 ordinary points on the 
n-ic, each curve will intersect the latter in a point whose 
co-ordinates can be similarly expressed. 

Thus, by taking a pencil of (n — 1)-ics or (n —2)-ics we can 
express the co-ordinates rationally in terms of a parameter. 

The above considerations at once suggest that there 
always exists a k-to which intersects the unicursal n-ic in 
a number of fixed points, or has assigned singularities at 
those points, such that the points count as nk—1_ inter- 
sections. 

Case I: The n-te has no multiple points other than 
ordinary nodes and cusps. 

If k=n—1, the co-efficients in the equation of the 
k-ic are connected by 4(n—1)(n—2) + 2n—3=J4k(k+3)—1 
linear relations, and the intersections count as— 


- 2x }(n—1)(n—2) + (2n—3)=nk—1 points. 
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Case II: The n-ic has ordinary multiple points and 
the k-ic has an (r—1)-ple point at each r-ple point on the 
n-tc, and passes through (n —3) other fixed points. 

If k=n—2, since p= 4(n —1)(n —2) —Er(r—1) =0, 
the co-efficienta in the equation of the k-tc are connected 
b 

x =e se Maa btm Real hs eh gl BA 2 
=4k(k+3)—1 ($ 50) 
linear relations, and the intersections — as — 
=r(r—1) + (n —3) = (n —1)(n — 2) + (n —3) 
=nk—1 points. 

In fact, the k-rc is an adjoint (n—2)-tc passing through 

(»—3) ordinary points on the n-rc. 


233. The Order of the Unicursal Curve: 


Consider the curve— 
æ: y: 2=f,(A): falà): fs (A) — (1) 
where f» fe, fa are rational, integral, homogeneous func- 
tions of order n» in A. To each point of the curve there 
corresponds a certain value of the parameter A, and con- 
versely. The functions f}, fo, fa cannot have any common 
factor. 
Any line le+my+nz=0 intersects the curve in n- 
a eye Se ify +mfe+nfs =O —— +”) | 
and consequently, its order is n. | 
That the equations (1) represent a general curve of 
order n, having 3(n —1)(n—2) double points, follows from- 
the fact that the expressions (1) contain 3(~ 4). — 
constants. By a linear transformation of the > form— * 
ek 4 -PN +q ——— 
if: {ih cs ns Pee 4 — så — Fs 


may red duce | — 3n—1. 


— — 




















E . fh am 5 re ow p 
qua! át — numt er red for determin tE: ng i a z X © o 





PARAMETRIC REPRESENTATION 295 


general curve of order n with 4(n—1)(n—2) double points, 
which proves the proposition. 


234. The Class of the Unicursal Curve: * 


The equation of the curve in line co-ordinates is obtain- 
ed by forming the discriminant of the equation (2), i.e., by 
eliminating A between the equations 


Of) + m Ofe , ns _~—o } 
À OA OA ae 


If (A) + mfal) + nfg(A)=0 | 


The discriminant is, in general, of degree 2(n—1), and 
consequently, the curve is of class 2(m—1). 


Ə ĝ 
If, however, eh - ofa Ss = fy: fg: f3 az (4) 
the two equations become identical, and the common roots 
of (4) reduce the class of the curve. 

Hence, if the equations (4) have x common roots, the 
class of the curve is m=2(n—1)—«. We shall see later 


on that the equations (4) give the parameters of cusps, and 
hence, if there are x cusps, the class is m=2(n—1)—x. 


235. Parametric Representation in Line Co-ordinates: 


By eliminating l, m,n between the equations (3) and 
le+my+nz=0, we obtain the equation of the tangent at 
any point in the form— 

£ y  |=0 scan (O) 


of) of 2 of 3 
OA 


fee Se fs 


* Clebsch, Orelle, Bd. 64 (1865), p. 43. See also Hasse, Muth. Ann. 
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Hence, the co-ordinates of the tangent are given by— 


pE=fs of ah hs 


ay Og ag ASF 
py=fy aN fs AN 


pi=fa%r—s, W 


i.e., the co-ordinates of the ET are rational, integral, 
algebraic functions of a parameter. Hence we obtain the 
theorem : 


If a curve is unicursal qué locus, ilis unicursal quà 
envelope. 


It is to be noted here that the parameters in the co- 
ordinates of the tangent cannot occur in degree higher than 
2(n—1), but may be less. It follows then that the class 
of the curve cannot be greater than 2(n—1). 


Ex, J. Consider the parabola y*=—4ar. 
The co-ordinates of any point on this curve can be expressed in the 


form x=at?, y= 24t. 


The equation of the tangent at any point (t) being ty—z—ai?—0, — 
the co-ordinates of the tangent are = —1, q=t, = —at?, which shows 
that the parabola is unicursal quà envelope. The tangential equation 
of the curve is easily obtained in the form an*?=—£¢. 

Ez. 2, Express the co-ordinates of any point on the curve 

(æ + y) = Ily + 2)? 
rationally in terms of a parameter. 

Ex. 3. Prove that the order of a unicursal curve of class m is not 
greater than 2(m—1). 

Ex. 4. The locus of the poles of any normal to a given conic is, 
in general, a unicursal quartic. Discuss the case when the conic is a 
parabola, 

Ex. 5. ffi fa fy are polynomials in tof degree n, in which the 
co-efficient of "71l is wanting, the sum of the parameters of points 
where any algebraic curve intersects the n-ic is zero. 
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236. Singular Points: 

As already shown, at a double point the co-ordinates 
have the same values for two different values of the 
parameters A and A’, i.e., when AA’, 


flA) / fiA) S= fal) / fa) =fsQ)/fsQ) o (WD 


z 
The case of a node has been discussed in § 56, but in the 
case of a cusp, the equations of the tangents for the two 
branches meeting at the double point must be the same, 
i.e., the co-ordinates of the two tangents must be propor- 
tional. 

(f s5fo/OA — fadf 5 /GA) =k" (f gf a/OA! — faf 3 /OX’) 

(f15f2/GA —f sdf, /GA) =K' (fF, Of 3/9’ — ff, /ƏN') 

(f 29f , /OA —f 1 Of.,/OA) = k'(f 2f 1 [ƏN — f Of2/OA’) 
where A, A are the parameters of the coincident points 


belonging to the two branches, whence we obtain the two 
following determinant equations: 








oh oh fail) =0, fy) oh fa (à) =0 * (2) 
ə 3 — ə 
ofa She. Fala) falà’) of falà) 
: [3fs._ Ofs f(A) fsQQ’)  Əfs falà) 
OM OA OA 


which show nothing but that A, A’ must be the double roots 
of the equation giving the nodes. 

There are then two cases to be considered: 

(1) When A and A’ are different; there is no cusp but 
two nodes indefinitely near each other, such that their 
tangents coincide, and there is no reduction in the class. 

(2) When à and A’ are equal and represent the pair of 
equal roots, which then give a cusp, and the class of the 
curve is reduced by one. 


38 
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Putting A’=A+e, where eis a very small quantity 
approaching zero, from (2) we obtain— 


A= Ə?fı Of; 


n |= aoe (8) 
‘SA? GAG i 


O*fe  Əfa he 





CA OA 
O"fs Ofs fs 
oA= OA 


the double roots of which give the parameters of the cusps, 

Thus the cusps are given by the equations A =O and 
OA Cit), Ole 

a T fi Fa TOX = 0 Zee «2 (4) 


fe Of Sf 





Sf 
fa Os Ə”fa 








Second Method : 
The cusps may also be determined from the equations— 


dA J r=] t=] fa 





(5) 


For, at anode we have equations (1) satisfied, and putting 
each ratio equal to k, we have— 


HONTO — foQ)—fold) AITO 
OA A) WDR -NRA 


— 
(=A) 
But, by the mean value theorem, we have— 


A-N =p ANA] 


where @ is a positive proper fraction. 
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Now, when the tangents at the node approach coinci- 
dence, A’ approaches A, and we have in the limit— 


ff AA= Sle. S f(a) =H) f3(A). 


237. Inflexions: 


If A, A’, A” be the parameters of three collinear points 
on the curve, we have— 


f(A) + mfo(A )+nfa(A) =0 
Uf (A) + mfal )+nfs(N)=0 
If (A) + mfa) +nfa (N) =0 
where A, A‘, A” are all different. 
.. The condition of collinearity is obtained by elimi- 
nating l, m, n from the above equations in the form— 


fi (A) falà) falà) = () 
1 


A-AA AT NA fA) fsa 
falar) fa) fal") 


If now A, A’, A” approach equality, but still distinct, 
the above condition reduces to— 


A * 
2n(n —1)* =e 
Hence, the inflexions are given by the equation— 


A=0 eda ~ (8) 

Thus at a cusp, we have both A =0 and dA/dA=0, 
while at a point of inflexion only A =O. 

From equation (6) it follows that the number of in- 
flexions is, in general, 8(m—2). But since a double root 
of (6) gives a cusp, the number of inflexions reduces to 
3(n —2)— 2x, if it has x double roots, i.e., if the curve has 
K CUBDS. 
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In fact, t= Bn (n —2) —3(m —1)(n — 2) —2ee 
= 3(n —2)— 2x 


This number gives an upper limit to the number of 
cusps which a curve can possess. For, since 8(n—2)— 2x 
can never be negative, the number of cusps on a curve 
can never exceed $(n—2).* 


238. Bitangents of Unicursal Curves: 


Bitangents and stationary tangents can be found 
exactly in the same manner, if the curve is regarded as 
unicursal quà envelope. 

As provedin § 235, the co-ordinates of a tangent can 
be expressed in terms of a parameter in the form: 


E: n: =p lÀ): Pol): og) 


Therefore, the parameters of the bitangents are obtained 


plà) _ gol(A) _ blà) 
— a n. Sota 





The number of bitangents of a unicursal curve is found 
to be 2(n —2)(m —3), as can be verified from thp formula 
of § 146. 


The parameters of inflexional tangents are E 


a / pı Sa /* ?2= Bes [ts e s0 on. * 


tin sb Sei a eh x 

an — foran — —J 
ouble | poir ip: are ES i F 
* ta ure ni i g 


—— 
— nit t pata given — 
‘the An 2. Math, 5 — 


COIE ), pi 
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For a detailed discussion of the bitangents, ete., 
of a unicursal curve, the student is referred to the paper 
of Clebsch—Crelle, Bd. 64 (1865), pp. 53-54, and of 
Haase—Math. Ann., Bd. 2 (1870), p- 515. 


Ez. 1. Consider the curve: #=4, y=1+, c=t. 
For double points, we must have— 
t'tett, 1t 422, ft’ =, when t-+t’. 
As in § 56, the nodes will be given by— 
@=—tt'—1=0 and ¢g=—t'(t?+tt'+)=0 

Whence eliminating t we obtain t*+t*?+1=0 which gives the para- 
meters for the nodes. 

But, (144 0241) = (t27+741)(?—t4+1)=0 
whence, (74t41=0 giving t=, w?, the imaginary cube roots of 
unity, and t?—t+1=0 giving t=3(+1+i~3) 
isë., the values of the parameters are imaginary. 


The first gives the acnode (1,—1, 1), and the second gives the acnode 
(—1,1,1). The cusps and inflexions are given by the determinant 
equation (4), § 236, which reduces to ((t?7—2)—0, whose roots are 

t=O, 0 +72 

The two 0 values of t give, in fact, a point of undulation at (0, 1, 0). 
The cusps are given by the double roots, i.e., the common roots of this 
and t(t]—1)=—0. Hence t=0 js a common root and should give a cusp, 
but this is found to be a point of undulation. Therefore (0, 1, 0) is not 
strictly speaking a cusp. If, however, we replace tby 1/ť in the 
original values of x, y and =, we find x=1/t’'4, y=(140%)/t?, e©=1/t'. 


Proceeding as before, the cusps are given by the double roots of 
t'I —2t%)—<0. Hence ¢=0, f e., t=œ gives a cusp (1, O, 0). 


Any line meeting the curve in points ¢ and ¢’ is— 

(1—tt" jx + yP + DE A E) — (te? + PEI + Oe Oe + th + 09) = 0, 
whence, by putting tt’, the equation of the tangent at any point (t) 
is obtained in the form— 

(l— tte + Btly—205(t2 + Q)e=—0 — 
The tangent at any other point (t) is— 
(L—t'S)x + It iy =W 4 2s = 0 soe (9) 
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We have a bitangent when (1) and (2) represent the same line, j.e., if 


1—t? ¢#  ¢3(¢2 +9) ; 
—— L e ET Ai 
whence we get (t+e')(?4t7—t2%=0 and tt'=2 
<. The bitangents are given by— 
t+t'=0 #2 + 2’? — 2424/2 —0 
and 
tt’ =2 tt’ = 2, 
The first group gives t=—t/=i/2, ie, t4+2—t%42=0, 
.. The bitangent is 2+4y=0. 


The other group gives equal values of £ and t’, and hence there is 
no bitangent. 


Bitangents may be obtained otherwise as follows : 


The co-ordinates of the point of intersection of (1) and (2) are 
given by— 


SS a Se N a — 
60%(v0—2) Bul+ (4+ 202—6n)(u2?—2pv) + 40? 3 {u3—Que —302u} 
where t+t=u and  tt'=v. 


Ifthe tangents coincide in a bitangent, their point of intersection 
is indeterminate. Hence the denominators in the above expressions 
must vanish, and we get o—2=0 and u=0, also u=v=0; but u=p=0 
gives @=0, which gives an undulation, as bas already been seen. 

Thus vw=t+t’=0, and v=tt'=2, whence t(?+2=0, and we get the 
bitangent «+4y=0. 


Er. 2. Find the singular points on the following curves : 
(i) w=t+t!], y—l+f (if) w=—t(Q2—t), y=t(2—t) 


(iii) ce1l+t+P, ye h+t®+t+4+1. 
Ex. 3. Find the singular points and singular lines on the curves : 
0) z=1+0, y=, z=(*—t 


(ii) zt=—cos 39, y=sin 8, z=—cos ¢. 
Ex. 4. Find the Plickerien characteristics of the curve y?s =z" 
(n=m=65, p=0, 5=7T=3, x=i~3.) 


Ez. 5. Show that the envelope of lines joining corresponding points 
on a ubicursal quartic and a conic is a class-sextic. 
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239. Special Class of Rational Curves: 


Among the rational curves there are those with an 
(n—1)-ple point, or with three ordinary points where 
the tangent has n-pointic contact. To this class belong 
the curves called Triangular Symmetric Curves, represent- 
ed by the equation az" + by" + cz" =0, where n is rational, 
positive or negative.* 


For a detailed study, see Darboux—Comp. Rend., 
Vol. 94 (1890), pp. 930 and 1108, Brusotti—Lomb. l-t. 
Rend., Vol. 37 (2), (1904), p; 888, Loria—Spezielle alg. 
und transzend. ebene Kurven, Vol. I (1910), p. 341, and 
W ieleitner—Spezielle ebene Kurven (1908). 


240. The Circuit of a Unicursal Curve: 


The co-ordinates of a point P on the curve being con- 
tinuous functions of the variable parameter A, the point P 
moves continuously as A varies, provided, of course, P is 
finite. If the co-efficients in the equation of the curve 


* Prof. Hilton haa considered the case of the unicuraal n-ic with 
three tangents of n-pointic contact. By a suitable choice of bomo- 
geneous co-ordinates, the equation of such a curve is thrown into 
the form 


(i) z:y:z=—t": l-t)": —1 
and an * + Cy =0, when n is odd; 
(ir) 2:wyws emt*: (l—t)*: 1 
i J L l ¥ 
and ze +y= +2: =0, when n is even. 


In either case the curve can be projected to have the symmetry 
of the equilateral triangle. Hilton—On plane curves of degree n 
with tangents of n-pointic contact—Messenger of Mathematics, Vol. 49 
(1920), p- 132. The general case has been diacuased in Vol. 50 (1921) 
of the same Journal, pp. 31-40 and 171-76. 
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are all real, real values of A will give only real points Eh 
Consequently the real values of A from O to O through 
infinity give a series of real points, ending where it began, ` 
i.e., the points are arranged in a single circuit, which may 
pass through infinity, but the locus is still continuous ; 
therefore, a unicursal curve consists of a single circuit, 
with its real points arranged in one continuous series, t.e., 
it is wunipartite. 


If, however, A is imaginary of the form a+if, it is 
also of the form a—if, i.e., the point P is a double point. 
Since a consecutive value of A does not give a real point 
of the curve, there is no real point of the curve consecu- 
tive to P, i.e., Pis an acnode. Hence it follows that 
there may be a finite number of real intersections of ima- 
ginary branches, which are isolated points (acnodes), but 
these cannot be included in the continuous description of 
the curve by a real tracing point. Thus the unicursal 
curve consists of a single circuit, i.e., it is umipartite. 


241. Unipartite Curves not necessarily Unicursal : 


Although unicursal curves are unipartite, the converse 
theorem is not always true, i.e., all unipartite curves are 
not unicursal. 

For example, consider the curve 2° +2= 92, which 
consists of a single circuit, i.e., is unipartite ; but it is 
not unicursal. If itis to be unicursal, the co-ordinates 
of its points must be expressible in terms of a single 
parameter, and the elimination of the parameter should 
give the equation of the curve. Since the co-efficients 
in the expressions may be either real or imaginary, by a 
proper substitution of the form #=2', y= viy’, #=iz' the 
equation obtained is 
at — r'a? + y' a =0 
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which is unicursal, but this is certainly bipartite, as can 
be easily verified, the branches lying between 2/—1, 2! 
and 2a/+1 and infinity. Hence the curve 2°+2=y?, 
although unipartite, is not unicursal.* 


242. Curves with Unit Deficiency: 


It has been shown in § 225 that a curve with unit 
deficiency can be transformed into a cubic having the 
same deficiency, and as will be shown later on, the 
anharmonic ratio of the four tangents drawn from any 
point on a cubic is constant for all positions of the point. 
These facts enable us to express the co-ordinates of any 
point on a curve with unit deficiency as rational functions 
of a parameter 6, and of 4/0, where © is a quartic 
function of 6. From what has been said above, it 
will be sufficient, if this can be established for a cubic 
curve. 

For, in this case z, y, z can be expressed as rational 
functions of 2, y’, 2’. If the cubic is taken to pass 
through the point xy, we may write y=0x in its equa- 
tion, when x : 4y :#s are obtained in the above form. 
The values of Ô given by Ə=0 correspond to the four 
tangents which can be drawn from the point zy to the 
curve. 

Thus the co-ordinates of a point on the curve with unit 
deficiency can be expressed as rational functions of @ and 


vO. Now by a linear transformation of @, /© can be 


* It is to be observed that the term unicursal makes no distinction 
between real and imaginary points, and if œ unicursal curve has any 
real part, it consists of a single circuit; whereas the term unipartite 
refera to the appesrance of the curve and takes cognizance of the 
real part only. In fact, just as an equation having æ real root is 
not necessarily a simple equation, @ unipartite curve is not necessarily 


unicureal. 


39 
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brought to the form s (1—02) (1 —k*6), and putting 
@—snu, /(1—6?) (1—k?0?) becomes cnu dnu and the 
co-ordinates are expressible in terms of the elliptic func- 
tions snu, cnu and dnu of a parameter u. 


243. Co-ordinates in Terms of Elliptic Functions: 


By using a method similar to that used in § 54, we 
shall now directly establish the theorem: 


The co-ordinates of any point on a curve of unit 
deficiency can be expressed rationally in terms of elliptic 
functions. 


Let f=0 be the equation of an n-ic with multiple 
points of orders k, kas Its,...such that the deficiency 


=4(n—1)(n —2) — S3k(k-—1)=—1 
SAk(k —1)=4(n— 1)(n —2) —1=4n(n—8). 


Hence, a unique curve of order (n—3) can be drawn 
through the multiple points. 

Now take a system of (n—2)-ics adjoint * to the given 
n-1C, i.e., a system of (n—2)-ics having a (k—1)-ple point 
at each /:-ple point of f, and passing through (n—2) other 
fixed points on f. 

But the number of arbitrary co-efficients in the equa- 
tion of such an (n —2)-ic is }(n—2)(n +1), and the number 
of conditions assigned is— 


Xdk(k—1) + (n—2), ien 3(n—2)(n+1)—-1 


* We may take a pencil of N-ics subject to the condition that the 
intersections at the fixed points must be equal to nN—2, which is 
satisfied when the N-ic is an adjoint (n—2)-ic, passing through 
n—2 other fixed points, since 2k(k—1)+(n—2)=n(n—2)—2=nN—2. 
A second condition is that the co-efficients must be connected by 
4N(N +3)—1 relations, which is again satisfied by the adjoint (n—2)-ic, 
since, pak) +(n—2)=}(n—2)(n + ——— 
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Hence the equation of the system will contain one arbi- 
trary parameter and can therefore be written as 


u+Av=0 me w CB) 


where u and v are any two particular members of the 
system. 

Now, the curves (1) intersect f, in general, in n(n—2) 
points, of which Sk(k—1)+(n—2), i.c., n(m—2)—2 are 
fixed. 

There are then two variable points P and Q which 
depend on À. 

If we eliminate one of the variables y (say) between 
f=0 and u+àv=0, we obtain an equation of order 
n(n —2) in z, n(n —2)—2 of whose roots are the abscissæ 
of the fixed points and the remaining two are the 
absciss® of the two variable intersections P and Q. 
Removing the known factors, we have an equation of 
the second degree in «x with the co-efficients rational in 
A, whose roots give the abscisse of P and Q inthe 
form— 


c=A+ BO? 


where A and B are rational in A, and © is a polynomial in 
A. If we substitute either of these values in the equations 
of the n-ic, and the (n—2)-ic, we obtain two equations in y 
whose common root gives the ordinate of one of the points 


P (say) and is of the form A’ +Be*, where A’ and B’ 
are both rational in A. 

Since the values of A given by © =0 correspond to the 
points of contact * of the variable (n—2)-ics which touch 
f=0 at a point other than any of the fixed points, and 


* These include cusps other than at the fixed points. a 
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there are four such curves, © must be a polynomial of 
order four in A. 


Thus the co-ordinates of any point on a curve of unit 
deficiency may be expressed rationally im terms of a 
parameter A and an expression of the form * 


SH = {aA t + 4AbA? + God? + ddà + ey? 


By a suitable transformation, both A and © can be 
simultaneously expressed as rational functions of the 
elliptic functions snu, cnu, dnu, of u, which proves 
the proposition. 


244. Simplification by Weierstrass’s Notation: 


Weierstrass’s elliptic function @(u) | is defined as— 


Lim 
u=O0 


and is connected with its derived functions by the relation 


(u=@u)=1 


C'u? = 4G ’u— go GU — g3 


where go and g are invariants, 


The function €u is doubly periodic. If w and wo! are 
the periods, we obtain the same value of €u, when u is 
replaced by u + mw + m'w, where m and m' are integers. 


Now, we have seen that the co-ordinates of a point 


can be taken as A+ BOF, where A and B are rational 
in A, while © is of the form (aA*+4bA5 + 6cA2+ 4dA+c¢) 


In order to transform o”, we make the substitution— 


——— Biu—€lv 
A=—~ + l-z- — p 
a Clebsch—Crelle, Bd. 64 (1565), p. 217. | 

+ Goursat—Mathematical Analysis, Val. TI, Part * £ i, p- 156. 
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where €v and €/’» are defined by the relations— 
a*@v=—(ac—b?), a®*@'v=a*d—Sabe + 2b4 
and the invariants go, ga are given by a2g.=ae —4bd + 3c? 


and a°q_=ace + 2bcd—ad?—eh?—c3. 


Then @2 is transformed to a2[@(u) —@(u +v)]. 


while A and B are transformed into rational functions of 
€u and E'u. 


Hence the co-ordinates A + BO? are expressible ration- 


ally in terms of doubly periodice elliptic functions in the 
form— 
x+yleu—E(u+v)] 


where x and 4 are rational in Gu and @’u. 


Ex. 1. Consider the cubic 


y? = ax) + Bba? + Sex 4 d we 1G) 
Putting y=4y'/a and z= —b/a+4zr/a. 
the cubic is transformed into y'*=42'3—gyr"—g, eo» (2) 
where 16gg=12(6?—ac) and 169,;—3abce—263— ald. 


But since g — 2749370, the equation (2) represents a non-singular 
cubic and is satisfied by 2° =@u, y’=@’u, where gy, g3 are the 
invariants, 


h be gee 1e 
whence x * oe y=— Gu. 


Ex. 2. Express rationally in terms of elliptic functions the co- 
ordinates of any point on the curve ts?= yle =y) (k?z — y). 

The curve evidently passes through the point c=y=0, which is a 
point of inflexion with z=0 as the inflexional tangent. 

The three lines y=0, r—y=0 and y—k*2=0 pass through this point 
and meet the curve elsewhere, where rz*=(), íc., they are the tangents 
drawn from the point of inflexion to the curve, and their points of 
contact are situated on the line s=0. This equation is identically 


eatiefied, if we put pe=t®, py=t, pz= /1—t?/1—k%1!, 
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Putting teanu, “l—tecnoa, and 41—kKM=dovw, and taking 
the radical with a determinate sign, we have— 
sn?u+en*uel,  k?sn’u +dn?u=]1. 


Thus px = snit, py= snu, pz=cnu dn 
We may consider the intersection of the curve with the line s=y, 
which gives 2:Y:2=—sn3u ; snu : ont dnu, 


Ex. 3. Show that the co-ordinates of any point on the quartic 
y? —axrt + Gor? + ddz + è 
can be expressed in terms of Weierstrass’s function @u in the form— 


’ — g’ — 
A [Qu—@lu+o)] 
b — 
where y= - e — 


Ex. 4. Show that the invariants gq, g3 in Ez. 3 are given by 

Ex. 5. Show that the sum of the arguments of the three 
points where any straight line meets a non-singular cubic is equal to 
the period. 

Ex. 6. Express rationally in terms of elliptic functions the co- 
ordinates of any point on the curves : 


() zty) =y iD y= (2 — a) tlabt 
ae 


245. The Converse — Rte 


If the co-ordinates of any point on a curv 
expressed — im in terms of elliptic | c tio hi ta 
Clu, me Fai: sm — nit deficiency. 










scone 





neat 
A+ Be’ 





— 


E. ? 
Saa B J. : Eilt on— Plane Alget jraic Curves Cha 


oo 


SE 1 


© 
4 





CONVERSE THEOREM 311 


being polynomials in @u. Since, by successive differentia- 
tion of the relation 


[@’u]*=4[€u]*°—g,€u—g, 
we may express the products of powers of @u and @'u 
occurring in A + B@’u linearly in terms of— 
Gu, Cu, G//u,... 


fy. f2» fs may each of them be taken as a linear function 
of these in the form 


a+ b@(u) + c@!(u) + d@"(u) +... + p@"-2(u). 
Any ‘straight line lr+my+nz2z=0 will meet this curve 
where if ilu) + mfo(u) + nf .(u) =0., 


The left-hand side of the equation has n poles, and there- 
fore, n zeros, Consequently, the curve is of order n.* 

The equation of the tangent at any point of parameter 
u mny be written as in §55, and the co-ordinates of the 
tangent are— 


fa's —fsf'z» Faf'i—fil’s, Sif'e—fef'r- 
Now, in each of these expressions, the terms of the 
type 
| @"-2(u)@"—" (u) 
cancel, and consequently, each, when reduced to linear 
form, can be written as— 
p+ a,@(u) +a,’ (u) +... +ao,-962"-2(u). 


.. The class of the curve cannot be greater than 2n, 


Hence, as in § 55, the reduction in the class of the 
curve cannot be less than n(m—1)—2n, or n(m—38), and 
consequently, the number of double points (excluding 


“* Goursat— Math. Analysis, Vol. II, Part I, § 68. 
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cusps) cannot be less than Jn(n—3) or 4(n—1)(n —2)—1, 
i.€., the deficiency cannot be greater than 1.* 

For a detailed discussion of the curves of unit deficiency, 
the reader is referred to the well-known paper of Clebsch— 
‘* Ueber diejenigen Curven, deren co-ordinaten sich als 
elliptischen Functionen eines Parameters darstellen lassen "’ 
—Crelle’s Journal, Bd. 64 (1865), pp. 210-270. Also— 
Harnack—Math, Ann., Bd. 9 (1876), p. 1, and Porter— 
Trans. Am. Math. Soc., Vol. 2 (1901), p. 36. 


* The deficiency is zero or unity. But since the functions fi, fo, fs 
will not usually be rational functions of a single parameter, we say 
that, in general, the deficiency ia unity. 





CHAPTER XII 
THEORY OF CORRESPONDENCE 


246. Correspondence of Points on a Curve: 


In Chapter X, we have discussed the general principles 
of correspondence of points of two different planes, or of 
the same plane, asa whole. In this Chapter, we shall 
discuss the correspondence of points on the same curve, 
or on different curves.* 

The simplest of such correspondences is illustrated by 
the homographic systems of lines and conics, the essentials 
of which are to be found in all treatises on conic sections. { 
In fact, there is a (1, 1) correspondence between the ele- 
ments of two bases defined by the bilinear relation 


AAA! + BA+CA+ D=0 


where A and A’ are the parameters of the corresponding 
elements. 

When the two bases are superimposed, we obtain a 
correspondence between points of the same base, special 
cases of which are studied under the name Involution 
ranges or pencils. 

Chasles extended and discussed the theory as applied 
to unicursal curves; but the theory is applicable to all 
curves generally, and we shall presently consider the 
general principles of correspondence of points on the same 


curve. 


* Lefachetz, S., Correspondences between Algebraic Curves— Annals 
of Math. (2), Vol. 28, No. 3, pp. 342-54 (1927). 
+ Scott, Modern An. Geo,, §§ 192.196. 


40 
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Let P and FP’ be two points on the same curve, such 
that to any position of P there correspond r’ positions of 
P, and toa given position of P’, r positions of P. Then 
the points of the curve are said to have an (r, r’) corres. 
pondence. If r=r'=1, the correspondence is (1, 1), and 


rational. 
The correspondence * between points of a curve may be 
instituted in variaqus ways, as the following illustrations 


will show: 


(1) The points of a conic may be put into a (1, 1) cor- 
respondence, if the points collinear with a given point in 
its plane is made to correspond, the points forming an 
involution range on the conic. 

(2) Any radius vector through a fixed origin O meets 
a curve of order n inn points P, P}, Pg, Ps,...P,_,. If 
P’ denotes any one of the points P}, Ps,...P,_,, we may 


* The principles of correspondence for points in aline was estab- 
lished by Chasles in his paper in the Comptes rendus, June-July, 1864. 
But prior to him De Jonquitres considered the principle in 1860— 
" L'@uore mathematique d'Ernest de Jonquiéres."' It has been extend- 
ed to unicursal curves by Chasles in a paper of his—‘' Sur les courbes 
planes ou à double courbure dont les points peuvent se déterminer indivi- 
duallement—Apphcation du principle de correspondence dans la theorie 
de ces courbes"’—Comptes rendus, Vol. 62 (1866), p. 534. Cayley referred 
to the principle—Comptes rendus, Vol. 62 (1866), but gave a discussion 
in bis memoir—On the correspondence of two points on a curve (Coll. 
Works, Vol. 6, p. 9), where he discussed only a particular case. Finally 
be gave a numberof applications in bis paper—Second Memoir on the 
Curves which satisfy given conditions —Coll, Works, Vol. 6, pp. 263-71. 
But an algebraicdemonstration of a more general formula has been 
given by Brill—** Ueber Entsprechen von Punktsystemen auf einer 
Curve ''—Math. Ann., Bd. 6 (1873), p. 38, and a — treatment 
in his paper—‘' Ueber die Correspondenzformel ''—Math. Ann., Bd. 7 
(1574), p. 607. Lindemaun has giyen a demonstration of the principle 
with the help of Abelian integrals—Crelle, Bd. 84 (1878), p. 301. Bee 
also a paper by G. Loria—Bibl. Math, (3) 3 (902), p. 286. 
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say that to a given position of P there correspond (n— 1) 
Positions of P’, and conversely, to any position of P’ there 
are (n—1) positions of P. Hence there is an (n—1, n—1) 
correspondence. 

This will be a rational correspondence, if n=2 (Case 1), 
& particular case of which is afforded by the circular 
inversion §§ 15 and 217. 

When the origin O lies on the curve, there will be an 
(n—2, n—2) correspondence; and in general, if O is an 
r-ple point on the curve, there is an (n—r—1, n—r—1) 
correspondence, i.e., corresponding to any position of P 
there are (n —r—1) positions of P’, and vice versa. 

It is to be noted that a (1, 1) correspondence is possible 
for a cubic ora quartic with a node, but it is not always 
possible. 


247. Non-symmetrical Correspondences: 


In the preceding illustrations, the correspondence is 
symmetrical, t.c., from either given point the other is 
obtained by the same construction. But there are cor- 
respondences which are not so symmetrical. The follow- 
ing illustrations will clearly explain what we mean: 


(1) There may be instituted a (1, 2) correspondence 
between the points of a conic as follows :— 


Let O be a point on the conic S and p a line in the 
same plane. A radius vector through O will meet the 
conic in a point P and the line in a point Q. The polar 
line of Q will meet Sin two points P] and P}. Thus 
there is a (1, 2) correspondence between P and P,, P, (P’). 

(2) The tangent at any point P of an n-ic meets the 
curve in (n—2) other points, so that to any position of 
P there correspond n—2 positions of P’. But if P’ is 
given, FP may be any, one of the points of contact of the 
(m—2) tangents which can be drawn from FP’ to the 
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curve, m being the class. Thus to any given position of 
P’, there are m—2 positions of P, and there is conse- 
quently an (m—2, n—2) correspondence. 


248. Analytical Discussion: 


The preceding examples show that a geometrical con- 
struction can be given for determining a correspondence on 
a given curve f=0. 

An algebraic correspondence (l, k) between the points 
P, P’ of two curves, or of the same curve, is defined by a 
system of algebraic equations between the co-ordinates of 
P and F’, such that when P is given, there are k points P’, 
and when P’ is given, there are l points P. In fact the 
corresponding points are obtained as the intersections of 
a certain curve © with f=0. In the above illustrations 
this curve © was taken to be aright line. It may again 
happen that some of the intersections P’ coincide with the 
given point P, and these points must then be excluded. 

Let the equation of the curve © be given in the form 


© [(z, y, 2)"; (&', y’, 2/)*]=0 


which contains (x, y, z) in degree land (z', y’, 2’) in 
degree k. 

If P (z, y, z) be given, this equation represents a 
curve @, of order kin (2’, y', 2‘); and if P'(æ, y', 2') be 
given, a curve @, of order lin (æ, y, 2). The two curves 
©; and O, intersect the given curve f=0 in In and kn 
points respectively, and therefore we obtain a (ln, kn) 
correspondence. If, however, the curve @; for a given 
point (z’, y’, =!) passes through the same, that point is to 
be excluded, so that if a intersections of ©, with f coincide 
at P’ (x', y’, 2’), the number of remaining intersections P 
is In—a. Similarly, if the curve ©, for any given point 
(x, y, 7) meets f=0 in 8 points coinciding with (x, y, 2), 
there are kn— 8 remaining intersections P’. Thus we 
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obtain a (In—a, kn—ß) correspondence, and we denote it 
by (In —a, kn — 8B). 


Ex. In Ex. 2,§ 246, we have l=k=l, also a= =l, and the 
correspondence is (n—1, n—1). 


In Er. 2, § 247 In=@m, k=1, a=8=2, and the correspondence is 
(m—2, n—2). 


249. United Points: 


As in the case of general correspondence, we have 
elements coinciding with its correspondents, so in this 
particular case, a point may correspond to itself, and is 
then called a united point. For example, in the case of 
involution range of points on a conic (Ex. 1, § 246), the 
points of contact of the tangents drawn from the fixed point 
O to the conic are united points. In general, if the corres- 
ponding points are collinear with a fixed point, the united 
points are the points of contact of the tangents drawn from 
the fixed point to the curve. Hence the number of such 
points is equal to the class of the curve. 

Prof. Cayley * explained by means of a number of 
illustrations the general formula for finding the united 
points without any formal proof. But later on Brill f gave 
a formal accurate proof of the formula. 

In the equation of § 248, if we put r=, y=y', z==2', 
we obtain an equation ©,.,=0, of order l+ k, which now 
represents a curve of order l+ k passing through all those 
points for which ©, passes through (xz, y, 2), and ©, passes 
through (a’, y’, 2‘). Thus the curve 0,;,,=0 intersects 


* Cayley—'' Note sur la correspondence, eto." Comp. Rend. Ac. Se., 
Paris (1866), Vol. 62, pp- 586-590, also *‘Correspondence of two points 
on a curve’’—Coll. Works, Vol. 6, pp. 9-13. 

} Brill—Ueber Entsprechen , von Punktsytemen auf einer Curve— 
Math. Ann. Bd. 6 (1873), pp- 33-65, and “ Ueber die correspondenz- 
formel,’*—Math. Ann. Bd, 7 (1874), pp. 607-622, 
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the curve f=0 at the united points. Therefore, the corres- 
pondence (ln, kn)æ(a, b) has (l+ k)n=In+kn=a+b unit- 
ed points as given by Chasles. 

If, however, ©, meets f in one or more points (a) 
coincident at (x, y, #), and ©, meets f in one or more 
points (8) coincident at (z’, y', æ), which, of course, 
happens, when they are singular points on f, these a and 
8 points are not to be included in the number of united 
points, and the order of multiplicity in a and 8 diminishes 
the number of such points. 

In the preceding examples, a=8=1, and the formula 
holds for rational curves. In fact, when a=, the investi- 
gation becomes much simplified and the correspondence 
depends upon the value of a, and is then denoted by the 
symbol (In—a, kn—a),. 

In the example (1) of § 247, there are three united 
points, namely, the points M,, Mo, where p cuts the conic 
and the point O. 

Again. P, may coincide with O, while P, is distinct, 
or both P,, Pg may coincide with M}, Mo; but this does 
not stipulate any higher species of united points, as has 
been shown by Cayley in the general case.* 


250. Chasles’ Correspondence Theorem: 


Let C, and C,’ be two curves of orders n and n' 
respectively, such that there is a (1, 1) correspondence 
between them, it.e., to each point P of C, there corresponds 
one, and only one, point P’ of C,’, and vice versa. Let us 
first determine the class of the envelope of PP’, or in 
other words, let us see how many of the lines, such as 
PP’, pass through any point (0, O, 1) for example. 


: Cayley—Second memoir on curves which satisfy given conditions 
—the principles of correspondence—Coll. Works, Vol. 6 (1868), p. 265. 


+ 


i 
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Consider a line p through the vertex O (0, 0, 1) which 
intersects C, in n points, corresponding to which there 
are n points on C,’. Then lines joining O to these n points 
on C,’ are given by an equation of the form— 


Pn Ba T" +a,r"— y+... +a,y"=0 


Any other line q through O will similarly correspond to n 
lines determined by the equation— 


PaE ou" +a! a"—ly +... +a! y"=0. 


The pencil of lines p+Aq=0, which, for simplicity, may 
be taken identical with #«+Ay=0, then determines an 
involution pencil of order n, 


Pn +Ag’, =O — (I) 


Similarly, considering the intersections of the lines p 
and q with C,,’, we obtain an involution pencil of order n’, 


Pn! +Ay’,’=0 — (2) 


where wy,’ and y'a’! are binary expressions of order n’, 
similar to ¢, and #’,,. 

The two involutions (1) and (2) are then projective and 
have the same vertex. The double or self-corresponding 
elements are obtained by eliminating A between (1) and 
(2) in the form 


Pn! a! =P! nn! a) 


The equation (3) is of order n+7n’, and therefore gives 
n+n' self-corresponding rays of the two pencils, whence 
the class of the envelope of PP’ is determined. (§ 152.) 
The above considerations hold for two ranges of points 
as well, and we obtain Chasles’ Correspondence Theorem : 


If there are two superimposed systems of elements, 
such that to each element of the first system correspond n 
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elements of the second, and to each element of the 
second, n' elements of the first, then there are n+n!' self- 
corresponding elements; or in other words: 


In an (n, n') correspondence on the same base, there 
are n+n' double elements, as we have otherwise deter- 
mined in the preceding article. 


251. Correspondence Index or Characteristic: 


Let A and A’ be any two points in the plane of the 
n-ic f=0, and draw a line p joining A to any point P 
(x. y, #) on f=0. Determine the points P’ (æ, y’, 2’) 
on f which correspond to P, and to all other points where 
the line p meets the n-ic, and join these points to A! by 
means of lines p’. Then the locus of intersection of the 
corresponding lines p and p’ is a curve ©, which can as 
well be obtained if we start with a point P’ (z’, y’ 2‘). This 
curve © then meets the curve f=0 at the united points. 
If a united points coincide at each point P (z, y, z), O 
must pass through these points, and must contain f as 
partb a times. Therefore, to each line p' the line p corres- 
ponds a times, and these a-ple line p passes through 
P'(x', y’, 2). Hence we have a= fĝß (§ 248). 

But since A and A’ may be any points in the plane, 
we require only to determine how many of the points 
(z’, y', 2‘), common to @, and f, coincide at (x, y, 2). The 
number a of these points is called the ‘‘ index *’ of the 
correspondence which is denoted by— 


(In—a, ken —a)ay or, (a—a, b—a),. 
252. Common Elements of Two Correspondences : 


Let us consider on the curve f=0 the two correspon- 


dences 
pm(a,b), and 9's(a’, b’), 


me 
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in both of which the correspondence index or characteristic 
is zero. We shall now determine the pairs of points 
(x, y, 2), (2, y', 2!) on f, which simultaneously satisfy the 
two correspondences, i.e., we shall find the number of 
points of the two correspondences which correspond to the 
same point (z; y1: #1) on f. This number is determined 
by the intersections of f with a certain curve w. 

To determine the order of the curve Ņ, we count the 
number of points in which any line L will intersect it. 
In virtue of the second correspondence 9’, to any point 
(x, y., #) of this line there correspond b’ points (z,, Y}, 24) 
on f, which are obtained by its intersection with a curve @’,. 
To each of these b’ points correspond, in virtue of the first 
correspondence ¢, b'l points (2’, y’, 2’) on L given by the 
curve @,. To each of these points again correspond in the 
same Way a'k points (x, y, z) on L. Consequently, on the 
line L we have a (b'l, a'k) correspondence of points (x, y, 2) 
and (#', y', 2’). The order of the curve 4%, which may be 
considered as generated by two pencils of lines, is conse- 
quently (b'l + a'k). 

Hence, ¥~ intersects f=0 in n(b'l+a'k)=ab'+ a'b 
common points (x, y, s) and (2’, y’, 2’), or, ab'+a’b pairs of 
points (x, y, z), (2, y’, 2’), which satisfy both the corres- 
pondences. The same result may be obtained in a 
different manner as follows: 

To each point (2!, y", 2) of the plane correspond the 
ll! points of intersection (x, y, =) of the curves @,=O0 and 
@',’=0 belonging to the two correspondences. Similarly, 
to each point (w, y, #) there are kk’ points (2, y’, 2‘). If 
(z’, y', 2) moves along a line, the ll’ correspondents 
(æ, Y, 2) move along a curve of order (k/l+kl’). Conse- 
quently, if (a, y’, 2) describes the curve f, (zx, y, 2) 
describes a curve of order n(k/l + kl’), 

Each point of intersection (z, y, 2) of this curve with f 
together with a point (2’, y’, 2’) on f will give the required 


41 
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pair of points. The number of such pairs satisfying both 
the correspondences (a, b), (a’, b') on f is, therefore, equal 
to 

n2 (kel +k’) =(nk.nl! + nk! nl) =a'b + ab’. 


If, however, the points (x, y, z) and (z’, y’, 2') are 
symmetrical with regard to both the correspondences, i.e., 
if a=b, a'=b', we shall, as before, obtain the same curve 
of order n(kU + k'l). Each point of intersection with f will 
be taken twice to give a couple. The number of pairs 


therefore will be equal to half the number, i.e., l= aa' 
=bb’. 


Ez. Let P=0 and Q=0 be the equations of two points. Then 
P+aQ=0 and P +uQ=0 
represent two points on the line joining P and Q. If there is a (1, 1) 
correspondence between the points, it is expressed by 
O(A, p)=aàu+bA+cp+d=0 (1) 


We may have a second (1, 1) correspondence on the same line given by 
O'(A, p’)=—a’Ap' + bA + cp’ +d’ =O (2) 


© 


These two correspondences © and ©’ must have tben, by the — 
1.1+1.1=2 common pairs. The same value of A will make w= ,’, if 


avA+c ba+d(/=0— 
larte b’a+a’ 








* 

This is a quadratic in A and therefore gives two values Aj ad Ag of 3 A 

for which p=p', If Ais eliminated between — we obtain a 

bilivear relation between * and K, of the form: = y . 
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253. If one or both the correspondences have a point 
where one or more corresponding points coincide, then to 
determine the common points (x, y, z), (x, y', 2!) of the 
correspondences, the number ab'+a'b must be reduced. 


Consider the correspondences— 
ġ= (a, b)o and pH =\(a!’—y’, bi —y')y'. 


In this case the formula of the preceding article holds, 
if only distinct pairs of points are taken into account. 
Hence the number must be reduced by the number of 
coincident corresponding points, but such coincidence 
takes place y'-times only at the united points of @ at each 
of which ¢! bas always a y'-point, and consequently it is 
equivalent to y'(a +b). 

The number of distinct pairs of points which satisfy 
simultaneously the two correspondences is then equal to 


ab! +a'b —y'(a + b) =a(b!—y¥") + b(a’—y’). 


254. Common Pairs: 


We shall now consider the two correspondences of 
indices y and 7’ respectively, i.c., 


p=(a~y, b—y)y, gS (a'—y', b'—y')y’. 


Let us deform the correspondence ¢! a little into a new 
correspondence ¢, =(a’, b’)y, so that the present case is 
reduced to the preceding one. The correspondence ¢, has 
no y'-point at («)=(a’) but gives, on the other hand, on f 
a series of y’ points contiguous to all points 2’ orz. The 
number of pairs of points common to the two correspon- 
dences #, and ¢ is, by the preceding article, equal to 


ab! + a'b — y(a’ + b’). 


Among these pairs, there are those consisting of two still 
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more contiguous points s, 2, which will coincide, and 
indicate a further reduction, when $, is again deformed. 


Let the point (2’) move on f, then the 7’ points (a) of 
$, become contiguous to it. But if (#’) moves up to 
coincidence with a similar united point (x,) of œ, then also 
the series of points on ¢, moves up to coincidence with 
(zı), and finally coincides with it, and then moves away, 
as (x’) proceeds further. 

Hence we conclude that the common pairs of points 
of $ and ¢’ will be obtained by deforming $, back to ¢', 
each of the N united points of $ will occur y’ times. 

Therefore the number W of all the distinct common 
pairs of @ and ¢’ is given by— 


N =ab! + b- yla + b')—y'N 
Similarly, by deforming ¢ to »,, we obtain— 
N =a'b + ab'—y'(a + b)—yN? 


where N’ denotes the number of united points of the 
correspondence h’. 
By identifying these two expressions, we obtain 


N-a P=) n NOWE- aM Gay) 
y Y 


which is independent of the intermediate correspondence. 
Therefore M depends on f, and in fact, on its deficiency 
and is to be determined by considering a special case. 


255. Cayley-Brill’s Correspondence Formula: 


Let us take the correspondence between the point of 
contact (2) of a tangent to the curve f=0 and the (n—2) 
other points (x) where the tangent meets f. In this case 

s 4 


+ 
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the number of united points is evidently equal to the 
number of points of inflexion of f, i.e., 3n(n—2) 


and a=n, b=n(n—1), y=2 


“M= Sna (n2) iel me) etai PE (n —1)(n —2)=2p 


where p is the deficiency. 


Hence we obtain the correspondence formula for united 
points of ¢: N= (a—-y) + (b—-y) + 2yp.* 

Thus, for the correspondence $=(a, 8), the number of 
united points on a curve f of deficiency p (assuming there 
are only double points, etc.) is given by— 

Nea+B8+2yp.t 


This is known as Cayley-Brill’s Correspondence For- 
mula, and it is easily seen that Chasles’ Formula holds 
when either y or p or both are zero. 

If we substitute this value of N in one of the formulae 
for N, we obtain for the common united pairs W of the 
two correspondences— 


p=l(a—y,b—-y)y Pf B(a'—y', byy 

N =ab! + a'b — yla + 6’) —y'N 
=ab! + a'b —y(a' +b!) —y'{(a—y) + (6 —y) + 2yp} 
=(a—-y)(b'—y') + (b—y) (a! —y') —2pr7' 
=af! + a!3— 2p. 


® For a complete discussion of the united points, etc., the student 
is referred to Clebsch—Lecgons sur la Geometrie, Vol. II, Chap. 1, 
pp. 146-188. 

+ This formula was first given by Cayley—Comp. Rend., Vol. 62 
(1866), p. 586, and Proc. Lond. Math, Soc., Vol. I (866), p. 1, and was 
later on proved by Brill—Math. Ann. Bd. 6(1873), p. 33 ; Bd. 7(1874), 
p. 607. Several other proofs, etc., were given by Bobek, Segre, 
Lindemann, Zeuthen, etc. See also Severi—Torino Mem., Vol. 50 (2), 
(1901), p. 82, Vol. 54(2), (1903), p. 1, and Torino Atti, Vol. 38 (1903), 
p. 158. 
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where a=a—y, B=b—y, a’=a'—y', B'=b'—y'. 
Hence the common united pairs of the two correspon- 
dences ¢= (a, B)y and 9/s(a’, 8’), is a8!+al/B— —2y7'P. 


The case of any number of algebraic correspondences 
on an algebraic curve was discussed by Hurwitz in Math. 
Ann., Bd. 28 (1887), p. 561. The same was discussed and 
results geometrically interpreted by C. Rosati—Sulle 
correspondence algebriche fra i punti di una curva alye- 
brica— Rendiconti della R. Accademia dei Lincei, Vol. 22 
(1913), and Annali di matematica, Vol. 25 (3), (1916), 
pp. 1-82, 


256. Applications of the Formula: 


(1) The Class of a Curve. > 


Let the corresponding points be collinear witha fixed 
point O. Then the united points are the points of contact 
of the tangents through O, i.e., the number of united 
points is equal to the class of the curve. There is an 
(n=l, n—1) correspondence, and y=1. Here the cusps 
also occur as united points. For, it seems that the line 
joining O to a node or a cusp meets the curve at two 
points there, but in the casejo a node the two points belong 
to different branches and are not consecutive, while ata cusp 
they are consecutive. Hence the line drawn through — a 
node is not a tangent, while that through : a cusp is: a , tan- 
gent only in a restricted sense. Thus, the — en a 
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In the case of a unicursal curve, we have— 
N=m+x«=2(n—1). +. m=22(n—1)—«K. 
(2) Inflezions. 


Let P correspond to its tangential point P! (see Ex. 2, 
§ 247). Here the proper united points are the inflexions, 
and cusps are such in a special sense. There is an 
(m—2, n—2) correspondence, so that 


a=m—2, B=n-—-2 and y=2, 


since the line © meets f in two points at P. 
If there are ų inflexions and « cusps, 
ut x = (m—2) + (n—2) +2.2.p=(m+n—4) +4p. 
Putting 2p = m — 2n +2 +x, we get c=3(m—n)+x« (§149). 


Tn the case of a unicursal curve, we have the number 
of united points equal to N=e+xK=m+n—4 


. t=m+n—4—xK, 


Ex. Aconic may bave five-pointic contact at any point P of a 
cubic. This conic therefore meets the cubic in another point P’. 
Between P and P’ there is then a (1, w), correspondence, where œ is 
the number of conics drawn through P^ having five-pointic contact 
elaewhere. 

The united pointa of this correspondence will be those Where a conic 
has six-pointic contact, These are called “sertactic’’ points. 

Now, inthe case of a non-singular cubic curve, the number of 
sextactic points, as we shall show later on, ia 27. Thus with the help 
of the correspondence formula we may find the value of w. Here p=1. 


= o7=1+a + 2.5.1 or w=]: 


We thus obtain the theorem : 


Through any point of a non-singular cubic sixteen conics can be drawn 
which will have five-pointic contact with the cubic elsewhere. 
. 








CHAPTER XIII 
HIGHER SINGULARITIES ON CURVES 
257. Historical Notes: 


The theory of singularities on plane curves was first 
studied by Pliicker in his great work the Theorie der Alge- 
braischen Curven (1839), in which he considered some of 
the higher singularities. But the importance of the ana- 
lysis of higher singularities has been recognised from the 
time of Cramer.* The subject has been studied by Cayley, 
Halphen,t H. J. Smith § Brill and Noether.|| Finally, 
Scott,“ in her well-known paper, gave a number _ of highly 
interesting geometrical methods of dissolving higher singu- 
lar points on curves by means of a number of simple illus- 
trations. Other workers on the subject are Bertini, Zeuthen 
Segre, Cremona, etc. 

In Chapter VII we have discussed the six equations of 
Plicker with regard to the ncdes, cusps, etc., which are 
termed ‘‘ordinary singularities'’ of curves. But there are 
other kinds of singular points of a complex nature which 
are called ‘‘ higher, singwlarities,"’ as distinguished from 


the ordinary singularities. 


* Cramer—Introduction à l'analyse des lignes Courbes, Gendve 
(1705). 

t Cayley—On the Higher Singularities of a Plane Curve—Quarterly 
Journal of Mathematics, Vol. VII (1866), pp. 212-22. 

t Halphen—Comptes Rendus, Vol. 78 (1874), p. 1105, and Vol, 80 
1875), p. 638. M 

§ H. J. Smith—On the Higher Singularities of Plane Curves— 
Proc. of the London Math. Soc., Vol. VI (1873-74), p. 153. 

|| Brill & Noether—A number of papers published in the Mathe- 
matischen Annalen, Bd. TX (1876), XVI (1880), XXII (1884). 

$ Scott—On the Higher Singularities of Plane Curves—American* 


Journal of Mathematics, Vol. XIV (1892), hp. 301-25. a 
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In this Chapter we shall discuss the nature of different 
species of singularities and their effects on Pliicker’'s 
numbers. 


258. Species of Cusps: 


We have seen in § 48that the cuspidal tangent touches 
at the cusp both the branches which, however, may lie on 
the same side or apposite sides of the tangent. Cusps are 
accordingly divided into two species, as shown in .the 
accompanying figures. 

Case I: The two branches AP, AQ of the curve touch 

o the tangent AT at A and lie on opposite 
sides of it. Ais then called a cusp of 
the first species, or, a keratoid cusp (i.e., 
cusp like a horn). 


Case II: The two branches touch the tangent AT on 
the same side. This is called a cusp 
—— of the second species, or a Ramphoid 


cusp (i.e., cusp like a beak). 


a 


Ex. Consider the nature of the origin on the curve (y—=*)?=—=5. 
Any positive values of z give real values of y. Writing the equa- 


tion in the form y=al+o it is seen that the values of y will be posi- 
tive for small values of z, whether the upper or lower sign is taken, 
since the second term is less than the preceding when z is small. 

The z-axis is a tangent and the two branches lie on the upper side. 
The drigin is therefore a ramplioid cusp. 

The analytical triangle gives the approximate form near the origin 
as that of the curve (y—z*)?=0, which represents two coincident para- 
bolas for the two branches. For a second approximation another term 
is taken into account and the branches are given by— 


y=’ tr 


The axis of © touches both the branches and, in fact, has four- 
pointic contact with the curve. It is regarded as equivalent to four 
tangents that can be drawn from the origin to the curve. 


42 
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259. Double Cusps: 


It may also happen that the two branches of the curve, 
instead of extending towards one extremity of the tangent, 
extend towards both extremities, as shown in the adjoining 
diagrams. In these cases, there is a double cusp, which is 


° 





bey 

formed by the two branches of a curve touching at the point. 
Prof. Cayley calls it a tacnode. This point is indeed a 
distinct singularity, different in nature from ordinary 
singularities; because the tangent at such a point has in 


fact four points along the curve, = => 
i A B 

namely, two points on each branch. pol 

These may arise when a curve F Y 


consists of two curves ¢ and 4 of lower orders, touching 
each other at a number of points A, B, etc. 

It may further happen that a double-cugp is of the 
first species towards one extremity and of the second 
species on the opposite extremity of the tangent. When 
the cusp is of different species towards opposite extremities 
of the tangent, Cramer calls the point a point of oscul- 
in flexion. 

In this case, the point is a point of inflexion on one 

branch of the curve. It is evident 

= then that all these properly belong to 
the class of higher singularities which 
we proceed to consider presently. 


= 





By tie 
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Ex. Consider the curve y? + rty + 27 =O, 


The curve is not symmetrical about either axis. It passes through the 
origin, but does not cut the axis sgain. 





Evidently, there is a cusp at the origin with y=0 as the cuspidal 
tangent; and in fact, there is a double-cusp at the origin, which is 
of the first species on the negative side of the y-axis and of the second 
species on the positive side. The point is an oscul-inflexion, and its 
shape is shown in the diagram. 


960. Classification of Triple Points: 


Triple points are classified into two main divisions 
according as the three tangents are—(a) all real, (b) one 


(1) 


(12) 
(3) 


> 


real and two imaginary, The class of three real tangents 
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may again be subdivided into three species, according as 
the tangents are (1) all three distinct, (2) two coincident, 
(3) all three coincident. Thus there are in all four species 
of triple points. Butatriple point may be regarded as aris- 
ing from the union of three double points. The accom- 
panying figures show the penultimate forms of these points 
and how these double points are about to unite to form 
the triple point in the different cases. It is formed by the 
union of three crunodes in the first case, two crunodes 
and a cusp in the second, and a crunode and two cusps in 
the third case. In this last case, however, the point does 
not visibly differ from an ordinary point on the curve. 

In the case (b), the triple point is formed by the union 
of an acnode with an ordinary point of a curve, i.e., a real 
branch of the curvefpasses through an acnode, and the 
singular point does not appear to differ from any ordinary 
point on the curve. 


261. Equivalent Singularities: 


Prof. Cayley has shown that any higher singularity 
whatever may be regarded as equivalent, in a perfectly 
definite manner, to a certain number of the simple 
singularities—the node, the ordinary cusp, the double 
tangent, and the inflexion. It must be noted, however, 
as Halphen has shown, that this equivalence is possible 
under certain conditions and within certain limits. We 
therefore require to determine how for any given singular- 
ity the values of these numbers are to be ascertained, 
so as to produce the same deficiency and the same effect 
on the class of the curve as the singularity in question. 
When this is done, we shall have to see how Pliicker’s 
equations are to be applicable to any singularities what- 
ever of a plane curve. ‘There are, in general, two 
principal methods of studying the subject—(1) by 
uecessive quadric transformations,—(2) by expansions. 


~ 
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We shall in this Chapter explain the essentials of both 
these processes, one after the other; but it is convenient 
at the outset to exhibit the effect of such singularities by 
means of a simple illustration. 


Ex. Consider the curve =z! + y!—427y + y?=0. 


The curve belongs to the class represented in § 190 and possesses 
a tacnode at the origin, The class of the curve can. be determined by 
counting the number of tangents passing through any point, the point 
at infinity on the axis of x, for example. If the tangent at the origin 
is regarded as a tangent to the two branches, and each proper bitangent 
is counted as two, the class is found to be 8. But the class of a curve 

r of order 4 is, in general, 12. 

This diminution of 4 tangents is due to the presence of a higher 
singularity at the origin, and the effect is the same as due to the 
presence of two nodes, which unite to give rise to the tacnode, assuming, 
of course, there is no other singular point. 

Two proper bitangents coincide with the tangent at the origin, 


3 
— oe” = 
toasa it" = 

. 


s P > 
"*eeccesee 





and there are six other bitangents. Hence the origin is not an ordinary 
singularity, nor the z-axis an/ordinary singular tangent. In fact, the 
origin is a singular point both in point and line singularities. 

That the class is reduced by 4 can also be seen from the fact that the 
first polar of any point meets both the branches in two pointe coin- 
ciding with the origin. 


- 962. Analysis of Higher Singularities: 

The principles of the theory of analysis of higher 
singularities of a plane curve are contained in the follow- 
ing theorem : 

Every irreducible algebraic curve can be transformed 
by a birational transformation into one having no singular- 

ities except double points with distinct tangents. 
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Several proofs * of this fundamental theorem have 
been given by different mathematicians since the time 
of Kronecker who was the first to state the theorem, 
although in a slightly different form. Prof. Bliss of 
Chicago in a paper comments on the different proofs, 
and holds that the proofs given by Hensel-Landsberg 
and Walker are to be regarded as the best, although both 
of them are complicated and lengthy. Bliss in another 
paper,| however, gives a proof which he claims to be 
simpler than any of its predecessors and is an extension 
of the method of Kronecker. 

Prior to all this, Néther f gave the following theorem: . 

Each irreducible algebraic plane curve can be trans- 
formed into another which possesses only ordinary singu- 
larities, i.e., multiple points with distinct tangents, by 
æ series of quadric transformations of the plane, i.e., by 
Cremona transformations, 

That the number of these transformations is finite 
has been shown by Hamburger,§ while Bertini || gave a 
geometrical proof. 


® Kronecker—Crelle, Bd. 91 (1881), p. 301. Hensel-Landsberg— 
Theorie der algebraischen Functionen, § 2, p- 402. Also Hensel— 
Encyclopidie der mathematischen Wissenschaften II. c. 5, § 25. 
Halphen—Comptes Rendus, Vol. 80 (1875), p. 638, and also J. de 
Math. Bd. 2 (3), (1876), p. 87. Bertini—Rivista di Matematica, Vol. I 
(1891), p. 22, or Math. Ann. Bd. 44 (1894), p. 158. Walker—On the 
resolution of higher singularities of algebraic curves into ordinary 
nodes—Dissertation, Chicago (1906). G. A. Bliss—The reduction of 
singularities of plane curves by birational transaformation—Bull. of the 
Am. Math. Soc., Vol. 29 (1923), pp- 161-183. l 
+ G. A, Bliss—“' Birational transformation simplifying singularities 
of algebraic curves” — Trans. of the Am. Math. Soc., Vol. 24 (1922). 
+ Néther—Gottingen Nachrichten (1871), p. 267, also Math, Ann. 
Bd. 9 (1876), p. 166, and Bd. 23 (1884), p. 311. 
§ Hamburger—Zeitschrift für Mathematik und Physik—Bd. 16 
(1871), p. 461. ) — 
Bertini ⸗Reale Istituto Lombardo di Scienzee Lettexe—Rendiconti 
(Millano), Vol. 21 (2), (1888), pp. 326, 413. 
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263. Successive Transformations : 


In order to resolve a k-ple point A on the curve f=0, 
we take A and any two other points B and C as the 
vertices of the fundamental triangle of a quadric trans- 
formation. Then the transform f’ has at the fundamental 
points A’, B’, C’ of the transformed plane ordinary 
multiple points, while the singularities of f, other than 
A, are transformed into multiple points of f' of the same 
order and form as the original (§ 214). If some of the 
k-tangents at A coincide in the lines ¢,, tg, ts»... then 
there is on the line B/C’ an equal number of points 
A’,, Afo,... (other than B’ or C’) which are multiple 
points on f’ of orders (say) k., ka, kg,..., such that 
ky +ho+he+...<k. These points, however. can all of 
them unite to form a single k-ple point A’. 

Again, we apply on f' another quadric transformation 
with one fundamental point at A’ and soon. By a finite 
number of such operations, we may obtain from A multiple 
points of lower orders ; and finally a curve œ will be 
obtained on which the points corresponding to A are all 
ordinary points. The ordinary multiple points of orders 
kis ko, kg,...indefinitely adjacent to the k-ple point A on 
the tangents ¢,, ta, ts,... are said to form the *' neighbour- 
hood *’ of the first order on f. Ina similar manner, the 
neighbourhood of the second order is formed by the 
points of orders k,,, kig: Kaj: keg,...which are indefinite- 
ly adjacent to A’,, A's, A‘,...on f’, and so on. 

The numbers k, k,, k;,,...obtained by the coincidence 
of multiple points depend on the succeeding but not on 
the preceding transformations. 


964. Cramer used the form y=vr* in particular 
eases, and showed that certain singularities with coin- 


* Newton calls the curve obtained by the transformation y=zy a 
hyperbolism of the original curve—Enumeratio linearum tertii Ordinis 
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cident tangents occur as final forms of singularities with 
distinct tangents involving a number of ultimately vanish- 
ing loops. Thus the cusp appears as a node with a 
vanishing loop. Nither* also uses the same form in 
developing the analytical theory without any reference 
to geometry, which consequently fails to show clearly 
the existence of the various elements of the compound 
singularities. This defect is, however, removed by using . 
the geometrical method of Quadric Inversion. 


Ez. Consider the singularity at the origin on the curve 
T5 = axi + boty + cxty? + days + eyt ies (1) 
Cramer (p. 636) uses the transformation (y=wuz) in the form 
T= Pi, y= — 
This gives a new curve zj;=a + byy +cy? 4 dy teni  ... (2) 


Referring both the curves to the same axes, corresponding points can 
be easily constructed. The curve (2) meets the axis of y where x,=—0, 
and consequently from equation (1) we obtain yf=0, which gives the 
four correspondents of the points where z;=0 meets (2), i.e., an are 
of (2) cut off by z,;—0 corresponds to a loop of (1) closed at the 
origin. If, however, the four values of y, obtained from (2) are 
equal, the curve (2) bas a ‘“‘serpentement *' of the appearance of 
ordinary contact, and (1) bas the appearance of a simple cusp at the 
origin, which contains three vanishing loops and is really a quadruple 
point, 


265. Practical Applications e 


We shall now show by means of a few illustrative 
examples how, by the use of successive quadric transfor- 
mations, a compound singularity may be resolved into 
ordinary singular points with distinct tangents. For 
further information and details, the student is referred 
to the original papers on the subject quoted before. 


(1706). Cramer uses the same transformation—Analyse des Lignes 
| 


Courbes (1750). ae F 
* Nother—Math, Ann. Bd, 9 (1876), pp. 166-182. 








PRACTICAL APPLICATIONS 337 


Ez. 1. Discuss the nature of the singularity at the point C(z, y) 
on the curve yiz = zí. 

Apply the transformation 2:4 :zz=r z: yz: 2 (§ 218). 

The transformed curve becomes 2 *y'*2’* =a’4z’4, and consequently 


the proper inverse is y%=2'?2’, and the singular point C is now 
transformed to O’ (y’, 2’). 





The nature of the point C’, by writing 2’=1in the equation of the 
transform, is obtained from the equation y‘3—=’. 


Thus there is an inflexion at ©’ on the transformed curve, with the 
line z'(AB) as the tangent. Therefore the singularity at C on the 
original curve isa triple point (§ 213). 


Ex. 2. Consider the curve y?= z5, 


Applying Nother’s transformation c=2,;, y=7,%, the transformed 
curve is yy? — 247 

The transformation £= 24, Y2 2 Yy gives for the second transform 
y= 24, which is a parabola and is unicursal. Consequently the original 
curve is also unicursal- In fact, the frat transform (z3—¥4,7) has a 
cusp at (zi, y1) with y,=O for the tangent. Hence the singularity at 
(x, y) is a complex singularity with two inflexions and a cusp at the 
origin, and there is an inflexion at infinity. 


Ex. 3. The curve has a triple point at the origin having 
an apparent appearance of a point of inflexion. This can be shown by 
applying two transformations successively. Thus 2=2), 927; Jı gives 
yy3=—2,2, which again by the transformation y= 2 “1—2. Y2 is re- 
duced to z3!=y, which is a parabola with the tangent y3=0 (see the 
figure, Ex. 1, § 219). 
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Es. 4. Take the curve cf=—y?. 


This curve has a compound singularity at the point C(z, y). The 
firat transform (z =z; Y1, y= yy) ia tify =y, Le., Ty* =y. 


Here yı —0 is the tangent at the triple point (zi, y1). Hence we put 
y=2%9, Y= y3 ty, and the second transform is y¥g3—2, f.e., the point 
(rg, ¥g) is a point of inflexion, and consequently (x1, 4) is a triple point 


with two evanescent loops, and (x, 2) is therefore a quadruple point 
with a neighbouring triple point. 


266. Linear and Superlinear Branches: 


If, as explained above, we apply successive quadric 
transformations so that ultimately a k-ple point A on f is 
resolved into ordinary points P, Q,...on a curve ¢, then to 
the points in the neighbourhood of one of these points 
P, Q,...on ¢ correspond on f the points of a certain domain 
about A, which are then said to form a *‘ branch *’* with 
A as origin. ' 

By means of a birational transformation of f, any 
branch is transformed into another. The principles are 
expressed in the following theorem: 


The co-ordinates (x, y) of the points of a branch can 
be expressed in series: of positive integral powers of a 
parameter t, which is again a rational function of those 
co-ordinates, All pointe of ‘the branch will be obtained 
by using Gauss-plane Argand’s Diagram), if t is allowed 
to move within the circle of convergence of the power 
series. 

The principal properties of the branches are obtained 
by considering the intersections of a branch with an 
algebraic curve passing through its origin A. For simpli- 
city, we take the origin of co-ordinates at A, which there- 
fore corresponds to the value O of the parameter t. 


* Halphen calls it a Cycle. 
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Let F (x, y)=0 be an algebraic curve through A. 'If' 
in this equation we now put for z and y two power series 
with the argument t£, then the exponent (>0) of the least « 
Power of ¢ denotes the number of intersections of the 
branch with the curve F. 

In general, the number a of intersections of a straight 
line through A with any branch is called the order of the 
branch, A branch is said to be linear or superlinear, 
according as a=1 or >1. If, however, any line l through 
A meets the branch in a+a!(a’>0) points, it is conten the 
singular tangent to the branch at A. 

Taking this line for the axis of x, the branch can be 
represented in the form: 


zw=at” +..., y=alt kel Zi — (8) 
where a, o’,...are constants different from 0. The number 
a’ is called the class of the branch. 

The tangent at a point of the branch is reciprocal to 
the point, and the numbers a and a’ corresponds recipro- 
cally. o/ is the number of tangents coinciding with l, 
which pass through any point of l (other than A), a+a! is 
the number of tangents coinciding with / which pass 
through A.* 

Halphen}| states these facts in the following theorem: 


If a variable line is indefinitely near the origin of a 
cycle, among the points of intersection with the curve, 
there are points indefinitely near this origin belonging to 
the cycle. The number of such points is the order of the 
cycle, when the line makes a finite angle with the tangent. 


* Cayley gave this theorem in Quarterly Journal, Vol. 7 (1866), 
p. 212, but the proof was supplied by Halphen—Comp. Rendus, t. 78 
(1874), p. 1105, and by Stole—Math. Ann. Bd. 8 (1875), p. 415. Segre 
gave a geometrical proof—Introduzione, eto., n’, 43. 

t Halphen—E'tude sur les points singuliers, § 7. 
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On the other hand, if the line does not differ from he 
tangent, this number is equal to the sum of the order and 
the class. 


From (1) y can be expressed in a series of positive 


: E i 
integral powers of <= , where in each term z* is to be 
replaced by its a values, i.e., in the form: (w*=1) 


y=a( oz Ji + b( ux ja + o( wss yt +... 


The branch is said to be quadric, etc., according as 
a=2, 5,... The expression for y has precisely a values 


obtained by putting for sa each of its a values. The 
branches corresponding to these a values are termed by 
Cayley ‘‘ Partial Branches.’’ * 


If the branch is real, the co-efficients in (1) are real, 
and real values of t correspond to real points on the 
branch. Hence it follows that there are the four follow- 
ing types of branches, according to the nature of the point 
A on the branch: t 


(1) a odd, a! odd, A is an ordinary point, 

(2) a odd, a! even, A is an inflexion, 

(3) a even, a’ odd, A is a cusp of the first species, 

(4) a even, a’ even, A is a cusp of the second species. 

Therefore, from general considerations of nodes and 
cusps, we obtain the following: 


A node is of the k-th species, if it has two simple points 
in its neighbourhood of the k-th order, and consequently 


* One method of finding these expansions was given by Newton— 
Analysis per equationes numero terminorum iofinitas (1669). Also 
Puiseux—Lionville, t. 15 (1), (1850), p. 365, and t. 16 (1851), p. 228. 

+ Stolz—Math. Ann. Bd. 8 (1875), p. 433. 
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it can be analysed into simple points by k quadric 
transformations. A cusp, on the other hand, is of the 
k-th species, if it has one simple point in its neighbour- 
hood of the k-th order, and consequently it can be trans- 
formed into an ordinary point by k quadric transforma- 
tions. Each node is the origin of two branches of the 
first order, and a cusp that of one branch of the second 
order. ) 

Halphen has studied the properties of cycles and their 
expansions in E/‘tude sur les points singuliers, Part I, 
pp. 540-557. 


267. Application of the Method of Expansions: 


If, instead of the z-axis, the line y= mz is a tangent, 
the expansion for a branch of order ask is obtained in 
the form : 


y= —— yy —— ja +... =Å, (say) 


where the origin is a k-ple point on the curve, and m0. 


Then, 8's are all positive integers in ascending order 
of magnitude and a is the least common multiple of all 
the denominators (8,>a) and w is any one of the a roots 
of 2*=1. Negative exponents can, however, occur in this 
expansion, if the axis of y meets the curve at infinity, but 
we exclude that case from our discussion. 

The entire portion of the curve near the origin, obtained 
by putting for w every a-th root of unity in turn, is then 
called a superlinear branch of order a, having y=m= for 
the tangent. The different superlinear branches of a 
curve at a k-ple point give in all S«7=/ expansions, but 
the individual branches can have different or any number 
of common tangents at the point, i.e., in the expansions 
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of the branches, the co-e fiicients A,, Ao,...may, some or 
all of them, be identical, or any two or more expansions 
can be identical up to a certain finite number of terms. 
In this case we must take the expansion until the two 
branches separate. 

It follows then that if a point is an ordinary point on 
the curve, only one linear branch (the curve itself) passes 
through it. If it be an ordinary k-ple point with distinct 
tangents, there pass k linear branches through the point. 
If, however, two or more tangents coincide, we have 
superlinear branches. 

The following illustration will clearly explain how 
expansions are useful in studying the nature of higher 
singularities : 


Ex. Consider a Ramphoid cusp, i.e., a cusp of the second species 
at the origin on a curve. 
There is a superlinear branch of order a=2, “whose expansion may 
be written as : 
y= mar + Ajaz? + Aqw5z® + Asatz? Fis EA, 
where y= mez is the tangent, a=2 and o=—+1. 
Hence the expansion (1) becomes 
y=mz + Ayz? + Agr + Az’ + Aye? + sae 
If the origin is a cusp of the frst species, the expansion of the 
branch (of order a= 2) is— 


p=m2+A,et+ Age? + Asx! + #8 aoe (2) 


which evidently differs from (1) only by tbe term nt. 


268. Practical Methoð: ENT rA. 
The above expansions and other connected formule are 
proved in works | on the Theory o of iane to wih ieh í 
an branch they properly —— ‘Withe going = it e 
the details of the theory, i 
we ote btaine 
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Er. 1. Find an expansion for the branch near the origin of the 
curve y — zt —oty + 3y =O. 
Assume Yan + br? + er? + dri +... 


Substituting this expansion for y in the given equation, we obtain 
ar + bT? + cr’ +... =r? — r lar + br? + or? +...) 
+ 2(ax + br? + ez +...) =0, 
as + (b —1)22 + (c—a + 2a) + (d—b + Qa bet... =0. 


Equating the co-efficients of z, «*, 5°, at, 


is 


«to zero, we find 
o=), bel, c=ae—2aI=0, d=b—2a?b=1, and so on. 
+. The required expansion for the branch is— 

à y= zt+czi+... 

Ez, 2. Expand (y +2*)?=4y"(z*+y") near the origin. 
Newton's diagram gives for the firat approximation y + 2*=—0. 
The next approximation is given by y + 2? =Qy 0/2? + y. 

"~ Assuming y= —2* + ax! + bot +... , we obtain— 

(ax? + bat + n) = 4(— 2? + an* +(—22 + az% + ..)*} 

whence at=4, Zab= —8a, b? + 2ac=4+ 407, á 


EE a= +2, b=—4, c= t9, ete. 
no y= — 284 r tht... 


Ez. 3. Find expansions for the branches of the following curves 
near the origin : 


(i) yay + 227 + 327y (if) yea? + ry? 
(itt) (y— at)? = rty. 
269. Expansion of a Function: 


Let the implicit function F(#, y) be of order n, and 
suppose that the origin is a k-ple point and that neither 
axis is a tangent to the curve. 


Let y=91(%), y=hol(t), --- Y=oe(z) 
be the expansions corresponding to the k linear branches 
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at the k-ple point. These are, in fact, the expansions for 
k of the n values of y obtained by putting z=O in the 
equation F(z, y)=0. Besides the singular point, the curve 
intersects the y-axis in n—k other finite and distinct 
points, for each of which there is a similar expansion, 
having a constant added to it. This constant evidently 
represents the distance of the point from the origin. 


Thus, we obtain (n— k) expansions of the form— 
y= Bo + B,2+ Bor? + s.a =y, 


which is an ordinary power series, representing the 
implicit function F(x, y). 

These series are all convergent within a certain region, 
and indeed are absolutely convergent when each term is 
replaced by its absolute value.* The product of two such 
series is also absolutely convergent,t and consequently, 
we may represent the equation of the curve as the product 
of such series: 


Il(y—¢). U(y—yY)=F(z, y). 


970. Discriminantal Index: 


We have seen in § 82 that the first polar of any point 
passes through the points of contact of tangents drawn 
from that point to the curve and the class of a curve is 
determined by the number of intersections of the curve 
with its first polar, which, however, is reduced by the 
existence of nodes and cusps (§ 121). Thus, for determin- 
ing the effect of higher singularities on the class ofa 
curve, we require to find the number of intersections of 
the curve with its first polar at such asingular point. 


* Townsend—Functions of a Complex Variable, § 47. 
+ Cauchy—Analyse Algebrique, Chap, VI, 
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Let F=0 be the equation of an n-ic of class m, and 
consider its intersections with the first polar of any point, 
(0, 1, 0) for example. If, therefore, we eliminate y (say) 
between F=0 and the equation OF/dy=0 of the first 
polar, we obtain the resultant in the form of an equation 
©(x)=0, where O(x) is, in general, of order n(n—1) 
in £. 

Since the class of the curve is m, the equation O(x#)=0 
will have m simple roots 2’ corresponding to the points of 
contact of the m tangents which can be drawn from the 
point to the curve. Dividing the equation by these m 
factors II(z— x’), the remaining factor ©(«)/II(x#—7z’) is 
of degree n(n—1)—m, and when equated to zero gives 
n(n—1)—m roots, which correspond to the intersections 
at the singular points. Thus the singular points count 
as n(n—1)—m intersections of the curve with its first 
polar, and when there are only nodes and cusps on the 
curve and their numbers are 6 and « respectively, they 
count as 28+ 3x intersections (§ 121). 

The number J =n(n —1) —m=26+ 3x is called the total 
“ Discriminantal Index "’ of the singularity. 

The roots of the equation ©O(#)=0 give the so-called 
branch points of the function. The root with the least 
modulus gives the limit of convergence of the above series, 
which, therefore, converges absolutely up to the nearest 
branch-point. But the discriminant of F is the product 
Il(y,—y,)? of the squared differences of the roots of 
F=0 regarded as an equation in y. Therefore, within 
this convergence limit, we can consider the discriminant 
O(a) equal to the product of the squared differences of 
the series # and y taken two at a time. 


* 9294. From what has been stated above, the reduction 
in the class of a curve due to the existence of higher 
singularities can now be easily determined, 
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The discriminant O(2)=II(@—wv)? can be divided into 
two parts—one part, called the ‘‘ variable ’’ factor corras- 
ponding to the m proper tangents, and the other the 
" fixed ”' factor of order n(n—1)—m corresponding to the 
singular point. This fixed factor therefore is the product 
II (¢,—¢,)? of the {k(k—1) differences corresponding to 
the k partial branches through the point taken two at a 
time. The number of roots of the equation II(¢, —¢,.)2=0 
is therefore equal to twice the number of intersections of 
all the partial branches with one another, each root being 
counted twice, i.e., equal to twice the number of inter- 
sections of the curve with itself at the singular point. 

But twice the number of intersections is equal to 
the discriminantal index J =28+ 3x. For the discriminant 
©(2) is the result of eliminating y between F=0 and 
OF /doy=0. Therefore the number J is equal to twice 
the number of intersections of the curve with its first 
polar at the singular point. 

Combining the results obtained, we may state the 
following theorem :* 


The number J=26+8x, which represents the reduc- 
tion in the class of a curve due to the existence of higher 
singularities is equal to twice the number of intersections 
of the curve with itself at the singular point. 


Ez, Consider the curve z% + y5—4z5y + y=. 
The origin is a triple point consisting of a cusp and two nodes and 
tbere is a third node. . 3m8, rs 
There are two expansions :— 
y= +22 +... and y=ł}r?+ ... 
Hence J = twice the number of intersections =2.3,9 =9= 28 + 3x, 
* Halphen—Bulletin de la Soc. Math. de France, Vol. I, p. 138. 


Also Zeuthen—" Sor les singularities des courbes planes, Math, Ann 
Bd. 10 (1876), p- 213, 


f í d p ' - 
de r Ss lá 
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272. Intersections of Two Curves at a Singular 
Point: 

From what has been said above with regard to the 
intersections of a curve with its first polar at a singular 
point, we can easily determine them for the general case 
of any two curves , i.e., how many of their intersections 
coincide at the singular point. 

Let F(a, y)=0 and F,! (2, y)=0 be the equations of 
any two curves of orders n and n’, having at the origin 
multiple points of orders k and k' respectively. 

Assuming as before, the curve F,=0 admits of n—k 
expansions of the type y and k expansions of the type ¢, 
so that 

F, =II(y—#) x I(y—y)=0 etl) 


Similarly, F„’=0 admits of n!—k' and k’ expansions of 
the types $’ andy’ respectively, so that 


F,’ = (y —¢’) x Il(y-—w’)=0 — CD 


If we eliminate y between (1) and (2) we obtain the 
resultant O(x), of order nn’ in æ, which may be written in 
the form of the difference-product 


O(a) = IL(p— p") x IL(p— y) x (yy — ¢’) x Uy —y’) =0 


The zero roots of this equation will give the intersec- 
tions at the origin. 

The factors IT(#—¢’) of the kk’ differences all contain 
x in a certain power A as a factor; and if we proceed with 
all the differences, we obtain 


Li a — 2 = constant. 


Accordingly we obtain the number of intersections of 
two curves at a singular point by adding together the 
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different values of A corresponding to the kk’ partial 
branches each defined by the equation 





Wira * =constant, 


i... it is equal to the sum of the numbers of intersections 
of one curve with the branches of the other.* 


We may state the above facts in the following 
theorem :— 


If y=, and y=y, be the éxpansions of y in terms of 
x for branches of two curves passing through the singular 
point at the origin, the number of intersections of the two 
curves which coincide at the origin is equal to the index 
of the product of the lowest powers of x in all possible 
expressions of the form p; —y,. 


Ez. 1. Consider a curve with a cusp at the origin, and another 
passing through the cusp and touching the first curve there. 
Here the expansions for the two curves are respectively : 


y=azt+bx? + ... =, 
w 
y= —azr* + br?—... =D. 
y=ar? + Br3+ .. =ý, ees (2) 
Then, $—)=2" (Gar )+... end ahn (ee? <0) ¥ a, 


Hence ¥ meets each of @ and @g in 9 points, and the total 
intersections = 7 x 2=3. 


Ex. 2. Consider the intersections of a curve with its Hessian at 
a double point. 

Let F=(y—mec)(y—pr)+ty+... =0 be the equation of a given 
curve, baving a node at the origin. 


* Halphen—Bull. de la Soc. Math. de France, t. 4 (1875), p. 59. 
Journal de Math,—Bd. 2(3) (1876), pp. 257, 371. 

See also Brill—Sitzungsberichte der math. phys. Klasse, etc., zu 
München, Vol. 18 (1888), p. 81. 
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It has at that point the two expansions :— 


Y= mz + myx? +... =P 


Ya=pr+mz?+... =$} 


The Hessian has at this point a double point with the same tangents. 
‘Therefore, for the Hessain we have— 


yy = max + ay +... = $i 
tig’ = px + bız? + — = ýa 


whence it is easily seen that the differences ¢ı— ý and ¢g— ý; each 
gives one intersection, while the differences @,—Y and ¢2—¥ each 
gives two intersections, since the branches touch. 

Thus, we get altogether 14+14¢24+2=6 intersections, ss was 
otherwise found in § 103. 


At a cusp, however, the curve has the expansions— 
yı=mz? +... =Q Yg = —mz* + oss = Dg. 
The expansions for the Hessian are— 
y =ma* +.. Eyi ys’ =—=mr? +... 6% 
Va’ =ar + bz? +... avy (for the ordinary branch). 


The third branch ¥ intersects the two partial branches ¢ and ¢, 
in two points (each partial branch once), while the four partial 
branches 1, $r, Yi, Ya meet each other in 3 points. Thos we obtain 
the total number of intersections = 3} * 4+ 2=8. 


Er. 3. Consider » curve with æ simple cusp dt the origin and 
another with a cusp of the second species, baving the same tangent. 


The expansion for the first curve is y=z* +... 
which is a superlinear branch of order 3, consisting of the partial 
branches— 


y=" + aes =F 


hd 


yowr? +... =¢ | where »?=1 ... (1) 


ya ote® + ⸗2 =) 
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J 
. For the ramphoid cusp, we have y= 2? + Ti +... 


(2) 


f 


s 
i6., y=r*+2" +... =) 
puzt—z* +... = We 


Each of the branches Wy and ýy meets the partial branches oj, #2, ®3 
in $ points, 


since A= ast (ale... aml re: 


Hence the total intersections =4 x 3 + $ x 3=8, 


Ex. 4. Consider two curves having respectively k and k’ linear 
branches through the origin, with all distinct tangents. 


In this case the product N(@,—¥,) contains kk’ factors of the 
type az + br? + cr! +... 


Hence the curves meet in kk’ points at the origin. If, however, 
the curves have the same tangents, the product M(¢, —¥,) contains 
k(k—1) factors of the type az +bgr?+czr3... and k factors of the type 


b'z240'x3,.. 
Hence the curves meet k(k—1) + 2k=k(k +1) times at the origin. 


It follows, in particular, that the tangent to the superlinear branch 
of § 267 meets it in 8; points. 


273. Expansions in Line Co-ordinates: 


Just as a curve regarded as a locus of points has point 
singularities, regarded as an envelope of lines, it has 
line singularities. In order to examine this closely, we 
require to obtain an expansion in line co-ordinates of the 
branch of a curve near the singular point. 

We shall suppose that the axis of x, and not the y-axis, 
is a tangent at the origin, which is supposed to be a sin- 
gular point. Therefore no proper fraction will appear in 
the expansion of the branch in point co-ordinates, which 
may be written in the form: 


A B f 
Jaien —— (BiSa T Ck) 





j. ® + (J 
. 2 e 
TDA 
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where B, denotes the number of punts which the tangent 
has in common with the branch at the origin. We may 
write the equation of the tangent at any point of the curve 
in the form éz#+i1+(=0, which expresses the fact that 
the point (x, y, 1) lies onthe line (£, 1, ¢). The co-ordi- 
nates of the tangent are given by— 


Se ON het i | 
f= (=a a x y es (2) 
If the axis of æ, i.e.. the line y=0 is the tangent, we 
We shall now find an expansion of { in terms of £ in 
the form— 


By B,’ 
=A ES +Acta’ + T (3) 


The least common multiple a’ of the denominators in 
the exponents of this series is called the order of the 
branch regarded as an envelope of tangents, i.e., its class, 
and denotes the number of tangents drawn to the curve 
from a point on the singular tangent and coinciding with 
it (excluding the tangent to the other branch, if any). £,’ 
is the number of tangents passing through the singular 
point and coinciding with the singular tangent. 

From (1) we obtain 





RUNS Se Blas y 
— Ti (4) 
B, B, 
and g=(a, Él za +...)—(a,;r% + ... ) 
B 
— 2? S B i osu (5) 
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Eliminating x between (4) and (5), we may obtain the 

required relation between | and €. Now, from the series (4) 

A as 

we can deduce a series expressing x © in powers of Ë — 
and put this in (5). Thus we obtain— 


Je 
B, — <a 


=A]; £ + ese eee (6) 


This series must be the same as the series (8). 

Since we have taken only the first term from .the 
series (4), we cannot at ‘once say that a/=£,—a, or, that 
to a given value of £, 8; —a values of € correspond. For, 
it may happen that in (6) all terms having the least 
common denominator are absent. But in every case it is 
certain that 


r 


ogh , adp; —a, and therefore, 81 =£. 
On the other hand, however, we may consider the series 
(1) deduced from (6) exactly as the series (6) was deduced 
from (1), and in that case we must have 8,=—£,’. 

It follows then that @,’/=8,, a= £,'—a', a'’=f,—a. 
Combining all these results we may state the following 
theorem :—* 

The number B, of the coincident intersections of the 
tangent of a superlinear branch is equal to the number B’ 
of the tangents at the singular point which coincide with 
the singular tangent. If a and a! are the order and class 
respectively of the branch, then always | 


* Zeuthen—* Note sur les singularities des courbes planes ""— Math., 
Ann. Bd, 10 (1876), pp. 210-220. 
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If there are more than one branch passing through the 
singular point, having the same tangent, the result can be 
obtained by addition of the results just established for a 
single branch. 


Ex. 1. Consider the cusp on the curve y=. 


ò e * ë 3> 
Eliminating z, we obtain ¢=77$' 
= a’ =8,—-a=4—3=—1> 


i.e., there is only a single tangent, and the cusp of the first species is 
only a point-singularity. 


Ex. 2. Consider the cusp of the second species. 


The expansion for the branch is of the form : 


ymn* tr) 427+... (§ 266) 
Now, taking the branch yag? +z* +r +... — O) 
we obtain ¿= ~-$¥- —2r— Bg? + ee se (2) 


(=(2r° + iris... ) — (2? +zt4n3+... ) ar? + iri +... (3) 


Now, we shall have to climinate z between (2) and (3), and in doing 
this we haye to express x in terms of £ by the process known as 
reversion of series. 


Let ct =a, bab e+e? +... 
where @,, 6), ĉis». are to be determined from the series (2). 


Substituting in (2) we obtain— 
Fe —2(0,¢7 +B,8+ .. )?— 5 


— = 2a f — (dabi + 50,7)? + sse 


Equating the co-efficients on both sides, we get— 
a= —. and dayby + $ap=0 


45 
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í 
ü= — 5 
whence “eo ania by — — 
F 4 5 
= 4+ — 
ma S T eae — 


Substituting this value in (3), we obtain— 





J a 
=( -7 +, 5 PER pee Pa * 
¢ va * +g E+ ce | NS > (ae + Eto yo +... 
Si. soe 
— =. — 
(4 2v3 ie 2 izr) * 
— Ar er — 


where, it is seen, only negative values of & give real values of ¢ 


Hence, putting — for Ż, we get the reciprocal expansion in the form 
ETE: 


274. Polar Reciprocal of a Superlinear Branch :* 


If, in the expansion (3) of § 273, we put 2 and y for € 
and ¢ respectively, we obtain the equation of the polar reci- 
procal of the branch with respect to the conic x? + 2y =0 
(§ 114). Thus the polar reciprocal of the branch is— 


e, By 
y=A]T NY Vers NO 
which is again a superlinear branch of order a’, and is met 
by the tangent in £,’ points coinciding with the origin. 


* Cf. Hilton—Plane Alg. Curves, Chap. VI, § 5. 
See also A. B. Basset—Quart. J. -of Math., Vol, 45 Fe PP. 52-65. 


. 





Pee 
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Hence, we may state the theorem : 


If the polar reciprocal of a superlinear branch of order 
a at any point O whose tangent meets it in B, points coin- 
ciding with O is a superlinear branch of order a! at any 
other point O' whose tangent meets it in B,’ points coin- 
ciding with O', then 

ata =B l =B. 

Again, by the properties of reciprocal singularities, the 
number of tangents drawn to a superlinear branch at O, 
coinciding with the singular tangent at O, is equal to the 


number of intersections of the reciprocal branch with its 


tangent coinciding with the singularity O’. The number of 
tangents from a point on the tangent at O coinciding with 
this tangent is equal to the number of intersections of a line 
through O’ with the reciprocal branch coinciding with O’. 

Hence, from the above relations, i.e., a+a’=8,=£,', 
we at once deduce the following theorem : 


If a superlinear branch of order a at O meets its tan- 
gent in B, points coinciding with O, then B, tangents from 
O to the branch coincide with the tangent at O and B,—a 
tangents to the branch from any point of the tangent at O 
coincide with the tangent at O. 


Since the origin is a k-ple point, the tangent y=0 
meets the curve in k+1 points at the origin. But again 
there is a superlinear branch of order a, and consequently 
the line y=0 meets the other branches in k—a. points at 
the origin. Hence it meets the superlinear branch in 
a+1 points. 

< By=arl and af= 1, =at] 
or, in other words: 

The polar reciprocal of a superlinear branch of order a 
is, in general, a linear branch having (a+ 1)-pointic contact 


with its tangent. 
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Ex. Consider the cusp of the first species at the origin with y=C 
as the tangent, 


1 
The expansions are y= +axrt +bhz*+cx* +... 
The expression in line co-ordinates, obtained by the methodof § 273 
becomes— 
Sa See ees |? sg 
$= aa’ — Sia t 


whence the polar reciprocal w.r.t, x? + 2y =0 of the branch is— 


———— i+ 
— * ~ Slat 


7 = 





which shows that it is è linear branch with an inflexion at the origin. 
Thus we have a proof of the fact that to a cusp corresponds an inflexion- 
al tangent on the reciprocal curve. 


275. Cuspidal Index : 


Existence of higher singular points as well reduces the 
deficiency of a curve. To find its effect, we have to 
determine an equivalent number. ô+ x, which has the same 
effect on the deficiency as the singularities. Weshall now 
find the value of x: 


Consider a curve 5 with a superlinear branch of order a 
at any point O. Let S’ be another curve of the same 
order and class with 6 nodes and «x cusps, and having a 
one-to-one relation with 5. If now A and A’ are two fixed 
points in the same plane, and P, P’ two corresponding 
points on 5 and S’ respectively, the order and class of the 
locus C of the intersection of AP and A’P’ can be deter- 
mined by the method of § 152. The order of C is 2n, 
with an n-ple point at each of A and A’. To determine 
the class, we count the number of tangents which can be 
drawn from Aor A’. There are 2n tangents at A or A’, 
and m tangents which are tangents to 8 or 8S’. Now, 
considerthe line AO. Since the point O on S corresponds 
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to a consecutive points on 8’, AO has a-pointic contact 
with C at any point H. We have now to consider two 
cases: (1) the a consecutive points lie on a simple branch 
of 5’, so that all cusps of S' correspond to only ordinary 
points on S. In this case C has a singular point at H, 
where AH meets it in a points, but A/H in only one point. 
Hence, by the formula of § 274, the number of tangents 
coinciding with AH is a—1, and consequently the class of 
C is 2n+m+a-—1,. On the other hand, to each line 
through A’ and a cusp of S’ corresponds a tangent to C 
through A’, so that the class of C is 


on +m + K, 


Hence, k=a— i 


(2) The a consecutive points on 5S’ may coincide with 
a cusp on S/. Then the singularity H on C is met by AH 
in a points, but by A/H in two points only, and conse- 
quently, a—2 tangents coincide with AH. Hence the 
class of C is 2n+m+ea—2. Again, since a line through a 
cusp is not a tangent, counting the number of tangents 
from A’, the class of C becomes 23n + m +rk—l1, 


whence K=a-—l. 


The number x is called the ‘‘cuspidal index’’* of the 
singularity at O, and we have— 


The cuspidal index « of a singularity is one less than the 
order a.t 


Similarly, in the line system «=a'—1. 


+ Smith—Prooc. Lond. Math. Soc., Vol. VI (1873-76); Nother calls 
it “ Verzweigung’’—Math. Ann, Bd. 9 (1576), p. 166. 

+ For a geometrical demonstration see Bortini— Lomb. Ist. Rend., 
Vol. 21 (2) (1888), pp. 826-413, and Vol. 23 (1890), p. 307. 
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276. Extension of Plucker’s Formulae: 


The first polar of any point is an adjoint curve (§ 227) 
which has at each k-ple point on the curve a (k—1)-ple 
point. But each k-ple point A counts as Sk(k—1) intersec- 
tions of a curve with any adjoint, where the sum extends 
over all of Néther’s component points. Therefore, for a 
first polar (adjoint) this number is to be increased by 
=(a—1), where = extends over the orders a of the super- 
linear branches passing through A, and X(a—1) is called 


the ‘'Cuspidal Index,” as explained above, of the singular 
point. 


Hence, the class of an n-ic is given by (§ 146) 
m=n(n—1) —Sk(k—1)—Z(a—1) mee a D 
and reciprocally, 
n=m(m—1)—-5k'(k'—1)—5(a'— 1) — CR) 


where k’ and a’ represent respectively the order of the 
multiple tangent and the class of the superlinear branch. 


Since a curve and its reciprocal have the same defi- 
ciency, we may write 


n(n —3) —Sk(k —1)=m(m —3) —Sk'(k! — 1) <a? (8) 
2“. 2p—l=n(n—3) —Sk(k-1)=S(e—-1)+m—2n 
=m(m—3) — Bk! (k!—1) = (oe! —-1) +n—2m, 
whence | %(a—o!) =3(n—m) 
S(2a +a'— 8) =3(n + 2p—2) f 
Zla + 2a! —3) =3(m + 2p —2) 


where, in the last equation, the sum extends to all the 
branches for which ac/>1. 7 
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All these investigations properly belong to the theory 
of functions, and without going further into the details, 
we shall conclude the topic by mentioning the important 
fact that Pliicker’s Formulae are applicable to curves with 
higher singularities, if we regard the singular point or 
singular tangent as equivalent to a number of nodes and 
cusps or bitangents and inflexional tangents respectively. 
The four equivalent numbers 4,, eg, ,', «;/,—which Zeu- 
then calls ‘' Principal Equivalence,’’ and Smith terms 4, 
and e, ‘‘ Nodal and cuspidal index '’—are connected by 
three independent equations, to which the expression for 
deficiency is added, so that the four can be determined. 


Thus, for a superlinear branch (a, a’), which diminishes 
the class by J, the discriminantal index, and the order by 
J', these numbers are determined by the equations 


e; =a—]l, e,'=a'— 1, J = 26, +361; J'=26,'+ 3e,' 
The four numbers are connected by the relation: 
6, —5,/=3(e, —e,)(e, +¢,/—1). 


Brill * has shown that each higher singularity can be 
shown as limiting cases of ordinary singularities by means 
of a series of deformation processes, which can, however, 
be effected by means of quadratic transformations as Scott t 
has shown. Prof. Basset in a number of papers,{ has 
determined the point and line constituents of certain 
singularities, and specially considered the resolution of 
multiple points with tacnodal branches, etc. 


* Brill—Math. Ann. Bd. 16 (1880), p. 345. 
+ Scott—Am. J. of Math., Vol. 14 (1892), p. 301, and Vol. 15 (1893), 
, 221. 
à t A. B. Basset—Quart. J. Math., Vol. 37 (1906), p. 313, and Vol. 43 
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For a real curve of order n and class n’, with w! 
real inflexions, i” real bitangents with imaginary points 
of contact, 7’ real cusps and d” real double points with 
imaginary tangents (acnodes), F. Klein * established the 
relation +— 


n +w tt Sn +r! + 2d" 


For a curve with higher singular points, see Juel—Math. 
Ann. Bd. 61 (1905), p. 77. 


277. Curves of Closest Contact: Osculating Curves: 


The process of expansions described in this-Chapter 
affords 4 very convenient method of studying intersections 
of curves at multiple points, whether of point-singularities 
or line-singularities, and in particular, of studying contact 
of curves at any given point. At the outset, however, we 
may state the following theorem : ; 


When two curves have linear branches through the 
origin, and the expansions of y in terms of {æ for the 
branches are identical as far as the term with ax", the 
curves have (r+1)-pointic contact at the origin. 


For in this case the difference yı — Y2 =, —y, (§ 272) 
contains «”*!'! as a factor, which shows that the curves 
intersect (r+1) times at the origin, i.e., they have (r+ 1)- 
pointic contact at the origin. 

The same process applies to the general case of any 
point on a curve, the point being taken as the origin of 
co-ordinates. 

We may use this theorem for finding curves having 
closest contact with a given curve possible for a curve of 


that order. 


* F. Klein—Math, Ann. Bd. 10 (1876), p. 199. 
+ T. R. Holleroft—On the Reality of Bingularities of Plane Curves, 


Math. Ann., Vol. 97 (1927), pP- 775-787. 
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Let the given curve be an n-ic, and we require to find 
an m-ic having at the origin the closest possible contact 
with the given curve. 

Now, since the m-ic is determined by 4m(m +3) points, 
only 4m(m-+3) points can be assumed on the n-ic and the 
m-ic is completely determined. Hence, the m-ic of closest 
possible contact can have at the most 4m(m +8)-pointic 
contact with the given curve. If, however, the m-ic is 
subjected to satisfy other conditions, the order of contact 
will be reduced. 

Thus, a circle can have only three-pointic contact, a 
parabola can have four-pointic contact, and a general conic 
can have five-pointic contact, and so on. 


Definition: Curves having closest possible contact with 
a given curve at a given point on the latter is called the 
osculating curve at that point. Thus, the circle of curva- 
ture at any point is the osculating circle, ete. 


Ex. 1. Find the osculating conic at the origin of the curve 
y=x2+2?—2r! 
Let y= ma + Ax? + 2Hry + By? be the required conic, and 
assume y~ azn + br? + ez? +... 
= ar tbr? 4 cr3+ ...—me + Az? + 2H e(er + br? +...) 
+ B(ar + 622+ ...)3 
Equating the co-efficients of z, z7, z3, etc., and comparing the values 
ôf a, ù, c, with the equation of the curve, we obtain— 
a=m=1, b= A +2aH + Ba*’=A+2H+B=1 
c= 26(H + aB) =(2H + B)= —2 and H + B= —1 
d=2cH + Bb? + 2acB= —4H + B—4iB=0, ie., 3B+4H=0 
.*. A= —1, B=—4 and H=3 
whence the equation of the osculating conio is— 
y =r? + ry =y? 
46 
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| If, however, the conic is to be a parabola, AB=H?, whence 
A=4, H= -2 and B=1. 


and the equation of the osculating parabola is— 


y= r+ 4r’ — toy +y? =r + (2r =y)’. 


Ez. 2. Find the conics of closest contact at the origin of the curve 
z? + yi=Sary. 
Here, the two branches of the curve have the axes of co-ordinates 


as tangents, and there will be two osculating conics for the two 
branches. 


Consider the branch with y=0 as tangent, and let its expansion be 
y= a'r? + b’x3 +... 
Substituting in the equation of the curve, we have— 
x3 + (a'r? + b’x3 +... = Bax(a’n? + bri +...) 


whence, equating the co-efficients, we have 3aa’=1, b’=0, etc. 


-. The branch is y=z?/3a+... Writing the equation of the 
osculating conic in the form y=Az*+2Hxry + By?, and proceeding as 
in Ex, 1, the expansion for the conic becomes— 


y= Ax? +2HAz) + (2H9A + A2B)zt +... 


Hence, comparing the terms with those of the branch of the curve 
we have A=1/3a, H=B =O | 
f.e., the Sacabating ognin is y=24/Sa or Soy= 27. 
‘Similarly, for the other branch, the ovealating = te. saz—y. 


—, 


Ex, 3. Find the conic of | closest contact at the je origin of th the cur 


ion * — mie with th 
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278. Conics with Four-pointic Contact: 


The locus of centres of all conics having a four-point 
contact with a curve at a given point is a straight line 
through the point. 


Taking the given point as origin, the equation of the 
curve may be written as— 


y=az+ bz? + cr’ +dzxr* +... 


The equation of a conic through the origin having the 
same tangent may be written as— 


y=az+ Az? + 2Hry + By? 
The expansion for this is found to be— 


y=azxr+(A+2aH + Ba?)z? 


+2(H+aB)(A+2aH + Ba*)xr? +... 


Since the conic has four-pointic contact, the co- 
efficients of z, z?, x? must be identical in the equations 
of the curve and the conic. 


-, A+2aH+Ba?=b and 2(H +aB)(A+2aH + Ba*)=c, 
whence, H+aB=c/2b, A+aH=b—ac/2b. 
But the centre of the conic is given by— 
QAr+2Hy=a=0,. 2Hr+2By—1=0 
whence 2(A+aH)+y(H+aB)=0, i.e., (2b? —ac)r +cy=0, 


which is the locus of the centres, and is called the ** axis 
of aberrancy.’’ 
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279. Transon’s Theory of Aberrancy :* 


From what has been said in Chap. IX with regard to 
the approximate forms of a curve in the neighbourhood of 
a point, it is clear that the form is, in general, defined by 
the circle of closest contact, i.e., the circle of curvature. 
But the form may be further defined by means of the 
osculating conic. 

Let the normal! at a given point O on the curve meet 
at P the infinitesimal chord AB drawn parallel to the 
tangent at O. Then the arcs OA, OB, as also the lines 
PA, PB, regarded as small magnitudes of the first order, 
differ by magnitudes of the second order and may, there- 
fore, be regarded as equal, i.e., if N is the middle point of 
AB, then NPis a small quantity of the second order. 
Similarly, OP is also of the second order. The angle 


NOP = tan`! or is consequently a finite angle, i.e., the 
line ON is inclined to the normal OP ata finite angle. In 
the case ofa circle, ON and OP coincide, and therefore 
the deviation from the circular form is measured by this 
angle, which is called aberrancy,+ and the line ON is 
called the ‘‘ axis of aberrancy.”’ 


We are then led to the following definition : 


The measure of deviation of a curve at a given point of 
it from the circular form is a finite angle, and is called 
“ aberrancy,’’ and the line which forms this angle with the 
normal is the axis of aberrancy. 

When this is a conic, in particular, the axis of aber- 
rancy is the diameter through the point and the aberrancy 
is the inclination of this diameter to the normal. 


* Transon—Recherches sur la courbure des lignes et des surfaces, 
Liouville, t. VI (1841), pp. 191-207. 
4 Transon uses the term “‘ deviation, but the term “‘ aberrancy “* 


is generally preferred. 


eee —0—0—— 
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If at a given point of a curve a conic is drawn having 
four-pointic contact with it, it is clearly seen that the 
curve and the conic have the same axis of aberrancy, and 
consequently, the centres of all such conics lie on the axis 
of aberrancy, as has been directly shown in the preceding 
article. 

The point where the axis of aberrancy at a given point 
ofa curve meets the axis of aberrancy at a consecutive 
point is called the ‘‘ centre of aberrancy *’; consequently, 
the centre of aberrancy of a curve at a given point is the 
centre C of the conic having five-pointic contact with 
the curve at the given point O, i.e., the centre of the 
osculating conic.* The length OC is called the radius of 
aberrancy. 


280. Angle of Aberrancy : 


We shall conclude the discussion by referring to only 
one other important fact in this connection, namely, that 
the angle of aberrancy 6 at any point of a curve is given 
by the formula tł 
(1 +p?)r 
— 
where p, q, r are the first, second and third differential co- 
efficients of y in regard to z. 


tan 6=p— 


=*= The investigations of these properties properly belong to the 
differential geometry, and there is no sufficient scope for them in the 
present work. But in view of the interesting nature of such investi- 
gations, it has been considered desirable to refer to some most import- 
ant points. For further details, the student is required to consult 
Transon’s paper—Liouyille Journal, VI (1841), pp. 191-207, and the 
several papers of A. Mukhopadbyay, Journal of the Asiatic Society of 
Bengal, Vol. 57, Part IT (1888), and Vol. 59, Part II (1890). 

ł For a second proof of the formula, see the paper by A. Mukho- 
padhyay, Differential Equation of a “ Parabola,’’ J.A.S. of Bengal 
Vol. 57, Part II, p. 319. 
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Taking the origin at the given point on the curve, the 
equation of a conic passing through the origin may be 
written as— 


y =m + ax? + 2Qhary + by ? .. (1) 


If y be expanded in powers of s, by Maclaurin’s Theo: 
rem, we haye— 


r3 


S] T wee 


z2 
y =pr+q OT +r 


where P, q, r... are respectively the values at the origin of 





oy fy 3fy 
Oa’ Ər? $ 3 z.. 


Since the conic has a contact of the third order, the 
values of p, q,r are the same for the conic and for the 
curve. 

Substituting in the equation of the conic, we have 

a 


x? ask. 2 a? 
pzta- trg + ma +azx* + 2hz(pr+q F +...) 


+b(px+q-2— +..92 


Equating the co-efiicients, we obtain— 


z= 


m= p, a+ 2hp + bp? = 3j’ 


whence, hk+bp= * and (a+hp)+p(h+bp)= = 





Fey +h 3q? 
— athp= 3-7 and Sears =( = -p) MERN S 
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Now, the centre of the conie (1) is given by— 
Zax + 2hy+m=O0 
2h2+2by—1=0 
The line joining the origin to the centre is— 


rla + mh) + ylh + bm)=0 — 6 


If 6 be the angle which it makes with the normal 
my +2z=0, i.e., if 6 be the aberrancy, we have 





mih + bm) 


ESS od i 
P 8q? — 


281. Aberrancy Curve: 


Definition: The locus of the centres of osculating 
conics at points ofa given curve is called the aberrancy 
curve, 

Taking the tangent and normal at any point of a given 
curve as axes of co-ordinates, the co-ordinates of the centre 
of aberrancy may be expressed as— 


X=R sin ô Y=R cos ô 


where R isthe radius of aberrancy, and é is the angle of 
aberrancy. 
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But, from the relation tand=p—CFP Ir, we obtain 


— 38pq? —r(1 +p?) 


sin 6= a 
V1+p?{r? +(rp—3q?)2}} 





3q? 
V1+p?{r?2 + (rp—8q2)2}2 


- X= 3a{8pq?—7r(1+p?)} 
/ 1+ p?(8qs —5r?2) 





cos è= 


9q? 
/ 1+p?(3qs— 5r?) 





Y= 


where s is the fourth differential co-efficient of y with 


regard to z. 
If, however, instead of taking the tangent and normal 
as axes of co-ordinates, we take the axes such that the 


axis of z makes an angle @ with the tangent, we have 
oar * 





sın d= — —. cos é= a i 
— — 


— - 


and the new so-ordinates (a, B) of the centre of ab erranoy 
aro Sen by the two expressions: ine es aa abe F te 








x cos 0 0+Y sin =, — 


, wr = — Es 24 “a f 
*4 br - —— * E - 
K? ae 4 eric Mrs J ix = a ; = { = s» Fr S d A, 
| —— 
+ 
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Therefore, when the origin is taken anywhere, the 
co-ordinates of the centre of aberrancy at any given point 
(x, y) of the curve are given in the most general form by 
the formulae S 


— Sqr 
3qs— 5r? 


=a Bar — Bq") 
let 3qs— 5r“ 


Er. 1. Find the aberrancy curve for the cubic 
y = ax + 3bz? + Ser +d 


[The aberrancy curve is y=Ar] + 3Bzr?+30zr + D, 


where A= — ka, B=—kb, C=—ke + (1 4%) 98” 
a 


| d—b3 125 
D=—kd +(1+k?2 o 
( — 


? 
a 5 
i.e., the aLerrancy curve is then a cubic of the same class. 


* A. Mukhopadhyay calculated these formulae—J.A.S.B., Vol. 57 
(1888), Part II, p. 324, and, deduced from them a number of very inter- 
esting results, which led to the remarkable geometrical interpretation 
of Monge’s differential equation to all conics, namely, 

9q7t—45¢ere + 400 = 0 
which he denoted by T=0. It will be interesting to recall in this 
connection the remarka of Dr. Boole with regard to the geometrical 
interpretation of Monge’s equation (Differential Equations, p. 20)— 
‘* Boat here our powers of geometrical interpretation fail, and results 
euch as this can scarcely be otherwise useful than as a registry of 
integrable forms.™ Since then two attempts had been made—one by 
Lt.-Col. Cunningham, R,E., and theother by Prof, Sylvester—to supply 
a true geometric interpretation to the Mongian, but Mukhopadhyay 
pointed out the futility of both these interpretations, and gave 
the following true geometrical interpretation of the Mongian;—"' The 
radius of curcature of the Aberrancy Curve vanishes at every point of 
every conic. "—J.A.S.B., Vol. 58 (1889), Part I. 


47 
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At the common points of the curves, we have (ar +b) =0, which 
shows that the two curves have only one common point of intersection 
which is a point of inflexion on both.—A. Mukhopadhyay, Journal of 
the Asiatic Society of Bengal, Vol. 59, Part II (1890), pp. 61-63.] 


Ex, 2. Ifp and’ are the radii of curvature “of a conic and its 
evolute, show that the aberrancy in tbe conic is given by tan ¢=4p/p 
(cf. Mukbopadhyay, J.A.S.B., Vol. 57, Part IT (1888), pp. 317-319). 


Er. 3. The envelope of the axes of all conics having a four-pointic 
contact with a curve at a given point is a parabola baving the axis of 
aberrancy for directrix. 


Ex, 4. Find the co-ordinates of the centre and the radius of 
aberrancy for the cubic y=z at the point (1, 1). 

[The centre of aberrancy is the point ($, —8), and the radius is 812, 
i.¢., the length joining the centre of aberrancy to the point (1, 1).] 

Ex. 5. Prove that the aberrancy curve for the curve =? is 
32y3— 52? (Math, Trjpos, 1891). à 

Ex. 6, Show thatthe centre of aberrancy of the curve y=" at 


| — an+il n+l 
ma point mae ( — Tee v) 
A a 
. 
ts 








CHAPTER XIV 
SYSTEMS OF CURVES 


282. AjPencil of 7-ics,:, 


Let ¢ and ¥ be two curves of order n. The equation 
?+A’=—O0 represents a singly infinite system of curves of 
order n for different values of A. Through any point 
there passes one and only one curve of the system. If 
one condition is imposed upon the system, it will 
represent only a finite number of such curves. Thus, 
the curves of the system having a double point satisfy the 
equations— 


Py AY =0, dgtAfg=0, Gg t+APg=O0 ... (1) 


where the suffixes indicate differentiation with regard to 
x, y and 2 respectively. 


If z, y, z be eliminated from the equations (1), the 
eliminant is of order 3(n—1)* in A, and gives as many 
values, corresponding to which there are 3(n—1)? curves 
in the pencil possessing double points. This number will 
be reduced, if and ¥ touch.* 

But 8(n—1)?=n? +4p—1. Hence, in a pencil of n-ics 
passing through n? base-points, the number of curves with 
double points is n?+4p—1, where p is the deficiency, and 
in general, for any pencil with o base-points, the number 
is o+4p—l1,t 


~ 


æ Cremona—Dinleitung in die Theorie ebener Kurven, 
+ Cremons—Ann. di mat., Vol, 6(1), (864), p. 153, and Guccia— 
Rend, Cir. Math., Vol. 9(1), (1894). 





372 CHAPTER XIV 


If, however, A be eliminated between the same equa- 
tions, we obtain the locus of double points on the system, 
and these double points are found to have the same polar 
lines w.r.t. all curves of the pencil. Thus we obtain the 
following theorem :— 


Ina pencil of n-ics, there are 8(n—1)2 curves with 
double points, and these double points have the same polar 
lines with respect to all curves of the system. 


Es. 1. In a pencil of conics there are three line-pairs, and the 
Pairs intersect in the vertices of a common self-polar triangle. 

Er. 2. In a pencil of cubics through nine points, there are twelve 
curves with double points. The double points have the same polar lines 
w.r.t. all curves of the pencil, and are called the critic centres of the 
system of cubics. 

Ex. 3. The locus of inflexions of a pencil of n-ics is a 6(n—1)-ic.. 

[For the eliminant of ¢+A¥ and its Hessian is of order 6(m—1). ] 

Ez. 4. The k-th polar curves of any point w.r.t. a pencil of n-ics 
form a pencil of (n—k)-ics. 

Er. 5. The locus of the poles of a given line w.r.t. all curves of a 
pencil of n-ics is a 2(n—1L)-ic, passing through the points of contact of 
those curves of the pencil which touch the line. 


283. Consider the two eurves œ and 4 of orders m 
and n respectively. 

The polar line of any point (2, y’, 2’) with respect to 
the two curves are respectively 


Tpi + ype! trp = 
iia he 
If these represent the same line, we must have— 
pi: pol: by’ =Yy'= Yel: Hs! 
i.e., $1'Vo! — pa'p =0 
o's! — pa'a =0 ... (2) 


$a Yil =E Ya =S 
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The common roots of these equations will give the 
points which have the same polar lines with respect to 
the curves ¢ and y. ‘The first two equations have 
(m+n—2)? common roots, but they do not all satisfy 
the third equation. Again, the (m—1)(nm—1) common 
roots of ¢,'=0 and Ya'=0 satisfy the first two equations 
but not the third. Hence these roots are to be rejected 
and the remaining (m+n—2)?—(m—1)(m—1) roots 
satisfy all the three equations, f.e., the three equations 
(2) have— 

| (m +n — 2)? — (m —1)(n— 1), 

or, (m—1)? + (m—1)(m—1) + (n—1)* 
common roots.* 
Hence, we obtain the theorem : 

There are (m—1)2+(m—1)(n—1) +(n—1)? points in 
a plane which have the same polar line with respect to 
two curves of orders m and n respectively. 


Ex. 1. The envelope of the asymptotes of the pencil of n-ics 
84+kS'=0 is of class 2n—1. 

Ex. 2. If two curves S and 8 have an r-ple point, that point is 
also an r-ple point on the curve ¢S8+¥5S'=0, where ¢ and ¥ are any two 
curves. 


984. Curves which touch a Given Curve: 


We shall now investigate the number of curves of the 
pencil ¢+AW=0 of n-ics which touch a given m-ic f=0. 

If (z’, y', 2‘) be a point of contact, the tangent to the 
curve must be the same as the tangent to the curve of 
the pencil. Hence, we must have— 

fat : fo’ : fa! pi + Ah! : Pa tAYa' : hal + As’ 

whence $! +A! taf =0 (i=1, 2, 3) HANA 
where » is any indeterminate multiplier. 


* Salmon—Higher Algebra, § 257. 
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Eliminating A, mp, we obtain the locus of (2, y’, 2/) 
in the form of a determinant equation J=0, of order 
2n +m—3s8., 


Hence, the points of contact («’, y', z’) are the intersec. 
tions of the curve J=0 with f=0, and consequently, their 
number is m(2n+m—3). Thus, in a pencil of n-ics there 


are m(2n +m —3) curves which will touch a given curve of 
order m. 


If, however, f has 6 nodes and « cusps, J behaves as 
the first polar of f at those points, and the number of 
intersections is reduced by 26+ öx, i.e., m(2n+m-—8)— 
26 — 3x curves of a pencil of n-ics touch a given m-ic with 
6 nodes and x cusps. If p be the deficiency of f, the 
number becomes 


2(mn +p—1)—kK. 


285. Particular Cases: 


Putting m=1, we see that 2(n—1) curves of the pencil 
of n-ics touch a line. Again, if n=2, we obtain two conics 
of the pencil touching a line. 


Putting n=1, it follows that there are m(m—1) lines 
in a pencil which touch a given non-singular m-ic, t.e., 
the class of a non-singular m-ic is m(m—1), and that of an 
m-ic with 6 nodes and « cusps is— 


m(m—1)—28—8x«. ( 121.) 


Putting n=2, we obtain m(m+1) conics of a pencil 
which touch a given m-ic. When again m=2, six conics 
of a pencil touch a given conic. 


Ez. 1. Deduce Ex. 5, § 282, from the present Article. 
Ez. 2. Find the number of circles passing through two given 
points and touching « given curve. 
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286. Tact-Invariant of Two Curves: 


If we eliminate x’, y’, z' and u between the equations 
(1) of § 284, ¢/+Ay’=0 and f'=0, we obtain the condition 
that the pencil ¢+A’ should touch f=0 in the form 
©(A)=0, which contains A in the m(2n+m-—8)th degree, 
and gives the number of curves of the pencil touching f, 
the value of A giving the parameters of the curves. The 
co-efiicients of ¢ and y each occur in the same degree 
m(2n+m—8) and those of fin the degree n(2m+n—3) 
in the equation @(A)=0. Hence, we may consider only 
the co-efficients of ¢, and obtain the theorem: 

The tact-invariant of two curves g and f, of orders n 
and m respectively is of degree m(2n+m—8) in the co- 
efficients of @ and of degree n(2m+n—3) in those of f. 


Definition: The condition that two curves should 
touch is called their tact-invariant. 


287. Generation of a Curve: 


The method of generating conics by means of homo- 
graphic pencils of lines has been generalised and applied 
to the case of general n-ics, and has actually been applied 
in generating curves of lower orders.* 


Let u+Av=0 and ¢+ p¥=0 — CE) 


be two pencils of curves of orders m and n respectively. 
If the two pencils are so related that to one curve of one 
system corresponds one, and only one, curve of the other, 
and vice versa, then the parameters are connected by the 
relation— 

AAn + BA+Cyur+D=0 — 8) 


* Chasles bas studied the case of curves,of the third order—Comp, 
Rendus, t. 41 (1853). The general case was studied by De Jonquiéres— 
Essai sur la generation des courbes géométrique (Memoires présentés 
par divers savants à l'Académie des sciences.), t. 16 (1858). 
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The locus of the intersections of corresponding curves 
is then a curve of order (m+n), whose equation is obtain- 
ed by eliminating A and u between (1) and (2). If A= u, 
the locus is represented by the equation u~=v¢, which 
evidently passes through all the base-points of the two 
pencils. 

If P and Q be two base-points of the two pencils 
respectively, the tangents at these points form two homo- 
graphic pencils of rays, and there isa projective relation 
between the pencils of tangents and the pencils of curves. 

The locus obtained is the most general curve of order 
(m+n), and the question whether all algebraic curves can 
be generated in this manner has been solved by De 
Jonquières. In fact, for all curves two sets of points may 
always be determined which may be used as the base- 
points of two projective pencils for the generation of the 
curve. 


288. The Jacobian of Three Curves: 
Consider the three curves u=0, v=0, and w=0 of 
orders l, m, n respectively. 


Then the curve represented by— 
J=| u; vy w, |=0 Sy 
Ua Vg Wy 


Us Ug Ws 


z ə * v, w) 
t.0., Jm? (u n e) 0 


three curves u, v, w. 

The curve J is evidently of order 1+m-+n-—8, and 
since uj=uüg=uz=0, etc., satisfy the equation, the 
Jacobian J passes through the double points on the three 
curves, 


s called the Jacobian of the 


ti 


3 
1 





7 
P f E N 
—J——— — i RE 
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Again, the Jacobian is the locus of poles whose polar 
lines with respect to the three curves meet in one point, 
or the locus of points in which the three first polars of a 
point intersect. 

If three curves u, v.w have acommon point, the 
Jacobian passes through the same point. For, in the 
determinant (1), multiplying the first column by z, the 
second by y and the third by z, and adding, we may 
express this, by Euler's theorem, as— 


Jemilu tg uy ;=0 see C2) 
MB Ve Üz 
mW We Ws, 
which proves the property. 


In general, if a point is a q-ple point on u, r-ple point 
on v and s-ple point on w, that point is a multiple point 
of order not less than (q +r+s—2) on the Jacobian.* 

Again, the Jacobian passes through the points of 
contact of the pencil u+Av=O, and the curve w=0, as has 
already been sbown in the particular case, when 1=m 
(§ 284). 

Writing the determinant (2) in the form— 


J.2Slu.g, +mv.do+tnw.os. 


where $1: 2, g are the corresponding co-factors, and 
differentiating w.r.t. x, we obtain— 


ood Jalu +MY) Gg +NWi gs 


Ər 
Fi “YS — — 
+ lu s + mv = +nw 


© Cremona—Introduzioni, etc., $ 98. Also Guccia—Rendiconti 
Circolo Mat. di Palermo, Vol. 7 (1893), p. 193. 
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When u=v=w=J=0, andl=m, we have— 


oJ 
taa 6 + Gg twa) + (n—Dwyds 


=J + (n—T) CETE = (n—Dwy¢s. 


— od 
Similarly, aa =(n—I)Wods, and — =(n—l)wsad., 


Oz 


whence, (= 2 +y’ a + 2! Sys 


n—T 
= (n—Deos_ * $s (x'w 1 * y'Weo + 2! 2) 


which shows that J and w have the same tangent at the 
point (x, y, 2). 

Tt can be further proved that the Jacobian passes 
through the node on w, and has a node at a cusp on w. 


289. Net of Curves: 


If u, v, w are any three curves of order n, the doubly 
infinite system of curves Au+pv+vw=O is called a ‘‘net’’ 
of curves of order n. Certain properties of the net are at 
once evident. Any curve of the net is uniquely deter- 
mined by two points, and consequently, all curves 
through any point form a pencil; for, substituting the 
co-ordinates of the point in the equation of the net, we 
may eliminate one of the parameters «/A, v/A. Hence, 
the system of n-ics through 4n(m+8)—2 fixed points 
forms a net, and the equation of an n-ic passing through 
4n(n + 8)—2 points can be put into the above form. 


- 
F 
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290. The Jacobian of a Net of Curves: 


The co-ordinates of the double points of any curve of 
the net Au+pv+vw=O0 satisfy the three equations— 


Au, + pv, +vw,=0 
Aulo + uUo * VWa =0 


Atla + MDs + VWs = 0 


Eliminating A, u, v between them, the locus of the double 
points of the system is the Jacobian— 


J= |u; v, w, |=0 
Us Uo Wy 


ts Vg Ws 


which is a curve of order 3(n— 1). Hence we obtain the 


theorem : 


The locus of double points of a net of curves of order n, 
passing through 4n(n+3)—2 fixed points ts a curve of 
order 3(n—1). 


Since a common point of u, v, w is a double point on 
the Jacobian, the n(n +38) —2 fixed base-points of the net 
are double points on the Jacobian. 


Ex. 1. The nodes of all nodal cubics through seven given points 
lie on a sextic curve having those seven points as double points. 

Ex. 2. If the curves of a net have an r-ple point, that point is a 
(8r—1)-ple point on the Jacobian. 

Ex. 3. Show that the Jacobian isthe locus of the nodes of the 
family Acw + pwu + rur = 0, 


Uoi ie 
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291. Net of First Polars: 


The first polar of any point (z', y’, 2’) with regard to 
any curve ¢=0O is 
wh, + Y'Go + apg =0 


which is a curve of order n—1. If now 2’, y', 2’ are 

regarded as parameters, this represents a net, whose base- 

curves are ⸗ 
$,=0, g=0, =Q. 


The Jacobian of this net is, therefore, the Hessian of 
the original curve ¢=0. Thus the Hessian of a curve is the 
Jacobian of the net of first polars, 

Each r-ple point on ¢ is an (r—1)-ple point on the first 
polars, and this again is a multiple point of order 
3(r—1)—1, i.e., 8r—4 onthe Jacobian, i.e., the Hessian 
of $ (§ 105). Since r tangents of the Hessian coincide 
with those of the original curve, the point counts as 
r(3r—4)+r=8r(r—1) intersections. Hence, at each r-ple 
point coincide 8r(r—1) inflexions of the curve, and it is 
equivalent to 4r(r—1) double points. 

The locus of points, whose first polars with regard to 
the curves of the net of order n have a common point, is 
a curve S of order 3(n—1)?, and is ealled the Stcinerian of 
the net. 

The Jacobian and the Steinerian have a (1, 1) corres- 
pondence, and the lines joining corresponding points on the 
two curves envelop a curve of class 3n(m—1), which is 
called the Cayleyan of the net.* 

More generally, if two curves of orders n and n' have 
a one-to-one relation, the lines joining the corresponding 
points envelop a curve of class n+n'’. 


* For covariant curves of a net, see E, Kdtter—Math. Ann. Bd. 
34 (1889), p. 123, and Scott—Quarterly Journal, Vol. 29 (1898), p. 329, 


and Vol. 32 (1900), P- 209. 
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This theorem can be easily proved by means of Chasles’ 
correspondence principles after the method of § 250. 


Ez. 1. Show that the Jacobian of a net of circles is a circle 
belonging to the net of orthogonal circles, 


Ez. 2. The Jacobian of a net of conics, having a common self-polar 
triangle, reduces to the three sides of the triangle. 


Ez. 3. If three conics touch ata common point, the Jacobian 
reduces to the common tangent and a conic. If they have a three- 
pointic contact, the Jacobian is the common tangent taken thrice, 


while in the case of a four-pointic contact, the Jacobian vanishes 
identically. 


292. Invariants and Covariants of two Ternary Forms: 
Consider the n-ic plz, y, 2)=0 — ee) 
and the line le+my+nz=0 — 6 


The polar conic of a point P(z’, y’, 2’) with respect to 
2 


ie., S'ea'z? + bly? + c'az? + 2flyz + 2g'ax+2h’zy=0... (3) 


where a’ b’, c!,...represent the second differential co-efñci- 
ents w. r. t. œ, y’, 2’. 


The condition that (2) touches (8) gives an equation 
of order 2(n — 2) in (z’, y', 2‘), whence we obtain :— 


The locus of points whose polar conics touch a given 
line is a 2(n —2)-ic, which is again enveloped by the polar 
conic ofany point on the line. 


Similarly, the condition that the polar cubic of P 
touches the line gives an equation of order 4(n—3), and 
consequently, the locus of P is a 4(n—3)-ic. 
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Again, if S=axr? + by? + ez? +... =O ... (4) 


be a given conic, there are two mixed invariants * of (3) 
and (4), namely, © and ©’, of orders (n—2) and (2n—4) 
respectively in (a’, y’, 2’). 

But O0’/=0 expresses the fact that a triangle inscribed 
in § is self-conjugate w.r.t. the polar conic S’,* or, that 
the triangle circumscribed to S’ is self-polar w.r.t. S. a 

Hence, the locus of a point, whose polar conic is in- 
scribed in a triangle self-polar w.r.t. to a given conic, or 
whose polar conic has a self-polar triangle inscribed in a 
given conic ts a 2(n —2)-ic. 

Similarly, O=0O expresses the fact that an inscribed 
triangle of S’ is self-polar w.r.t. S, or the triangle circum- 
scribed about S’ is self-polar w.r.t. to S. 

Thus, the locus of a point, whose polar conic is in- 
ascribed in or circumscribed about a triangle self-polar fora 
given conic is an (n—1)-ic. 

The condition of contact of (8) and (4) gives an equa- 
tion of order 6(m—2) in (2’, y’, 2'), whence the locus of 
points whose polar conics touch a given conic is a curve of 
order 6(n — 2). 

Again, if S' breaks up into two right lines, ©'=0 
expresses the fact that the intersection of the lines lies on 
S,ł while the locus of (2’, y’, z') is the Hessian. Thus 
the locus of points whose polar conics break up into two 
lines intersecting on a given conic is a 2(n —2)-ic. 


Ez. 1. Shew that there are 6(n—2)*? points on the Hessian whose 


polar conics are right lines intersecting on a given conic. 
Ex. 2. There are 3(n—2)? points on the Hessian whose polar 


conics are conjugate lines for a given conic. 
Ex. 3. There are 6(mn—2)3 points on the Hessian whose polar 


conics touch a given conic. 


* Salmon—Conica, Chap. XVIII, p. 334. 
t Salmon—Conics, § 3765, p. 340. 
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293. Characteristics of a System of Curves: 


A singly infinite system of curves may be algebraically 
represented by means of an algebraic equation whose 
co-efficients are functions, not necessarily rational, of a 
parameter, or if irrational, they may be expressed ration- 
ally in terms of two parameters connected by an algebraic 
equation, as is shown in the theory of functions. De 
Jonquiéres * considered the properties of a system of 
curves of order n satisfying 4in(m+3)—1 conditions, i.e., 
one less than the number sufficient to determine an n-ic, 
and the family of curves thus represented is characterised 
by the number of curves which pass through an arbitrary 
point, and if the parameter enters the equation in degree 
#, # t gives the number of such curves of the family and 
is called its characteristic. Chasles,t however, uses two 
characteristics, namely, the number „u of curves of the 
family which pass through an arbitrary point, and the 
dual number v of curves which touch an arbitrary line, 
which in fact, is the degree*in which the parameter enters 
the line-equation ¢ of the system. Since @ is of degree 
2(n—1) in the co-efficients of the point-equation f, we 
have v=2u(n—1). 

Cayley calls » and v the parametric order and class 
respectively of the family. 

Ex. 1. Find the characteristics of a pencil of n-ics. Since only 
one curve passes through any point, p=] and »=2u(n—1)—2n—2, 

Ex, 2. What are the characteristics of a family of conics touching 
two given linea at given points? [1,1] 

Ex, 3. Shew that the characteristics of the polar reciprocal of a 
family of curves whose characteristics are (u, v) are (», M). 


* De Jonquiéres—Liouville Journal, t. 6(2), (1861), p. 113, 
+ Cayley bas sbown that the converse is not always true—Phbil, 
Trans. Lond., Vol. 155 (1865), or Coll. Works, Vol. 6, p. 191. 
- $ Chasles—Papers in Comp. Rend., Vols. 58 and 59 (1864-67), The 
theory of characteristica is due to Chasles, and was afterwards 
developed by Jonquiéres, Cayley, Salmon, Zeuthen, etc, 
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294. Relation between the Characteristics - 


Let P, Q,...be the points in which a curve of the 
family (u, v) of order n meets a given line. Since p 
curves of the family pass through P, each meeting the 
line in n—1 other points, to each point P correspond 
p(n— 1) points Q. and similarly, to each point Q corres- 
pond p(m—1) points P. There is then a {u(n — 1), 
p(n —1)} correspondence on the line, and the united points 
of the correspondence, 24(m—1) in number, are the points 
of contact of the curves of the family with the line, 


IE PF v=2nu(n—1). 


But a curve of the series may be a complex containing 
a portion counted twice. Hence, for proper contact the 
number of united points arising from such curves must 
then be deducted from 2u(n—1). In the case of conics, 
if the number of coincident right lines in the system be A, 


since n=2,. v=2y(2—1)—A=2un— X, 


Reciprocally, if w be the number of point-pairs in a range 
of conics, p=2v—o. 


In particular, a system of conics satisfying four condi- 
tions contains 2v— u line-pairs and 2u —v point-pairs, and 
Zeuthen’s * investigations are based upon these facts, and 
he takes A, w as the characteristics of the system of conics 
instead of p, v, it being easier, in most cases, to ascertain 
the number of conics of a given system which reduce to 
line-pairs or point-pairs, than the number which pass 
through any arbitrary point or touch any given line. 


Thus p=4(2A+0) and v=4(2w+A) 


* Zeuthen—Comp. Rend., Vol. 89 (1879), p. 899, etc. 


Tot i aes) If 
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The relation between Chasles’ numbers u, v and 
4euthen’s numbers A, w can be clearly seen by considering 
the conditions satisfied by a system of conics through four 
given points, or through three given points and touching a 
line, and so on. 

The values of mu, v, A, w, corresponding to the different 
cases of a system of conics, are found as in the scheme: 


p v A w 
(S7 
) : z 
ù S 
2 4 


HEN, 


aa a Cee Eee 


— 
* « 
— 
— 
w 
a 
-a 


- 


So eae as 


N A a] | 


For further information and details with regard to charac- 
teristics of curves satisfying given conditions, the reader is 
referred to the papers of Cayley above referred to, and to 
Clebsech—Lecons sur la Geometrie, Vol. II, pp. 113-129, 
Brill—Math. Ann. Bd. 10 (1876), p. 534, and Halphen— 
Liouville Journal, Vol. 2 (3), (1876). 


ro 





Ex. 1. The locus of the poles of a given line w.r.t. the family 
(m, ») is a »v-ic, and the envelope of the polars of a given point w.r.t, 
the curves of the system is a curve of class u. 

Ex. 2. Shew that the locus of a point whose polar w.r.t. a fixed 
curve of order n’ and class m’ coincides with its polar with respect to 
some curve of a family (#, ») is a curve of order » + «(m’—1). 

To determine the order of the curve, we consider its intersection 
with a line. Consider two points P and Q on the line such that the. 


49 





386 CHAPTER XIV 


polar of P w.r.t. the fixed curve coincides with that of Q w.r.t. some 
curve of the family. 


If P and Q coincide, we have the condition of the problem satisfied. 
Suppose P is fixed. Then the locus of the poles of its polar w.r.t. 
the curves of the family is of order », and hence corresponding to any 
position of P there are » positions of Q. Again, suppose Q is fixed. 
Then its polara w.r.t. the curves of the family envelop a curve of 
class u; and since the polars of points on the line w.r.t. the given curve 
envelop a curve of class n’—1, there are «u(n’—1) common tangents to 
the two envelopes and each corresponds to a position of P. Thus, there 
is a {», w(n’—1)} correspondence on the line, and there are ¥ + afn’ — 1) 
united points. Hence the order of the required locus is »+ u(n'— 1). 


Ex. 3. Find tbe number of curves of a family (a, ») which touch a 
given curve of order n” and clasa m’, 


(The locus in Ex. 2 meets the fixed curve in n'{y+u(n’—1)} or 
n’vy+m'» points, each of which is a point of contact of the fixed curve 
with a curve of the family. Hence the required number is mn + n'y.) 


Ez. 4. Shew that the locus of the points of contact of two curves 

of the families (4, »,), (ue, ve) is a curve of order 
Ag + Mgr) + aag 

Ex. 5. Find the characteristics of cubics with a given cusp, inflex- 
ion, tangent and its point of contact. 

[The equation of the curves of the family may be written as 

aly + ar)? = ary? + 2atr?y. 

Hence, the characteristics are (2, 3). ] 

Ez. 6. Shew that the characteristics of cubics with nine given in- 
flexions sre (1, 4). 


Ez. T. The characteristics of quartics with three given nodes, and 
drawn through four given points are (1, 6). 


295. The Characteristics of Conditions: 


The number of curves of a system which satisfy any 
other condition will, in general, be of the form pa+vf, 
where a, B are independent of », v and are called the 
characteristics of the condition. 
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This was given by Chasles in the case of conics, but 
the general theorem was proved by Clebsch* and 
Halphen + and applied to higher curves. If a curve be 
determined by a sufficient number of conditions of any 
kind, and the characteristics for each condition be given, 
we can determine the number of curves satisfying the 
prescribed condition. 


Consider the case of a system of conics. The number 
of conics determined by five given points, by four points 
and a tangent, by three points and two tangents, etc., is 
determined symbolically as follows : 


GD, C Ds C//)s C/D; CHD, QHD 


1 2 4 4 2 1 


Consequently, the characteristics of the systems deter- 
mined by four points, three points and a tangent, ete., 
are— 


C D Gee IDs GD» CHP 
1, 2 2, 4 4,4 4,2 2,1 


The number of conics satisfying the conditions whose 
characteristics area, @ and also passing through four 
points, three points and touching a line, etc., are— 


a+28, 2a+48, 40+48, 4a +28, 20+8 


These numbers, in fact, are not independent, but are con- 
nected by three relations. |} 


* Clebsch—Math. Ann., Vol. 6 (1878), p. 1. 

+ Halphen—Bull. Soc. Math. de France, Vol, I (1573), pp, 130-141, 
and Proc. Lond. Math. Soc., Vol. 9 (1873). 

t Salmon—H. P. Curves, § 413. 
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We may, however, establish the following more general 
theorem : 


In a system (u, v) of curves, there are n'v + m'u curves 
which touch a given curve C,/ of order n’ and class m’. 


Suppose the given curve C,,’ consists of a pencil of n’ 
right lines passing through any point P, which is, there- 
fore, to be regarded as an m/-ple point. 


Now, the required curves of the system are :— 


(1) those which touch any of the n’ lines, giving n'v 
curves, 

(2) all curves through P, each being counted m/f 
times, since P is to be regarded as an m/-ple point. This 
gives m'y curves, | 

Hence, the total number of curves of the family 
touching an n'-ic of class m' is n'v+m'u, as was other- 
wise found in Ex. 3, § 294. 

For a detailed account of the theory, the student is 
referred to the original papers quoted above, and to 
Cayley’s Paper—‘' On the curves which satisfy given 
conditions ’’— Coll. Works, Vol. 6, pp. 200-207, 


Ez. 1. Find the number of conics in the above five cases, which 
touch a given conic, Which is of order 2 and class 2. 


From § 285, we have a+28=6, and by the principle of duality, 
2a+8=6, whence a=2= 8, and the number of conics ip the five 
different cases are 6, 12, 16, 19, 6. 


Ez. 2. The locus of the points of contact of tangents drawn from 
a fixed point to a system (u,») ís a curve of order a+», having a 
#-ple point at the fixed point. 


Ex. 3. Deduce the results of § 291 from the formula ny +my, by 


putting w=1, »=2(m—1). Io the case of a conic the number becomes 
Ilu +). 


= a ee 
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